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This paper studies the asymptotic behavior of switched linear systems, beyond classical stability. We
focus on systems having a low-dimensional asymptotic behavior, that is, systems whose trajectories
converge to a common time-varying low-dimensional subspace. We introduce the concept of path-
complete p-dominance for switched linear systems, which generalizes the approach of quadratic
Lyapunov theory by replacing the contracting ellipsoids by families of quadratic cones whose contrac-
tion properties are dictated by an automaton. We show that path-complete p-dominant switched linear
systems are exactly the ones that have a p-dimensional asymptotic behavior. Then, we describe an
algorithm for the computation of the cones involved in the property of p-dominance. This allows us to
provide an algorithmic framework for the analysis of switched linear systems with a low-dimensional
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1. Introduction

Positive systems, that is, linear systems that leave a convex
pointed cone invariant, have been an important topic of research
for some time now; see, e.g., Berman et al. (1989), Farina and
Rinaldi (2000), Luenberger (1979) and Kaczorek (2002) for sur-
veys. Indeed, positive systems appear naturally in a wide range
of applications, such as economics, biology, Markov chains, and
opinion dynamics. Moreover, the property of cone invariance
provides significant information on the behavior of the system:
namely, positive systems have a single dominant eigenvector
(called Perron-Frobenius eigenvector) which is a 1-dimensional
attractor for the system (Vandergraft, 1968). Consequently, pos-
itive systems allow for a simplified analysis and control of their
dynamics; see, e.g., Farina and Rinaldi (2000), Luenberger (1979)
and Rantzer (2015) and references therein.
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The concept of positive system has been generalized in several
directions, such as: positive time-varying systems, i.e.,
linear time-varying systems leaving a convex pointed cone in-
variant (see, e.g., Parlett, 1970, and Pituk & Potzsche, 2019);
monotone systems, i.e., dynamical systems whose prolonged dy-
namics leaves a convex pointed cone invariant (see, e.g., Angeli &
Sontag, 2003; Hirsch & Smith, 2006 and Smith, 1995); and more
recently, path-complete positive systems (see Forni et al., 2017)
and differentially positive systems (see Forni & Sepulchre, 2016)
which further extend the property of cone invariance by moving
from a single cone to a family of convex pointed cones. These
generalizations enjoy similar properties as positive systems: in
particular, their asymptotic behavior lies in a 1-dimensional ob-
ject. This fundamental property has been used in a large number
of contexts, e.g., for the analysis of Markov chains (Seneta, 1981),
population dynamics (Golubitsky et al., 1975; Parlett, 1970), or
communication networks (Shorten et al., 2006).

Recently, the concept of p-dominance was introduced by Forni
and Sepulchre (2019) to generalize the approach of positivity to
cones that are compatible with p-dimensional attractors. They
show that continuous-time dynamical systems whose linearized
dynamics leaves invariant a quadratic p-cone (that is, a cone
described by a symmetric matrix with p negative eigenvalues and
n — p positive eigenvalues) have an asymptotic behavior that
lies in a p-dimensional object. In this sense, the theory of p-
dominance connects with the theory of partial hyperbolicity and
exponential dichotomy (see, e.g..Barreira & Valls, 2008 and Brin
& Pesin, 1974), dealing with systems whose linearized dynamics
present an exponential separation between a p-dimensional dom-
inant component and a complementary transient component. As
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for p-dominant systems, partially hyperbolic systems allow for
a simplified analysis of their dynamics; see, e.g., Barreira and
Valls (2008), Brin and Pesin (1974), Hirsch et al. (1977) and Pesin
(2004).

In this work, we focus on discrete-time switched linear systems
(SLSs). These are systems described by a finite set of linear modes
among which the system can switch in time. As a paradigmatic
class of cyber-physical systems and hybrid systems, SLSs have
attracted much attention from the control community in recent
years; see, e.g., Liberzon (2003) and Lin and Antsaklis (2009)
for introductions. A large part of these works focuses on the
question of stability, which already turns out to be extremely
challenging (Tsitsiklis & Blondel, 1997). However, many com-
plex systems encountered in applications are in fact not stable
with respect to a single fixed point but nevertheless present
a low-dimensional asymptotic behavior. The aim of this paper
is to provide a computational framework for the analysis of
such discrete-time SLSs having a p-dimensional asymptotic be-
havior, that is, whose trajectories converge to a time-varying
p-dimensional subspace.

Our approach combines ideas from p-dominance analysis, dis-
cussed above, and from path-complete Lyapunov theory, intro-
duced in the context of stability analysis of switched systems
(see, e.g.,, Ahmadi et al., 2014, and Angeli et al., 2017). First, p-
dominance is extended to path-complete p-dominance, by moving
from a single quadratic p-cone to a family of quadratic p-cones
whose invariance properties are driven by an automaton cap-
turing the admissible switching sequences of the system (called
a path-complete automaton). The goal is to increase the expres-
siveness of p-dominance analysis while preserving the feature
of a p-dimensional asymptotic behavior: indeed, similarly to the
case of stability analysis (for which quadratic Lyapunov functions
are known to be conservative), p-dominance with respect to a
single quadratic p-cone does not allow to capture all SLSs with
a p-dimensional asymptotic behavior (see Example 16). The use
of a path-complete automaton allows to alleviate this conser-
vatism: in particular, we show that path-complete p-dominance
is a necessary and sufficient condition for having a p-dimensional
asymptotic behavior.

Secondly, we show that the property of path-complete p-
dominance can be verified algorithmically. The use of quadratic
p-cones allows to encode the invariance relations as the feasibility
of a set of matrix inequalities. This property has been exten-
sively used in the context of positivity and p-dominance analysis
(see, e.g., Forni & Sepulchre, 2019; Grussler & Rantzer, 2014 and
Hildebrand, 2007), leading to efficient methods, based on conic
optimization, for the computation of a single invariant quadratic
p-cone. Thriving on these results, we provide an algorithm for the
computation of families of quadratic p-cones whose invariance
properties are driven by an automaton. Combined with the non-
conservatism of path-complete p-dominance, this results in a
tractable computational framework for the analysis of SLSs that
have a p-dimensional asymptotic behavior.

Comments on earlier works. A preliminary discussion of the re-
sults presented in this paper has been reported in the conference
papers: Berger et al. (2018) and Berger and Jungers (2019). The
present work completes and improves these preliminary results
in two ways:

1. Focus on the algorithmic aspects: The algorithmic aspects
were absent from Berger and Jungers (2019), and only suggested
without proofs in Berger et al. (2018). In this paper, we provide
a thorough description and analysis of the computational frame-
work for the verification of path-complete p-dominance, and we
provide several examples of application, illustrating the practical
applicability of the framework.
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2. Improved presentation of the results and connections with
other works: The presentation of the main result, linking the
property of path-complete p-dominance with the property of
having a p-dimensional asymptotic behavior, was initially split
across Berger et al. (2018) and Berger and Jungers (2019). We im-
prove the presentation of the result and we simplify and shorten
its proof by unifying the notation and removing redundancies
with the analysis of the algorithmic framework. We also provide
several proofs that were not present in the conference papers;
this is the case for instance for the last part of the proof of
Theorem 7, for the proofs related to the algorithmic aspects.
We also add several examples and figures illustrating the main
concepts. Finally, we discuss the connections and comparisons of
our work with other works in the literature; see Section 2.3.

Outline. The paper is organized as follows. The main concepts re-
lated to path-complete p-dominance of SLSs and the characteriza-
tion of their asymptotic behavior are presented in Section 2. The
algorithm for the verification of path-complete p-dominance is
described and discussed in Section 3. Finally, numerical examples
and examples of applications are presented in Section 4.

All proofs can be found in the Appendix.

Notation. For vectors, || - | denotes the Euclidean norm, and for
matrices, it denotes the spectral matrix norm. The set of real
n x n symmetric matrices is denoted by S™". For P,Q € S™",
we write P > Q (resp. P > Q) if P — Q is positive definite
(resp. positive semidefinite). A matrix P € S™" is said to have
inertia (k, 0, n — k) if it has k negative (< 0) eigenvalues and n —k
positive (> 0) eigenvalues; the set of all matrices P € S™" with
inertia (k, 0, n — k) is denoted by S;*". For § € R" and A € R™",
AS = A(S) denotes the image of S by A.

2. p-dominant switched linear systems
2.1. p-dominant switched linear systems

We consider switched linear systems (SLSs), that is, systems of
the form

X(t+1) = Ayx(t), teN, (1)

where o(t) € ¥ :={1,...,m} and A; € R™*" for all i € X. The
function o : N — X is called the switching signal (or s.s. for short)
of the system, and it specifies which mode is used by the system
at time t.

A usual way to represent the set of switching signals of an SLS
is by using a finite-state automaton:

Definition 1.

e A finite-state automaton (or automaton for short) Aut is a
triplet (Q, X', §) where Q is the finite set of states, ¥ =
{1,..., m} is the alphabet, and § € Q x X x Q is the set of
admissible transitions.

e For a transition d = (q1, 1, q2) € §, we denote its source g,
by s(d), its target g, by t(d), and its label i by i(d). A path in
Aut is any sequence (d; )ltV;O] € 8N (where N can be infinite)
such that t(d;) = s(d;y¢) forall t € {0,...,N — 2}.

o Ass.o € XV is admissible for Aut if there exists an infinite
path (d;)2, in Aut such that o(t) = i(d;) for every t € N.
Aut is path-complete for the SLS (1) if every s.s. in XV is
admissible for Aut.

The notion of path-complete automaton is illustrated in Fig. 1.
Given an automaton Aut = (Q, X, §), we let {y4}qecs be a set of
positive rates (one per transition of the automaton). The property
of path-complete p-dominance, introduced below, extends the
approach of cone invariance (used in the analysis of positive
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Fig. 1. Three automata with ¥ = {1, 2}, and Q = {a} (for Aut;) or Q = {a, b}

(for Auty, Aut; and Auty). The transitions are represented by the edges (i.e., g1 =S
qy if and only if (qq,1, q2) € §). Auty, Aut, and Aut; are path-complete for the
SLSs with set of modes X = {1, 2}, while Aut, is not.

and p-dominant systems; see Section 1) by considering a set of
quadratic p-cones whose contraction properties are driven by an
automaton. The quadratic p-cones are represented by symmetric
matrices Py with fixed inertia and the contraction properties are
captured by matrix inequalities driven by the automaton and the
set of rates {yg}des.

Definition 2. Let Aut = (Q, X, §) be an automaton together
with a set of rates {y4}ges S R.o. System (1) is said to be p-
dominant with respect to Aut and {y;}4cs if there is a set of
matrices {Pg}qeq S S;X” (i.e., all Py have inertia (p, 0, n —p)) such
that for every d € 4,

AtayPuaAia) — Vi Psa) < 0, (2)

where s(d), t(d), i(d) are as in Definition 1.

Remark 3. For a given automaton and a given set of rates, there
is at most one value of p for which the system is p-dominant; see
also Proposition 14-(i). However, depending on the automaton
and the set of rates, the system can be p-dominant for different
values of p. <

Letting Vy(x) = XTqu, q € Q, the dissipation inequalities (2)
imply that there is ¢ > 0 such that for every trajectory x(-) of (1)
with s.s. 0 € XV, Vs(dt+])(x(t + 1)) < ]/dths(d[)(X(t)) — 8||X(t)||2,
where (d;), is a path in Aut satisfying o(t) = i(d;) for every
t € N. This implies that the family of quadratic p-cones defined
by

K(P)={xeR": Vg(x) <0}, qeQ,

is contracted by the system, in the sense that
As(t)(K(Ps(g)) \ {0}) € int K(Ps(q,,,)) VYt eN. (3)

The example below illustrates the concept of p-dominant SLSs,
and the contraction property (3).

Example 4. Consider System (1) with X = {1, 2},

Al:[lla 2] and Azz[g al 1:|,

and ¢ = 0.1; which may occur for instance in the modeling of
opinion dynamics with antagonistic interactions and switching
topologies (Meng et al., 2016). This system is 1-dominant with
respect to the automaton Aut, presented in Fig. 1 and with the
set of rates {y4}qes defined by y; = 0.32 for all d € 53
meaning that there are matrices P,, P, € S7*? satisfying (2) with

3 The selection of the value of the rates will be discussed in Example 15,
after we have presented a set of constraints that must be satisfied by the set of
rates (Section 3.2). The verification of p-dominance was achieved by using the
algorithm described in Section 3.1.
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Fig. 2. Quadratic 1-cones K(P,) and K(P,) and their images by A; and A, (see
Example 4).

Aut; and {y;}4es. The quadratic 1-cones associated to P, and P,
are represented in Fig. 2. We observe that the cones satisfy the
contraction property (3). <

2.1.1. The case of LTI systems

For an LTI system x(t+1) = Ax(t), the property of p-dominance
reduces to the feasibility of the matrix inequality ATPA—y2P < 0
for some rate y > 0 and some matrix P € S;*". It is well
known that this inequality implies that A has p eigenvalues with
modulus [A;] > y, and n — p eigenvalues with modulus |A;| <
y; see, e.g., Theorem 20 (from Lancaster & Tismenetsky, 1985)
in Appendix A. In this case, the eigenvalue decomposition of A
implies that there is a splitting of the state space R" = E @ F,
where E is a subspace with dimension n— p satisfying AE C E and
F is a subspace with dimension p satisfying AF = F. Furthermore,
there are constants C > 1 and p € (0, 1) such that for any pair
of trajectories, x(-) and y(-), of the system, with x(0) € E and
y(0) € F \ {0}, it holds that

Xl _ [IxC0)II
Iyl — Ily(o)l
The pair (E, F) is called a dominated splitting as it ensures a
decomposition into p dominant modes and n — p transient modes
of the system. Another name for this property is that there is an

exponential dichotomy (Barreira & Valls, 2008) at the equilibrium
point 0.

Cu' VteN. (4)

Remark 5. For early references on the geometric characteriza-
tion, see, e.g., Stern and Wolkowicz (1991) where it is shown that
an LTI system admits a pointed invariant ellipsoidal cone if and
only if it has a positive eigenvalue strictly larger in modulus than
any other eigenvalue. Important classes of LTI systems satisfying
the eigenvalue separation property of p-dominance include relax-
ation systems (see, e.g., Pates et al., 2019, and Willems, 1976), and
totally positive systems (see, e.g., Grussler et al., 2021; Grussler
& Sepulchre, 2020, and Margaliot & Sontag, 2019); indeed, for
these systems, it holds that Ay > Ay > --- > A, > 0, where
M, ..., Ap are the eigenvalues of A (see, e.g., Margaliot & Sontag,
2019, Theorem 1 and Willems, 1976, Theorem 4).

2.2. Asymptotic behavior of p-dominant SLSs

In this subsection, we show that p-dominant SLSs inherit the
asymptotic properties of p-dominant LTI systems, in the sense
that their asymptotic behavior is p-dimensional (a property for-
malized with a condition similar to (4)). The difference with the
LTI case is that the p-dimensional subspace attractor is not fixed
anymore, but may vary with time. To formalize this, we first
introduce the notion of time-varying splitting:
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Definition 6. A time-varying splitting (or splitting for short) of
R" is a pair (&, F) consisting of two sequences of linear subspaces
& =(E)2, and F = (F; )2, satisfying R" = E; @ F; for all t € N.

We say that (&, F) is a p-splitting if each F; has dimension p
(« each E; has dimension n — p).

The following theorem is the first main result of this paper. It
generalizes (4) to p-dominant SLSs, and also states the converse
result, i.e., that any SLSs satisfying a condition similar to (4) must
be p-dominant.

Theorem 7. Consider System (1). The following are equivalent:

(a) There is an automaton Aut = (Q, X, ) that is path-complete
for (1) and a set of rates {y4}dqes S R.o Such that (1) is
p-dominant with respect to Aut and {yg}ges-

(b) For every ss. o € XN, there is a p-splitting (£, F) satisfying
(1) AstyEt € Erq and AqnyF: = Feyq for all t € N, and (ii) for
every s € N and every pair of trajectories, x(-) and y(-), of (1)
with s.s. o and with x(s) € E; and y(s) € F; \ {0}, it holds that

IXCOI _ Ix(s)l Cut—s
IO~ Iyl
for some C > 1 and u € (0, 1), independent of .

Vs,teN, t>s, (5)

The pair (£, F) in Theorem 7-(b) is called a dominated invariant
splitting for (1) with s.s. o. The interpretation of (5) is that the
sequence of subspaces given by F defines a robust time-varying
p-dimensional attractor for the system. More precisely, for every
trajectory of the system, the component of x(t) in E; will become
negligible compared to the component of x(t) in F; as t — co. The
fact that (5) holds for every s € N (and not only for s = 0) ensures
the robustness of the attractor; see also Berger and Jungers (2019,
Example 1).

An SLS that satisfies Theorem 7-(a) will be said to be path-
complete p-dominant. Theorem 7 can then be reformulated as
follows. An SLS is path-complete p-dominant if and only if it has
a robust time-varying p-dimensional subspace attractor for every
switching signal. This result generalizes the one for LTI systems
(see Sub Section 2.1.1) to SLSs. However, by contrast to the LTI
case, the time-varying nature of the system implies that the
dominated invariant splitting may depend on time and on the
switching signal. Another difference with the LTI case is that,
while the reverse implication (b) = (a) also holds for SLSs (see
Theorem 7), the automaton required in (a) may be non-trivial.
Indeed, in the LTI case, it is always sufficient to take for Aut the
trivial automaton with one node and one transition, for (a) to be
verified; however, in the case of SLSs, (a) may require a nontrivial
automaton (i.e., with more than one node); this phenomenon is
illustrated in Example 16 (Section 4).

The dominance property (5) is illustrated in Fig. 3, which
shows the behavior of the 1-dominant SLS of Example 4 and of a
2-dominant SLS.*

The 1-dominant behavior of the first system is captured by
the convergence of the normalized trajectories to two opposite
“attracting trajectories” when t — oo and for any s.s. o € {1, 2},
The 2-dominant behavior of the second system is captured by the
convergence of the normalized trajectories to a time-varying 2-
dimensional plane, F;, when t — oo. Unlike stable SLSs, whose
trajectories all converge to a unique equilibrium, p-dominant SLSs
allow for richer behaviors.

4 The SLS is defined by the matrices [7%509355 (110
{—1,-0.8,—-0.6,...,0}. This system can be shown to be 2-dominant using
the algorithm presented in Section 3 (due to space limitation, the details are

omitted).

g} where o €
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Fig. 3. Top: Normalized trajectories of the SLS from Example 4, starting from
different initial conditions and for a random s.s. o. Bottom: Normalized trajec-
tories of a 2-dominant SLS starting from different initial conditions and for a
random s.s. o. Each dot represents the projection on the sphere of a trajectory
x(-) at times t =0, 1,...,5.

A straightforward consequence of the equivalence of (a) and
(b) in Theorem 7 is that the existence of a dominated invariant
p-splitting (&, F) is robust to small perturbations of the system.
The robustness property is instrumental for numerical analysis,
and also shows that the property of having a low-dimensional
dominant behavior occurs with nonzero probability for SLSs.

Corollary 8. Property (b) in Theorem 7 is robust to small pertur-
bations of the matrices {A;}ics.

Proof. Indeed, Property (a) is clearly robust to system per-
turbations, as for any small enough perturbation of the matri-
ces {Aj}ies, the dissipation inequalities (2) will still be satisfied.
Hence, from the equivalence of (a) and (b), we get the desired
result. O

An interesting situation is when the system has a stable tran-
sient behavior. This means that the system converges to zero on
the dominated component of the splitting (i.e., £), so that the
asymptotic behavior of the system is dictated by the dominant
component (i.e., F) only. In order to characterize SLSs with such
a property, we introduce the notion of cycle-stable automaton;
see also the maximum cycle mean problem in graph theory (Karp,
1978) and applications in switched systems analysis (Ahmadi &
Parrilo, 2012).

Definition 9. Given an automaton Aut = (Q, X, §) together
with a set of rates {y4}4es S R.o, we say that Aut is cycle-stable
with respect to {ya}aes if every cycle’ (dt)?’:_ol in Aut satisfies
Vdo - -+ Yiy_q1 = 1.

We obtain the following characterization of SLSs with stable
dynamics on the dominated component &:

Theorem 10. Consider System (1). The following are equivalent:

5 A cycle is a path (d)' € 8" in Aut such that t(dy_1) = s(dp) and
s(dg) # s(d;) for all s # t.
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(a) The system satisfies Property (a) in Theorem 7 and Aut is
cycle-stable with respect to {yg}des-

(b) The system satisfies Property (b) in Theorem 7 and there are
constants D > 1 and p € (0, 1) such that for every s.s.
o € XN, s € N and every trajectory x(-) of (1) with s.s. o
and with x(s) € E, it holds that

IX(OIl < 1x()IDp'™ Vst eN, t>s.

Summarizing, in this section, we introduced the concept of
path-complete p-dominance for SLSs, and showed that this con-
cept was key for the theoretical analysis of SLSs with a low-
dimensional asymptotic behavior, a property made precise thanks
to the notion of dominated splitting; see Theorems 7 and 10. In
Section 3, we will address the question of algorithmic verification
of the property of path-complete p-dominance. Before this, in the
next subsection, we discuss the connections of our approach with
other works in the literature.

2.3. Discussion and connections with the literature

Our work connects with several other concepts in control and
system theory. For instance, the use of a family of quadratic forms
whose decay properties are dictated by an automaton is inspired
from path-complete Lyapunov functions introduced in the context
of stability analysis of switched systems (see, e.g., Ahmadi et al,,
2014, and Angeli et al,, 2017), and from path-complete positivity
(see Forni et al., 2017) which extends the property of positivity
by moving from a single contracting cone to a family of convex
cones whose contraction properties are driven by an automaton.

Another important concept in our analysis is the one of domi-
nated splitting, which was first introduced by Mafié (1987) in the
context of partial hyperbolicity and exponential dichotomy theory
(a generalization of the celebrated works of Smale and Anosov
on the horseshoe map; see, e.g., Brin & Pesin, 1974, and Barreira
& Valls, 2008). Dominated splittings also received attention in
the study of some particular cases of SLSs; see, e.g., Avila et al.
(2010), Barreira and Valls (2009), Bochi and Gourmelon (2009)
and Brundu and Zennaro (2019). An important tool in these
works is the notion of invariant multicones. In fact, the proof
of our converse Lyapunov theorem for p-dominance is partially
grounded in the proof of Bochi and Gourmelon (2009, Theorem
B), which shows that an SLS with invertible matrices admits a
dominated splitting for every s.s. if and only if it admits a con-
tracting multicone. Our work extends this result to SLSs involving
singular matrices and to families of quadratic p-cones whose
contraction properties are dictated by an automaton. Another
difference with these references is that little attention is given to
the algorithmic decidability of the geometric property, whereas
our approach is meant to be translated into a practical algorithm
for the computation of the quadratic p-cones, as explained in the
next section.

3. Algorithm for the verification of p-dominance of switched
linear systems

In this section, we consider the following question: “for any
fixed p and a given path-complete p-dominant SLS, how can we
compute a path-complete automaton and a set of contracting
quadratic p-cones that will allow us to certify that the system is
path-complete p-dominant?” The section is organized as follows:
in Section 3.1, we describe an algorithm to compute a set of
contracting quadratic p-cones when the automaton and the set
of rates are given; in Section 3.2, we address the problem of
computing the automaton and the set of rates; finally, in Sec-
tion 3.3, we discuss the application and the complexity of the
overall algorithmic framework.
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3.1. Description of the algorithm

Consider System (1) and let Aut = (Q, X, 8) be a path-
complete automaton for the system. Let {y4}4es be a set of pos-
itive rates. Then, according to Definition 2, verifying that (1) is
p-dominant with respect to Aut and {y;}4cs can be addressed by
solving the following optimization problem:

max £ (6a)
(Pq)qEQEST'X”,eER
st AlgpPuaA) — Ve Psa) < —¢l, Vd €S, (6b)
—1=xP =1, VqeQ, (6¢)
Py esy™, VqeQ. (6d)

The subproblem (6a)—(6c¢) is a semidefinite optimization problem.
Semidefinite programming has become a standard tool in control
theory (see, e.g., Boyd et al,, 1994) and many different solvers
are available to solve these problems in polynomial time (see,
e.g., Ben-Tal & Nemirovski, 2001; Boyd & Vandenberghe, 2004 and
Nesterov & Nemirovskii, 1994). Unfortunately, the constraints
(6d) on the inertia of P; cannot be expressed as a semidefinite
constraint (it is actually nonconvex). However, as we will see
below, this set of constraints can in fact be dropped without any
impact on the outcome of the decision problem “is System (1)
p-dominant with respect to Aut and {y4}4es?” This statement is
formalized in Corollary 13. To simplify its presentation, let us
make the following assumption on the automaton Aut, without
loss of generality (see, e.g., Lind & Marcus, 1995, Proposition
2.2.10):

Assumption 11. We assume that Aut = (Q, X, ) is essential,
meaning that every state g € Q has an incoming and an outgoing
transition: i.e., there are q_,q, € Q and i_,i, € X such that
(9-,i-,q) € s and (q, iy, q+) € 6.

The following theorem is the second main result of this paper.
It states that either there is no solution of (6a)-(6¢) with ¢ >
0 and with {P;}qeq having uniform inertia, or all solutions of
(6a)-(6¢c) with ¢ > 0 have matrices {Py}qcq with the same inertia.

Theorem 12. Let Assumption 11 hold. Assume there is k €
{0,...,n} and a feasible solution ({Pg}qeq.,€) of (6b)-(6¢) with
e > 0and {Pg}geq € Sp*". Then, it holds that every feasible solution
({Pg'}qeq, €') of (6b)—(6¢) with &’ > 0 satisfies that {Py'}qeq < Sp*".

It follows that to verify that (1) is p-dominant with respect
to Aut and the rates {y4}4es, it suffices to solve the semidefinite
optimization problem (6a)-(6c).

Corollary 13. Under Assumption 11, any optimal solution
({Pq*}qeq. €*) of (6a)-(6¢) satisfies e* > 0 and {Py*}qeq < SQX" if
and only if System (1) is p-dominant with respect to Aut and {Y}des-

Corollary 13 shows that, if the automaton and the rates are
given, then the verification of p-dominance for a given SLS can
be reduced to a semidefinite optimization problem, and thus
can be solved efficiently (see Section 3.3 for a discussion of the
complexity). Moreover, by Theorem 7, we know that if the system
admits a dominated p-splitting, then there is a path-complete
automaton and a set of rates for which the system is p-dominant.
However, nothing is said about the difficulty of computing this
automaton and the associated rates. This question is discussed in
the next subsection.

3.2. Constraints on the automaton and the set of rates

There is in general no systematic way to find an automaton
and a set of rates that will satisfy the dissipation inequalities
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(2); see also Section 3.3. In some cases, the structure of the
problem can help us to guess what the automaton and the set of
rates will be (some practical examples are given below). When a
complete determination of these parameters is not feasible from
the structure of the problem, it is nevertheless possible to reduce
to “search space” by using the fact that the automaton and the
set of rates must satisfy some constraints, as explained below.

To do this, let us consider an automaton Aut = (Q, X, §) and a
set of positive rates {y4}4es. Assume that System (1) is p-dominant
with respect to Aut and {y4}4es, and let {P;}qeq be any set of
matrices in SI*" such that (2) holds. We will derive constraints,
depending on the matrices of (1), that must be satisfied by {y4}des
and {P;}geq.°

Proposition 14.  With Aut, {ya}des, {Pqlqeq as above, let (d )}
be a cycle in Aut, @ = Ajgy_,) - - - Aiidp) and 1 = V4, - - - Yay_,- Then,
it holds that
(i) The matrix @ has p eigenvalues with modulus |A;| > n and
n — p eigenvalues with modulus |A;| < n;

(ii) the eigenspace associated to the p eigenvalues of @ with
modulus |1;| > n is contained in K(Pgd,)), and the eigenspace
associated to the other n — p eigenvalues is contained in
R" \ int K:(Ps(do))-

Item (i) above is particularly useful to reduce the search space
for the rates if the automaton is given. Item (ii) is useful to
exclude automata that cannot satisfy the dissipation inequalities
(2), for any set of rates. The two examples below illustrate the
use of Propositions 14 for the selection of the automaton and of
the set of rates. For instance, Example 16 shows that the system
of Example 4 cannot be 1-dominant with respect to a single
quadratic 1-cone, i.e., with respect to the automaton with a single
node.

Example 15. In Example 4, we have used the set of rates y; =
0.32 for all d € § to show that the system is 1-dominant with
respect to the automaton Aut; in Fig. 1. These values of the rates
were somehow the most natural choice regarding the constraints
obtained from Proposition 14-(i) when p is fixed to 1:
e The rate associated to the loop (a, 1, a) must satisfy 11(A;) =
1 > Ya1a > A2(A1) = 0.1. In the example, we have used the
geometric mean of the bounds: y,1, = y = Jo0.1. Similarly,
we have used 1, = § for the rate associated to (b, 2, b).

e By looking at the cycle (a, 2, b, 1, a), we get that the asso-
ciated rates must satisfy |1;(A142)] = 0.6 > VawVb2a >
|A2(A1A2)| =~ 0.017. In the example, we have used Y., =
Vola = J0.6-0.017 (which in this case can be shown to be
equal to y).

See also Fig. 4-(a) for a representation of the eigenvalues of Ay,
A, their product and j. Note that these rates are not the only
ones satisfying the above constraints and that 1-dominance of
the system with respect to this set of rates was not guaranteed a
priori, but it happened to be the case for this example.

When « increases, the eigenvalues of A1A; (and AA;) get
closer to each other; see Fig. 4-(c). For @ < 3—2+/2 ~ 0.1716, the
system is still 1-dominant with respect to the same automaton
as above and with the rates chosen in the same way as above.
However, the contraction property (3) gets more “fragile”, in
the sense that the images of K(P,) and KC(P,) get closer to the
boundary of the cones; see Fig. 4-(d). When « > 3 — 24/2,
the system is not path-complete 1-dominant anymore since the
matrix A1A; has two complex conjugated eigenvalues (hence with
the same modulus). <

6 These constraints follow in fact from the observation that any cycle in Aut
defines a p-dominant LTI system (see also Sub Section 2.1.1 and the proofs in
the Appendix).
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Fig. 4. a: Eigenvalues of Ay, A;, A1A; (see Example 4). b: Eigenvectors of A;
and A,, associated to A; = 1 and A, = «. c-d: A; and A, are as in Example 4
with « = 0.1715. c: Eigenvalues of A;, Ay, A1A; and AA;. d: Quadratic 1-cones
K(P,) and K(Py) and their images by A; and A, (the color code is the same as
in Fig. 2).

Example 16. From Proposition 14-(ii), it follows that the system
of Example 4 cannot be 1-dominant with respect to the automa-
ton Aut; in Fig. 1 (for any set of rates). Indeed, if it was the case,
then the cone K(P,) would contain the dominant eigenvectors of
Aq and A;. Because K(P,) consists of two convex components, this
would imply that K(P,) also contains the eigenvectors associated
to A, = « of A; or A, (one can readily check in Fig. 4-(b) that any
quadratic 1-cone containing the two dominant eigenspaces (solid
lines) will also contain one of the dominated eigenspaces (dashed
lines)), a contradiction with (ii) in Proposition 14. <«

3.3. Complexity and comparison with the literature

For a given automaton and a given set of rates, the verifi-
cation of p-dominance with respect to this automaton and this
set of rates can be computed efficiently using Corollary 13. The
complexity, using, e.g., interior-point algorithms, is in ©(|Q |*|§|'
n%3), where |Q| and |8| are the number of nodes and the number
of transitions in the automaton, and n is the dimension of the
system (Ben-Tal & Nemirovski, 2001, Section 6.6.3).

On the other hand, there is no automatic way to find - if it
exists - an automaton and a set of rates for which the system
is p-dominant. Moreover, the automaton and the rates must be
found “all at once”, as it is not possible in general to build the
automaton and find the associated rates incrementally. Last but
not least, there is no upper bound on the size of the automata
for which the system is p-dominant, if it is; and thus one may
not know when to stop searching for a suitable automaton and
conclude that the system is not p-dominant.

These rather deceptive results must be contrasted with the
following two observations. The first one is that the problem
of p-dominance verification is a difficult problem in itself, as it
supersedes the problem of stability of SLSs, which is known to
be undecidable (Tsitsiklis & Blondel, 1997). Thus, one may not
hope to have a complete, let alone efficient, algorithm for the
verification of p-dominance of SLSs, in general.
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The second one is that, despite these negative theoretical
results, it appears that in many practical situations, a suitable au-
tomaton can be easily guessed from the structure of the problem
and from Proposition 14-(ii). Similarly, the search space for the
rates can be considerably reduced by using the symmetry of the
problem (present in many applications) and Proposition 14-(i). As
a consequence, finding the automaton and the rates was not a
serious limitation in the various numerical examples presented in
the paper.

The question of numerical verification of the property of hav-
ing a low-dimensional asymptotic behavior seems to have not
received much attention so far. Some contributions in that di-
rection have been made for the specific case of 1-dominance in
the works by Brundu and Zennaro (2019) and Forni et al. (2017).
The first one presents an algorithm for constructing a common
convex cone that is contracted by the system. Unfortunately, the
restriction to a single common cone adds conservatism to the
approach, so that it is not able to capture every SLS with a 1-
dimensional asymptotic behavior. The second one describes an
algorithm for computing an invariant multicone for SLSs, with
invertible matrices, that have a 1-dimensional asymptotic be-
havior. However, because the computed multicone is not strictly
invariant, this approach does not allow to deduce that the system
admits a dominated 1-splitting.” Closer to our work, the algorith-
mic verification of p-dominance, with p general, was addressed
by Forni and Sepulchre (2019) for continuous-time nonlinear
dynamics. The existence of a common quadratic p-cone contracted
by the system is formulated as the feasibility of a set of LMIs. The
concept of path-complete p-dominance introduced here extends
this property to discrete-time SLSs and to families of quadratic p-
cones whose contraction properties are dictated by an automaton.
Finally, let us mention that a similar approach can be used for the
computation of hyperbolicity of discrete-time nonlinear systems
(see Berger & Jungers, 2020a).

4. Numerical examples and applications
4.1. 1-Dominance and population dynamics

Consider the six-dimensional SLS with matrices A; and A,
given in Fig. 5. This system, adapted from Schmidbauer et al.
(2012, Eq. 4), may appear for instance in the study of aged-
structured populations with migration between the populations. In
this example, x1(t), x2(t), x3(t) (resp. x4(t), x5(t), Xg(t)), represent
the number of individuals in each of the three age classes of some
urban (resp. rural) population at time t. Each population evolves
according to the Leslie model (see, e.g., Farina & Rinaldi, 2000,
and Schmidbauer et al., 2012), and there is migration either from
villages to cities (A;) or from cities to villages (A,).5 A central
question in the study of population dynamics is whether the
asymptotic composition of the population depends on the initial
value of the population; see, e.g., Farina and Rinaldi (2000), Gol-
ubitsky et al. (1975), Schmidbauer et al. (2012) and Tuljapurkar
(1982). The population composition is represented by the normal-
ized vector x(t)/||x(t)||;. Using dominance analysis, we will show
that for any given sequence of matrices A; and A, x(t)/||x(t)||; is
ultimately independent of x(0).

7 Let us also mention that the approach used in Brundu and Zennaro (2019)
and Forni et al. (2017) and for the computation of the cone/multicone - which
relies on polyhedral set methods, thriving on the fact that the involved sets can
be described as the finite union of disjoint convex polyhedral cones - is hardly
generalizable to the verification of p-dominance with p > 2. Indeed, cones that
are compatible with p-dimensional attractors are in general not representable
as the finite union of convex cones.

8 This is where our model differs from Schmidbauer et al. (2012): instead
of having a single matrix that encodes at the same time the migrations from
villages to cities and from cities to villages, we have decomposed this matrix in
two matrices, A; and A, to get an SLS.

Automatica 132 (2021) 109801

(010202 0 0 o ][o007 014014 0 0 0]
095 0 0027 0 0 0665 0 0 0 0 0
0 09 0 0 025 0 0 063 0 0 0 0
0 0 0 021 0.63 0.49 0 0 0 030907
0 0 0063 0 0 0285 0 0 09 0 0
L 0 0 0 0 0595 0 || 0 027 0 0 085 0 |

Fig. 5. Left: A;. Right: A, (see Section 4.1).

—— X1 X2 O X3 —* X

T Xs —* Xs

05

0.4

03

xi(t)

0.2

01

0.0

Fig. 6. Normalized trajectories of the system, starting from different initial
conditions and for a random sequence of matrices A; and A,. The trajectories are
normalized such that ), x;(t) = 1. We observe that all normalized trajectories
converge to the same trajectory when t — ooc.

To do this, we consider the automaton Aut; in Fig. 1, together
with the set of rates y.1. = 0.79 and ya2. = 0.95 (these rates
were selected in the same way as explained in Example 15).
Using the algorithm described in Section 3.1, we can show that
the system is 1-dominant with respect to this automaton and
this set of rates. Thus, by Theorem 7, we may conclude that
the normalized trajectories of the system converge to the same
trajectory. In other words, for any given sequence of matrices
A1 and A;), the asymptotic composition of the population is
independent of its initial value. This is illustrated in Fig. 6, where
a random sequence of matrices was chosen, and we observe that
the different trajectories, starting from different initial conditions,
have ultimately the same population composition.

Note that the automaton Aut; and the above set of rates are
not the only ones satisfying the constraints (2) of p-dominance
and, even if the system has a 1-dimensional asymptotic behavior,
it was not guaranteed a priori that the system is 1-dominant
with respect to this automaton and this set of rates. If it had
not been the case, then one would have needed to search for
more complex automata (like Aut, or Aut; for instance). This
would have increased the complexity of the problem, but not the
conclusion on the asymptotic behavior of the system.

4.2. 2-dominant nonlinear system

Consider the discrete-time nonlinear system x™ = f(x) defined
by: (discrete-time Duffing oscillator actuated by a DC motor,
adapted from Forni & Sepulchre, 2019)

x1T = x1 +0.3x,,
X7 = 0.3sin(x;) — 0.15x; 4+ 0.7x, + 0.03x3, (7)
X3t = —1.5x; + 0.925x;.

We will use dominance analysis to show that the asymptotic be-

havior of any bounded trajectory of (7) is at most 2-dimensional,
in the sense that their w-limit set (see, e.g., Khalil, 2002) is
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contained in a 2-dimensional manifold. This is achieved by con-
sidering the linearized (aka. extended) system:

X(t+1)=f(x(t), x(t+ 1) = 0fyr)dx(t), (8)

where dfy is the Jacobian of f at x, which describes the evolution
of the sensitivity (6x(t)) of x(t) to the initial condition x(0). The
second equation of (8) is a linear system whose transition matrix
depends on the state of the system. It can thus be abstracted
by the SLS with set of matrices A = {df, : x € R3} (this SLS
consists in an infinite number of matrices but this will not be a
problem for our analysis, as we will see below). We will show that
this SLS is path-complete 2-dominant. Then, we will explain the
consequence on the asymptotic behavior of bounded trajectories
of (7).

To show that the SLS is path-complete 2-dominant, we first
note that df, depends on x only via cos(x;), and we partition the

set A into four subsets: 4; = {3fy : x € R3, cos(x;) € I},
1 <i<4wherely =[-1,—1]h = [-1,0, 1 = [0,],
Iy = [%, 1]. Based on these sets of matrices, we consider the

automaton depicted in Fig. 7-(a) which is path-complete for the
SLS defined by 4,% and we consider the set of rates {vd}des given
by yas = y = 0.83. These rates were selected by trying different
values for  satisfying the constraints in Proposition 14-(i); see
also Fig. 7-(b). By using a modification of the algorithm presented
in Section 3.1, accounting for the fact that the edges are labeled
with sets of matrices (see Appendix D.1), it can be shown that the
SLS defined by A is 2-dominant with respect to this automaton
and this set of rates; and the quadratic 2-cones associated to
the symmetric matrices {P;}qeq computed with the algorithm
are represented in Fig. 7-(c). Note also that the automaton is
cycle-stable with respect to {y4}4es, since y < 1. Hence, the SLS
defined by .4 admits a dominated 2-splitting and is stable on the
dominated component of the splitting (see Theorem 10).

Using the above, we may show that the w-limit set of any
bounded trajectory of (7) is at most 2-dimensional. This follows
from the following observation:

Proposition 17. With {Py}4cq as above, if y, z are two points in
the w-limit set §2 of some bounded trajectory x(-) of (7), thenz —y
must belong to at least one of the quadratic 2-cones K(Py).

The proof relies on the cone contraction property (3) of p-
dominance, the cycle-stability of the automaton and the fact that
each K(Pg) includes a common 2D plane (e.g., the x1x,-plane; see
Fig. 7-(c)), which implies that if z — y does not belong to any
K(Pg), then the pre-image of the line segment joining y to z by
fT is a curve whose length grows exponentially with T € N, a
contradiction with the assumption that x(-) is bounded (thus 2 is
compact); see Appendix D.2 for the details. Proposition 17 implies
that £2 must lie in a 2-dimensional manifold: indeed, since the
X3-axis is not contained in any K(P;) (see Fig. 7-(c)), it follows
from Proposition 17 that the projection of £2 on the x;x,-plane is
injective, and thus £ is at most 2-dimensional.

To illustrate the above, we have represented in Fig. 7-(d) two
trajectories of the system, starting from random initial conditions.
We verify that the w-limit set of each trajectory is at most 2-
dimensional. We have also represented the cone iC(P.) centered
at 2 different points of the w-limit set of the trajectory in blue.
We observe that these cones do not intersect the w-limit set, as
predicted by Proposition 17.

9 The transitions are labeled with sets of matrices but the principle remains
the same: any sequence of matrices in .A can be generated by following a path in
the automaton and taking one matrix in the set .4; associated to each transition
of the path.
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Fig. 7. a: Automaton used in Section 4.2 (the transitions are labeled according
to the legend on the right). b: The blue dots represent the eigenvalues of 6
randomly selected matrices in .A. According to Proposition 14-(i), the value of
7 must lie in the green strip. c: The surfaces represent the boundary of the
quadratic 2-cones K(P;). Each surface divides the state space into three regions;
K(Pg) is the region of the state space that contains the horizontal plane. d: Two
trajectories of the system (in blue and orange) and the quadratic 2-cone C(P.)
(in green) centered at 2 different points of the w-limit set of the trajectory
in blue. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

5. Conclusions

In this work, we introduced the concept of path-complete
p-dominant SLSs, characterized by the existence of a family of
quadratic cones (described by symmetric matrices) whose con-
traction properties (captured by matrix inequalities) are dictated
by an automaton that can generate all switching signals of the
system. The goal was to study SLSs with a low-dimensional
asymptotic behavior (formalized with the concept of dominated
splitting). In particular, we showed that path-complete
p-dominant SLSs are exactly the ones that have a p-dimensional
asymptotic behavior. Moreover, thriving on the description using
symmetric matrices and matrix inequalities, we showed that the
property of p-dominance can be formulated as the feasibility
of a semidefinite optimization problem, and thus can be veri-
fied algorithmically. This allowed us to provide a computational
framework for the analysis of SLSs and nonlinear systems with
a low-dimensional asymptotic behavior, as demonstrated with
several numerical examples.

For future work, we plan to investigate the integration of the
concept of p-dominance for other problems in control. We think
for instance to the bisimulation (aka. abstraction) of nonlinear
systems (Tabuada, 2009), or the computation of the estimation
entropy of SLSs (Berger & Jungers, 2020b) and nonlinear systems
(Matveev & Pogromsky, 2016). Indeed, an important limitation of
the techniques available to address these problems is that they
do not scale well with the dimension of the system, even if the
system has a low-dimensional asymptotic behavior because this
information is not used properly. We plan to bridges these gaps
by using the algorithmic tools of p-dominance analysis, and show
that these techniques can dramatically increase the scalability of
these techniques, at least for some classes of systems. We believe
that the example of Section 4.2 is a proof-of-concept that the
theory developed here may have an impact on the numerical and
theoretical analysis of nonlinear complex systems, beyond the
theory of switched systems.
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Appendix A. Results from linear algebra

Notation. For P € S"™", we let v(P) be the number of neg-
ative eigenvalues of P, and vg(P) the number of nonpositive
eigenvalues of P.

Theorem 18 (Sylvester Inertia Theorem; see, e.g., Horn & Johnson,
1985, Section 4.5). Let Q = ATPA where P € S"™" and A € R™".
Then, v(Q) < v(P) and vo(Q) = vo(P)."°

Theorem 19 (Min-Max Principle; see, e.g., Horn & Johnson, 1985,
Section 4.2). Let P € S™" and k € {0, ..., n}. Then, v(P) > k (resp.
vo(P) > k) if and only if there is a subspace H C R" with dimension
k such that x"Px < 0 (resp. < 0) for all x € H \ {0}.

Theorem 20 (Main Inertia Theorem; see, e.g., Lancaster & Tismenet-
sky, 1985, Section 13.2). Let A € R™ ", There is P € S™*" satisfying
ATPA — P < 0 if and only if A has no eigenvalue with modulus
|Ai| = 1. Moreover, in this case, P € S;*" where p is the number of
eigenvalues of A with modulus |A;| > 1.

Appendix B. Proofs of Section 2

B.1. Proof of Theorem 7 . Part 1: (a) = (b)

Assuming (a), let Aut and {yy}4es be as in (a), and let {P}qeq be
as in Definition 2 for Aut and {y;}4es. Let € > 0 be small enough
so that the right-hand side terms of (2) (in Definition 2) can be
replaced by —¢l. Fix 0 € XN, We will build a p-splitting (£, F)
which satisfies (5) for some C > 1 and u € (0, 1) independent
of o. To do this, the following notation will be useful: o being
fixed, for s,t € N, s < t, we let @;s = Ag(t—1)As(t—2) - - - Ao(s)- If
s =t, we let &; ¢ = I. Any trajectory x(-) of (1) with s.s. o satisfies
X(t) = D ox(s).

To build the p-splitting (€, F), let (d;){2, be a path in Aut such
that o(t) = i(d;) for all t € N. For each t € N, let q; = s(d;), and
for each q € Q, let Vy(x) = xTqu. Remember that (2) implies that

Ve (BaoX) < ¥4 Vo, (x) — e|IX|I> Vx € R™. (B.1)

The component F is defined as follows. Let Fy be any p-
dimensional subspace satisfying x € Fp = Vg (x) < 0 (see
Theorem 19). Then, define the subspaces {F;};.o as follows: F; =
@, oFy for all t € N. By (B.1), it holds that for every t € N.( and
x € Fy \ {0}, V(@ ,0x) < 0. This implies that Ker @, o N Fy = {0},
whence F; has the same dimension as Fy: i.e., dimF, = p for all
t € N. The other component ¢ is defined as follows. For each
s,t €N, s>t let g, = {x € R" : V(P5,x) > 0}, and for each
t € N, define E; = ;. E; . We will show that each E; contains
at least one linear subspace with dimension n — p (the proof
that each E; is actually a linear subspace with dimension n — p
will be obtained at the very end of this proof). By Theorem 18,
ch,tT Py, @ ; has at least n — p nonnegative eigenvalues, and thus
by Theorem 19, E;, contains at least one linear subspace with di-
mension n—p. Moreover, (B.1) implies that E_ , is decreasing with

10 The proof in Horn and Johnson (1985) is presented for A invertible with the
conclusion that v(Q) = v(P) and vo(Q) = vo(P). The case of A singular follows
by applying a small perturbation on A and using the continuous dependence of
the eigenvalues of symmetric matrices.
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respect to s (and for ¢ fixed): E;, ; , C E; . Hence, with a standard
compactness argument (see, e.g., Berger et al,, 2018, Lemma 7),
it follows that for each fixed t, the intersection (), E;, also
contains a subspace with dimension n — p.

Now, we show that the pair (£, F) defined above satisfies the
relation (5) for some C > 1 and u € (0, 1). Therefore, we will
need the following lemma (the proof is presented at the end of
this subsection):

s>t

Lemma 21. Let Aut, {y4}aes and {Pg}qecq be as above. There
is u € (0,1) such that for every d € 8, Vya)(Aiax) < ¥7 -
min{uVy(ay(x), iVs(d)(X)}-

Let u be as in Lemma 21, and let K > 0 be such that [Vy(x)| <
K|jx||? for all x € R", and q € Q (by boundedness of {Pg}qeq. such
K always exists). Let t € N and let y(-) be a trajectory of (1) with
s.s. o and with y(t) € F;. Then, by Lemma 21 and (B.1), for every
seN,s>t,

—K[Y(S)I1* < Vg () < T T2 Vi, 0 + 1))

< —ut2L elly)l?,

where I'ti1s = Vi, - Vi,_,- Similarly, we get that for every
trajectory x(-) of (1) with s.s. o and with x(t) € E, it holds that
for every s € N, s > ¢,

ellX($)I” < ¥ Vo (X(5)) < 1" Ty Vg (X(1))
< T Ty KX (B2)

Taking the quotient of ||x(s)|| and ||y(s)]|, it follows that (5) holds
with p and with C = ¢~ 'Kp~"/? maxges 7. In particular, x and
C are independent of o and t. Since t is arbitrary, this holds true
for every t € N.

Finally, we use (5) to show that each E; is a linear subspace
with dimension n — p. Therefore, fix t € N and assume that
dim(spanE;) > n — p. Thus, (spankE;) N F; # {0}, so there is
y € F;\{0} and X1, x5 € E; such that y = x; +X;. Letting y(-) [resp.
x1(+), X2(-)] be the trajectory of (1) with s.s. o and with y(t) =y
[resp. x{(t) = X1 and x,(t) = x;], we have that for every s € N,
s>, ly(s)Il < 2max {||x1(s)|l, Ix2(s)||}; a contradiction with (5).
Hence, E; is a linear subspace with dimension n—p. This concludes
the proof that (a) = (b). O

Proof of Lemma 21. Because Q is finite there is « > 0 such that
for every q € Q, —el < aP; =< el. Hence, the RHS of (2) can
be replaced by aPy, or —aPy,. This concludes the proof, since by
the finiteness of §, there is u € (0, 1) such that for every d € 4,
wyi<vi-e<ylta<plyi O

B.2. Proof of Theorem 7 . Part 2: (b) = (a)

Assuming (b), let C > 1 and u € (0, 1) be as in (b). The proof
that (b) = (a) relies on the following technical lemma (Berger &
Jungers, 2019, Lemma 6):

Lemma 22. There is T, € N and ¢ > 0 such that for every s.s.
o € XN and every p-splitting (£, F) satisfying the assertion of (b)
with o, it holds that ||Ay1)x|| > c||x|| for every t € N7, and x € F;.

In the following, it will be convenient to describe the decom-
positions of R" induced by a p-splitting (&, F) with projection
matrices. More precisely, given a decomposition E; ® F; of R", we
define the matrix R, € R™" as the projection on F; parallel to E.
Note that R; determines E; and F; completely since ImR; = F; and
Ker R; = E;; in particular, it holds that rank R; = p. The following
proposition, whose proof can be found in Berger and Jungers
(2019, Proposition 7) (and is a straightforward consequence of
Lemma 22), states that the set of matrices R; is bounded for all
t > T, and all s.s.:
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Proposition 23. Let T, be as in Lemma 22. There is M > 0 such
that for every s.s. o € XN and every p-splitting (€, F) satisfying the
assertion of (b) with o, it holds that ||R;|| < M for every t € N>r,,
where R; is the projection matrix associated to (E;, F;).

Using the above definitions and results, we will build an au-
tomaton, a set of rates and a set of symmetric matrices satisfying
(a) in Theorem 7.

Therefore, let T € N.g be such that Cu’ < % and fix o €
(0, %) Let Ry be the set of all projection matrices R € R™" of
rank p and with ||R|| < M, where M is as in Proposition 23. Since
this set is relatively compact, there is a finite subset {Sq, ..., Sy}
of Ry that is an “a-cover” of Ry (meaning that for any R € Ry,
there is g € {1, ..., m} such that ||R — S;|| < @).

Now, using this set {Si, ..., Sy}, we build an automaton Aut*
= (Q*, X7, §*) and a set of symmetric matrices as follows. The
alphabet of Aut* is X7 (the set of words of length T over X,

ie, XT = {(i1,...,ir) : iy € X}). The set of states of Aut is defined
by Q* = {1, m}. Based on this set, for each g € Q*, we let
=—5,S,+U—=5) I =S)=1—-5,-5,. (B.3)

By construction, Pg is symmetric. Moreover, P, is negative defi-
nite on Im Py and positive definite on Ker Pg. Hence, Py € Sp*"
(Theorem 19). Finally, we define the set §* € Q* x XT x Q* of
transitions in Aut* as follows: for every w = (iy, ..., ir) € T and
q1,q2 € Q*, we let (q1, w, q2) € §* if and only if there is x > 0
such that @) Py, ®,, < k*Pg,, where @, = A;, - - - A;,.

We show that every s.s. 0 € YV can be read as the juxta-
position of words obtained from a path in Aut*. Therefore, fix
o € XV and decompose o into blocks of length T: that is,
o = Wwow wy ..., where wy = O'|[tT$tT+T)€ T, Let w_1 € ET*,
where T, is as in Lemma 22, and define o’ w_ic € XN
Let (£, F) be a p-splitting satisfying the assertion of (b) with o’,
and let {R;}7°, be the associated sequence of projection matrices.
Finally, for each teN,letq =min{qg € Q* : |[Rir41, — Sqll <},
which always exists since |[Riry1, | <M (Ploposition 23).

We claim that (q¢, wt, qe+1) € §* for every t € N, which would
prove the assertion at the beginning of the above paragraph. To
prove this claim, we fix t € N, and we will show that there is
k& > 0 such that
& P @

wt” qe41

2
we — KPg <0, (B.4)

where @, = Ay¢r41-1) "
number satisfying

-Ay¢1)- Indeed, let k be any positive

1
[Puwexll <k < 5

2 sup inf || ®y,x], (B.5)
XeEr i1y XEHI;[\T;T*

Ixl=1

The existence of « is ensured by (5) and CuT < %. Also, Lemma 22
ensures that the right-hand side term of (B.5) is positive, so that
« can always be chosen to be positive. To show that (B.4) holds,
we let x € R"\ {0} and y = &,,x and we will show that
Y Pg. vy < k?x"Py.x. Therefore, let x; € Frir, and X, € Egyr,
such that x = X1 + x,, and let y; = @, x; and y, = @, x,. Then,
since [IRer+1, —Sq | < @ and [[Rie4+1yr+1, —Sq 4 || < @, we get from
(B.3) the following relations (we use capital letters, X1, X, Y7 and
Y, to denote the norm of the related vectors; e.g., X1 = ||x1]|):

XTPyx > —X2 + X7 — 2a(X} +X3),
Y Py, y < —Y7+ Y] +2a(Y] +Y5).

We also have the relations Y; > 2xX; and Y, < %KXZ from (B.5).
Hence,

-2, T T
Ky PqH-ly_X Pth

< (=14 2a2)(k Y1) 4 (1 4+ 2a)(k 'Y,
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+ (14 22)X? + (=1 + 2a)X2
< A(—142a)X + (14 2a)X?

+ 2(1+20)X5 + (—1+ 20)X3
= (—3+ 10a)X] + 2(—3 + 10a)X; < 0.

The latter follows from o < %. This proves (B.4), and thus it
follows that (q¢, we, ge+1) € 8%, proving the claim at the beginning
of this paragraph.

Finally, to conclude the proof of the theorem, it remains to
show that, from Aut* defined in Step 1, we can build a path-
complete automaton Aut = (Q, X, §) such that (1) is p-dominant
with respect to Aut and some rates {yglaes < Rwo. This is
done by splitting each transition (q;, w, q2) € §* of Aut* into T
sub-transitions (one per symbol of w € XT).

More precisely, for each transition d = (q;, w, q2) € §*, we add
toQ* = {1, mj} the states (d, 1), ..., (d, T — 1). This gives the
set of states Q = Q* U (6* x {1,...,T — 1}). Because Q contains
states from Q* and states induced by the transitions in §*, we
introduce the following unifying notation: ford = (q;, w, q3) € 6*
and k € {0, T}, we let q(d, k) = q1 if k = 0, q(d, k) = (d, k)
if1 <k <T-—1,and q(d,k) = q, if k = T, and for each
ke{0,..., T — 1}, we let w(d, k) = ix1, where w = (iy, ..., ir).
Finally, we define the set § € Q x X x Q of transitions in Aut
as 8 = {(q(d, k), w(d, k),qd,k+1)):ded*, 0<k<T-—1}L
By construction, it is clear that Aut = (Q, X, ) is path-complete
for (1). It remains to show that (1) is p-dominant with respect to
Aut and some set of positive rates {y;}qes. Therefore, we build a
set of rates {y}aes and a set of matrices {Pg}qc0 < S;X” such that
the dissipation inequalities (2) are satisfied.

To do this, fix a transition d = (q;, w, q2) € §* in Aut* and

let ng = «"/T where « > 0 is such that Py, ®, < «2Py,;
see (B.4). Let Pyqo) = Py, and Pygr) = Pg,. Then, for each
k=T—-1,T—-2,...,1, we define the matrices Pyq recursively
as follows:

Py = Ny *AasoPacd. ks 1Aaqan + 01

with 6 > 0. By construction, we have that forall k € {1,...,T —
1},
AnanPadkinAnar — TaPaar < 0. (B.6)

Now, observe that

21—

T D Tn
Aga,0)Pad, A w00 = Mg Do) Pyan®, + 4

where A € S™" satisfies ||[A|] — 0 as & — 0. Hence, since
AlPg,A, < Kk%Pg,, it follows that (B.6) also holds for k = O,
prov1ded 0 is small enough.

Summarizing, we have shown that the automaton Aut, to-
gether with the rates {yy}qes defined by yy = nq if d
(q(d, k), w(d, k), q(d, k + 1)) € é§ and with the matrices {P;}qeq
defined as above, satisfies (2). Hence, to show that (a) in Theo-
rem 7 holds, it remains to show that {Pglqcq S S;*". By using
(B.6) and Theorem 18, we get that for every d € &% p

>

v(Pyam) = volPgar—1)) = v(Pgar—1)) = -+ = vo(Pya.1))
v(Pgq,1)) = vo(Pya0) = p, whence for all k € {0,...,T},
U(I_D[I(d,k)) = VO(I_)Z](d,k)) = p, which concludes the proof that (b)
= (a). O

B.3. Proof of Theorem 10 . Part 1: (a) = (b)

Assuming (a), the first assertion in (b) follows directly from
Theorem 7. The second assertion in (b) follows from (B.2) and the
fact that since Aut is cycle-stable with respect to {y4}4es there is
M > 1 such that Iy, < M for every s,t € N, s < t. Hence, it
suffices to take p = u'/2 and D = (¢~ 'KM)"/2. O
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B.4. Proof of Theorem 10 . Part 2: (b) = (a)

The proof is very similar to the proof that (b) = (a) in The-
orem 7 (Appendix B.2). We just need to make the following
modifications: (i) We let T e N be such that Cul < % and
DpT < % (the second constraint will imply that there is k¥ €
(0, 1) satisfying (B.5)); (ii) We let (q1, w, q2) € §* if and only if
@, Py, Py, < Kk2Pg, for some k € (0, 1). The rest of the proof is
exactly the same as in Appendix B.2. Observe that since k < 1
we have g < 1 and thus yy < 1. Hence, the automaton Aut is
cycle-stable with respect to {yy}ges. O

Appendix C. Proofs of Section 3

C.1. Proof of Theorem 12

We consider an automaton Aut = (Q, X, §) satisfying As-
sumptlon 11. We say that q € Q is recurrent if there is a path
(d[) ! with length N > 1 from q to q, i.e., with s(do) = t(dy_1) =
q. Let ({Pq}qu, ) be a feasible solution of (6b)-(6c) with & > 0.

We will first show that for any recurrent state ¢ € Q the
inertia of P; depends only on the automaton, the rates and the
matrices {A;}icx. To show this, fix a recurrent state g € Q and let
(d[)’t\’:’O1 be a path from q to itself. For each k € {0, ..., N — 1}, let
D, = Ai(dk) o 'Ai(do) and Nk = Vdy_q1 * " V- Then, from (Gb) and
using that Py = Ps(gy) = Pygy_,)» We get that

T 2 T
Py_1PgPy_1 < My_1PNn_2Pray_2)Pn—2

< 771%1_2‘1’;_3Pt(q,v,3)¢1\1_3 <...=< n(z)Pq. (C.1)

By Theorem 20, it follows that Pq € S;*" where kg is the number
of eigenvalues of ®y_; with modulus |A;| > 1. Because &y_; and
no depend only on Aut, {Y4}4es, and {A;}icx, and by the hypothesis
of Theorem 12, it follows that for every recurrent state q € Q,
Py e SN

Now, let ¢ € Q be any state. By Assumptlon 11, there is
a recurrent state r and a path (d[) ! from r to q (since any
backward infinite path from g will eventually loop on itself). By
the same argument as above, it holds that cDTqu.‘J — %P, < 0,
where @ = Ajqy_,)- Ay and 1 = yuy_, - v4,- Hence, by
Theorem 18, it follows that v(P;) > vo(P;) = k By proceedmg
in a similar way (using a path from g to a recurrent state), w
can show that vo(P;) < k. Hence, v(P;) = vo(Py) = k, and thus
Py € Sp*", concluding the proof of the theorem. O

C.2. Proof of Corollary 13

The “only if’ direction is clear: if the optimal solution
({Pg*}qeq. €*) satisfies the assertions of the corollary, then (2)
holds with {P;*}4eq and thus the system is p-dominant with
respect to Aut and {y;}ges-

The “if” direction is also straightforward: if the system is p-
dominant with respect to Aut and {y;}q4es, then (6a)-(6c) has a
feasible solution with & > 0 and with {Pg}4cq < SZX". It follows
that any optimal solution ({P;*}4eq, €*) satisfies ¢* > 0, and thus,
by Theorem 12, it holds that {P;*}qeq < SQX”. a

C.3. Proof of Proposition 14

Let P = Pg(p). By using the same argument as in (C.1), we
get that ®'P® — n?P < 0. Hence, by Theorem 20, & has
p eigenvalues with modulus > 75 and n — p eigenvalues with
modulus < 7. This proves (i). Now, in order to prove (ii), let the
columns of H € R™P be a basis of the eigenspace, denoted by
F, associated to the eigenvalues of @ with modulus > 5. Then,
it holds that ®H = H®, for some &, € RP*P with eigenvalues
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equal to the eigenvalues of @ with modulus > #. It follows that
@ H'PH®, — n?’H'PH < 0, and thus by Theorem 20, H'PH
is negative definite. This implies that any vector x € F satisfies
x"Px < 0, so that F € K(P). A similar reasoning shows that any
vector x in the eigenspace associated to the n — p eigenvalues of
@ with modulus < 7 satisfies x" Px > 0. This concludes the proof
of (ii). O

Appendix D. Addendum to Section 4

D.1. Automaton labeled with sets of matrices

Let A; € R™" be sets of matrices indexed by i € X
{1, ..., N}. Consider an automaton Aut = (Q, X', §) and a set of
positive rates {y4}qes. Assume that there exists a set of matrices
{Pglgeq € S;" such that for every d € § and A € Aya),

ATPya)A — v Pyay < 0. (D.1)

These inequalities generalize the ones of p-dominance to SLSs
with an infinite number of matrices. From the proof of (a) = (b)
in Theorem 7 (see Appendix B.1), it is clear that this implication
also holds for SLSs with an infinite set of matrices satisfying (D.1).

Regarding the algorithmic verification of (D.1), assume that
each matrix set 4; can be represented as a convex set A; =

A+ conv{A;q,..., Ay} where Aj, Ajq, ..., Ajy, € R™", and
consider the following semidefinite optimization problem:
ax (Palgea €571, (Eqlacq SN, e€R (D.2a)
T T T
s.t. AygPraAig) + AigyPra)Aiayj + Aia) jPradia
T 2
+ Ai(d),jEdAi(d),j — ¥4 Psa) < —¢l,
Vded,je{l,...,N(d)}. (D.2b)
—I <Py <XEg =<1, Eg =0, Vde. (D.2c)

By using a similar argument as in the proof of Theorem 12, we
may show that if (D.2) admits a solution ({Pg}geq, {Eq}qeq, €) with
e > 0 and {Pglqeq < Sp*", then the system satisfies (D.1) with
such P, and ¢. The proof (omitted due to space limitation) is based
on the convexity of the set of matrices A satisfying (D.2b) with
P, and E, fixed (this is why we need Eq > 0).

D.2. Proof of Proposition 17

Assume, for a contradiction, that z—y ¢ quQ (Pg).FiXT e N,
and let « : [0, 1] — R" be the line segment from y to z and let
B : [0,1] — R" be the pre-image of « by fT (which exists by
the Inverse Function theorem; see, e.g., Robinson, 1999, Theorem
V.2.4). By invariance of £2, it holds that 8(0) = f~T(y) € £2 and

B =fT(z)e Q Fixr € [0, 1] By the contraction property (3),
it holds that g'(r gé ﬂqu , as otherw1se we would have
o (r) = AfT(Br)B(r) € quQ , a contradiction with the

definition of «. Moreover since the automaton is cycle-stable, it
holds that ||8/(r)|| > Dp~T|lo/(r)|| with D > 0 and p € (0, 1)
independent of T and r (Theorem 10). Moreover, from the shape
of the cones K(P;) which contain the x;x,-plane in their interior
(see Fig. 7-(c)), there is ¢ > 0, independent of T and r, such
that |e3T (r)] = c||B'(r)]l, where e3 = [0 0, 1]7. Furthermore, by
continuity of 8'(r) with respect tor, e T B'(r) has the same sign for
all r. Thus, by integration of e, 1 8’, we find that |e [B(1) — B(O)]|
increases exponentially with T. Since T is arbitrarily, this is a
contradiction with the boundedness of x(-). O
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