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A path-complete approach for optimal control of switched
systems

Anonymous Author(s)

Abstract

We study the problem of estimating the value function of discrete-
time switched systems under arbitrary switching. Unlike the
switched LQR problem, where both inputs and mode sequences
are optimized, we consider the case where switching is exogenous.
For such systems, the number of possible mode sequences grows
exponentially with time, making the exact computation of the value
function intractable. This motivates the development of tractable
bounds that approximate it. We propose a novel framework, based
on path-complete graphs, for constructing computable upper bounds
on the value function. In this framework, multiple quadratic func-
tions are combined through a directed graph that encodes dynamic
programming inequalities, yielding convex and sound formulations.
For example, for switched linear systems with quadratic cost, we
derive tractable LMI-based formulations and provide computational
complexity bounds. We further establish approximation guarantees
for the upper bounds and show asymptotic non-conservativeness
using concepts from graph theory. Finally, we extend the approach
to controller synthesis for systems with affine control inputs and
demonstrate its effectiveness on numerical examples.
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1 Introduction

Discrete-time switched linear systems are multi-modal discrete-
time systems wherein each mode i corresponds to a linear transition
system of the form

Xke1 = Aixp + Biug.

These systems appear naturally in a wide range of applications—
from mechanical systems [6] to power systems [26] and cyber-
physical systems [11]—or as abstractions of more complex nonlin-
ear or hybrid systems [16, 18, 28]. In this work, we are interested
in the cost-to-go analysis and optimization for these systems under
arbitrary switching. This means that given a cost function c(x, u)
mapping state-input pairs to cost values and an initial point x,, we
aim to evaluate or optimize the worst-case total cost of the system
from xo, that is, the largest total cost among all trajectories (i.e., for
all mode sequences) starting from x,. This problem is important in
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safety- or energy-critical applications because it provides guaran-
tees of safety or performance, even under adversarial conditions,
such as in [7, 18, 28] for stability.

For non-switched linear systems, in the well-known LQR setting,
the cost is given by

c(x,u) =x"Ox+u'Ru, Q=0 R>0.

In this case, the optimal cost-to-go (called hereafter the value func-
tion in the controlled case) admits a closed-form quadratic expres-
sion, which can be efficiently computed through the solution of
the Riccati equation [21]. Similarly, if the system has no input, the
associated cost-to-go (called hereafter the value function in the au-
tonomous case) can also be efficiently computed by solving a linear
Bellman equation [5]. However, for switched systems, the situation
is different. When the switching is arbitrary, the number of possible
sequences grows exponentially with time, making the computation
of the value function intractable, in both the controlled and the
autonomous case, even for a given initial state x,. In particular,
there is in general no closed-form expression for the value function,
which is typically not quadratic and can be non-smooth [30]. This
motivates the development of tractable approximations of the value
function such as provable upper and lower bounds.

In this work, we propose a path-complete approach to construct
tractable bounds on the value function of switched linear systems
under arbitrary switching. The path-complete framework, first in-
troduced in [1] for the stability analysis of switched linear systems,
generalizes the use of a single Lyapunov function to multiple Lya-
punov functions, which combined together in a combinatorial way
lead to tighter stability certificates. In this work, we adopt the same
combinatorial structure to obtain upper bounds on the value func-
tion of arbitrarily switched systems. Specifically, the multiple func-
tions are computed by encoding dynamic programming conditions
on a directed graph: each node « is associated with a function V,, (to
be determined), and each edge a — f, labeled with a system mode
i, represents a dynamic programming inequality V, > ¢ + V3 0 A;
on these functions. A key advantage of this approach is that, in
some situations (e.g., when considering a quadratic template for the
functions V), it provides a sound and tractable way (e.g., through
semidefinite programming) of upper bounding the value function
of switched linear systems under arbitrary switching, extending
existing Lyapunov-based approaches.

This work focuses mostly on bounding the value function of
autonomous switched linear systems under arbitrary switching.
We note that the autonomous case is relevant not only for safety
or performance analysis of closed-loop systems but also for safe
and efficient controller synthesis (e.g., through approximate pol-
icy improvement [23] or informed-search algorithms like A* [14]).
Next to this, we also consider the controlled case and show that the
path-complete framework can be used to directly synthesize a con-
troller that minimizes an upper bound on the value function of the
associated closed-loop system. Concretely, our contributions are
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as follows. After introducing the problem (Section 2) and proving
general dynamic programming bounds on the value function of
autonomous switched nonlinear systems under arbitrary switching
(Section 3), we provide the first path-complete framework for upper
bounding the value function of such systems (Section 4). Then,
we apply this framework to switched linear systems with qua-
dratic cost (Section 5), deriving tractable LMI formulations, along
with computational complexity bounds. We also derive approxima-
tion guarantees that quantify the tightness of the computed upper
bound on the value function, and prove that the proposed approach
is asymptotically non-conservative when using the duals of the
so-called De Bruijn graphs [9] (see Definition 4 below) with order
tending to infinity. Then, we apply the path-complete approach
to the control of switched linear systems with affine control input
under arbitrary switching, providing tractable LMI formulations to
controller design along with upper bounds on the value function
(Section 6). Finally, we demonstrate the usefulness and efficiency
of our approach on numerical examples (Section 7).

Related work

The switched LQR problem, which aims to minimize the total qua-
dratic cost of switched linear systems by choosing the affine con-
trol input and the mode sequence, has received much attention
in the literature. For instance, [3, 13, 15, 25, 31] propose efficient
techniques to approximate the optimal cost-to-go under input-and-
mode control, and [29] proposes a polynomial-time exact computa-
tion method under additional assumptions on the system. These
techniques cannot be applied to our problem, as they treat the
mode as a control variable, whereas in our setting the switching
is arbitrary. Nevertheless, the work [25] mentioned above bears
several interesting connections with our approach. There, the au-
thor considers multiple quadratic functions satisfying inequalities
of the form V; < ¢ + V; o A;; (where i, j are modes) to obtain lower
bounds on the optimal value function in the switched LQR setting,
whereas we consider inequalities of the form V, > ¢ + Vg 0 A;
(where a, § are nodes and i a mode) to derive upper bounds on the
value function. Despite the apparent similarity, there are several
key differences with our approach. First, the quadratic functions
V; are attached to modes of the system—and not to abstract nodes
as in our approach. Hence, the graph that gives the inequalities
is fixed and cannot be used as an algorithm parameter to balance
efficiency and conservativeness. By contrast, our approach con-
siders arbitrary path-complete graphs (in particular, nodes do not
necessarily correspond to system modes), allowing to augment the
“size” of the graph to obtain tighter bounds. Namely, we show that
our approach is asymptotically non-conservative when considering
a particular type of graphs (dual De Bruijn graphs) whose size tends
to infinity; a similar result is not present in [25]. Second, while [25]
also derives approximation guarantees by scaling their lower bound,
their approach is more conservative than ours.!

The problem of optimal control in the context of nondetermin-
istic systems has also received attention; for instance, in nonde-
terministic dynamic programming [12], robust MDPs [24, 27] or

!In [25], the author uses a convex over-approximation of the minimum of quadratic
functions consisting in any convex combination of these functions, whereas we lever-
age the less conservative S-procedure from [8] (see Section 5.3 for details).

Anon.

two-player games [22]. Nevertheless, to the best of our knowledge,
no previous work on the value function of switched linear systems
under arbitrary switching is available in the literature.

Notation. Given M € N, we let (M) == {1,...,M}. The setof nxn
symmetric positive definite (semi-definite) matrices is denoted by
RIG™ (REG™). The set of nonnegative-valued functions defined on
R” (i.e., functions f : R" — R) is denoted by ¥,

2 Problem statement

2.1 Switched systems and value function

We consider a discrete-time autonomous switched system of the
form

X4t = foky (xk), k€N, 1)
where x; € R" is the state at time k, o(k) € (M) is the mode at time
k and for all i € (M), f; : R® — R". The function o : N — (M) is
called the switching signal.

Given x € R" and a switching signal o : N — (M), we denote by
&(+, x, o) the solution of (1) with switching signal o, i.e., £(k,x, 0) =
xy. for all k € N where xo = x and {x}}7, satisfies (1).

We also consider a cost function ¢ : R — Ry, mapping states
to nonnegative cost values.

In this work, the switching signal is considered as an external
uncontrolled signal, meaning that the analysis of the system (1) is
made using the worst-case framework. In particular, we consider
the worst-case cost-to-go defined as follows:

Definition 1 (Cost-to-go and value function). Consider the
switched system (1) and a cost function ¢ : R” — Ry,. For each
switching signal ¢ : N — (M), the cost-to-go is the mapping
Jo : R" — [0, +00] defined by

Jo(x) = ) elé(k,x,0)),

k=0

with the convention that J;(x) = +co if the series diverges.
The value function J : R® — [0, +co] captures the worst-case cost
over all switching signals and is defined by

J(x) = sup J5(x).

o N—(M)

The value function of switched linear systems can be very chal-
lenging to compute exactly, even with a quadratic cost function.?
Hence, the objective of this paper is to derive tractable bounds
on the value function. To this end, we rely on the path-complete
framework (introduced in Section 2.2 below), which enables the
computation of upper bounds in a tractable manner as combinations
(min or max) of quadratic functions.

2.2 Path-complete graphs

The path-complete Lyapunov framework, introduced in [1], gener-
alizes classical quadratic Lyapunov techniques for analyzing the
stability of discrete-time switched linear systems. At its core, is

The paper [30] shows that the finite-horizon value function of switched linear systems
under controlled switching with a quadratic cost function is a piecewise quadratic
function whose number of pieces can grow exponentially with the horizon. The infinite-
horizon value function is therefore in general not quadratic or smooth and difficult to
approximate. A similar argument can be applied to systems under arbitrary switching,
although the proof is omitted due to space limitations.
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A path-complete approach for optimal control of switched systems

the notion of path-complete graph, which encodes Lyapunov in-
equalities between quadratic functions along different modes of the
system, with the property that any mode sequence of the system
can be obtained through a path in the graph. In what follows, we
briefly recall the definitions that we need.

We consider a directed labeled graph G = (S, E), where S is a
finite set of nodes and & € S X S X (M) is the set of edges labeled
by elements of (M). Each edge (a, 5, i) € & represents a possible
transition from node « to node § under mode i of the switched
system.

Definition 2 (Path-complete graph). Let G = (S, &) be a directed
labeled graph. We say that G is path-complete (for (M)) if for any
I € Ny and any sequence ¢ = (i,...,i]) € (M)l, there exists a
path {(ak, @k+1, ik)}i:1 such that foreach k € {1,...,l1+1},a; € S,
and for each k € {1,...,1}, (ak, ax+1, ix) € E.

An example of path-complete graph is shown in Fig. 1.

1 2
1
2

Figure 1: A path-complete graph with two nodes, for a system
with two switching modes.

Given a graph G = (S, &), its dual graph G' = (S, ET) is ob-
tained by reversing the direction of each edge, ie., (o, f,i) € & &
(B,a,i) € ET. A graph is path-complete if and only if its dual is
path-complete.

Below, we define two special classes of path-complete graphs:

Definition 3 (Complete and co-complete graphs). A directed la-
beled graph G = (S, &) is complete (for (M)) if for eachnode @ € S
and each label i € (M), there exists at least one node f € S such
that (a, f,i) € &. Conversely, G is co-complete if for each node
p € S and each label i € (M), there exists at least one node « € S
such that (o, §,i) € &.

The graph in Fig. 1 is co-complete.

3 Dynamic programming inequalities and
bounds on the value function

In stochastic optimal control, i.e., when one aims to minimize the
expected total cost J of trajectories of a stochastic system of the
form xy41 = f(xk, vk) where {vx}}” ) is an iid. noise sequence, one
has the famous Bellman equation [5]: J(x) = ¢(x) +E,J(f (x,0)). In
the case of nondeterministic and nonstochastic systems3 , a similar
equation can be derived (see, e.g., [12, 27]). We recall it here for
convenience (although we will only focus on its inequality versions
in Propositions 2 and 3):

3The system (1) is nondeterministic because the switching sequence is arbitrary, and
nonstochastic because no probability distribution is associated with it.
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Proposition 1. The value function J of system (1) with cost ¢ :
R™ — Ry satisfies the following dynamic programming equation:

J(x) = ¢(x) + max J(fi(x)), VxeR". @
ie(M)

In practice, when one searches for a value function in a limited
template (e.g., quadratic functions), it may be impossible to find
a function J that satisfies (2) exactly. For this reason, we consider
relaxations of this dynamic programming equation, expressed as
dynamic programming inequalities. Depending on the inequality
direction, these relaxations yield either upper or lower bounds on
the exact value function.*

The following two propositions formalize this.

Proposition 2 (Upper bound). Consider system (1) and a cost
function ¢ : R* — Ryg. Let V : R* — Ry satisfy the following
dynamic programming inequality:

V(x) = c(x) + max V(fi(x)), VxeR™ (3)
ie(M)

Then, for all x € R", V(x) > J(x), where J is the value function of
system (1) with cost c.

Proor. Let x € R" and o : N — (M). For each k € N, denote
xr = &£(k, x, 0). Note that by (3), it holds that for all k € N, V(xx) >
c(xx) + V(xx41). Hence, for all H € Ny,

H-1 H-1
V(x) 2 V() = V) = V) = Vi) 2 ) e().
k=0 k=0

Taking the limit when H — oo, we get that V(x) > J,(x). Then, tak-
ing the supremum over o, we obtain that V(x) > J(x), concluding
the proof. O

Proposition 3 (Lower bound). Consider system (1) and a cost
function ¢ : R” — Ryo. Let W : R" — R satisfy the following
dynamic programming inequality:

W(x) <c(x) + m<a}v>f(> W(fi(x)), VxeR™ (4)

Assume that W is continuous at 0, W(0) = 0, and all trajectories of
the system converge to 0 (i.e., the system is asymptotically stable).
Then, for all x € R", W(x) < J(x), where J is the value function of
system (1) with cost c.

Proor. Let x € R™. Let (xx).r, and (ix);, be defined recur-
sively by xo = x and for all k € N, iy € argmax;c, W(fi(xx))
and xp4; = fi, (xx). Note that by (4), it holds that for all k € N,
W (xx) < c(xx) + W(xr+1). Hence, for all H € Ny,

H-1 H-1
W) = W(n) = ) W(xe) = W(xen) < ) e(xi)-
k=0 k=0

Taking the limit when H — oo (and using that xg — 0), we get
that W(x) < J,(x), where o : N — (M) is defined by o(k) = i.
This implies that W (x) < J(x), concluding the proof. m}

4We note that Bellman inequalities were also used in stochastic optimal control to
obtain bounds on the expected total cost J; see, e.g., [19, 20, 25].
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This paper focuses on computing upper bounds on the value
function. We employ the dynamic programming inequality of Propo-
sition 2 together with the path-complete framework to obtain
tractable approximations, represented as combinations of simple
functions such as quadratics. Using Proposition 3, we further es-
tablish approximation guarantees, showing that a scaled version of
the upper bound serves as a lower bound.

4 Path-complete upper bound on the value
function

The path-complete framework consists in combining several func-
tions in a given template of functions (e.g., quadratic functions) in
order to compute a function satisfying the dynamic programming
inequality in Proposition 2, thereby providing an upper bound on
the value function.

More precisely, let us consider a path-complete graph G = (S, &)
(for (M)) and a template of functions 7~ C . Each node « of
this graph is associated with a function V;, € 7. For system (1) and
R"™ — Ry, the graph encodes the following
inequalities, inspired by (3):

Va(x) 2 e(x) + Vp(fi(x)),

a cost function ¢ :

Vx eR", V(a, i) €E. (5

Example 1. As an illustration, consider the path-complete graph
shown in Fig. 1. The inequalities associated with its edges are:
Transition V; — Vi: Vi(x) > c(x) + Vi(fi(x)), Yx € R",
Transition V, — Vo: Vo(x) > c(x) + Va(f2(x)), Vx € R",
Transition V; — Vo: Vi (x) > ¢(x) + Vo(fi(x)), Yx € R,
Transition Vo — Vi: Va(x) > c(x) + Vi(f2(x)), Vx e R". <«

Given a collection of functions {V, },es € 7 satisfying (5), we
aim to construct an upper bound V for the true value function J,
that is, a function V such that V(x) > J(x) for each x € R", by
appropriately combining the functions V,,. The specific construction
depends on the structure of the underlying graph G = (S, &):

o If G is complete, taking the pointwise minimum over the
functions V, yields a valid upper bound.

o If G is co-complete, taking the pointwise maximum over the
functions V, yields a valid upper bound.

These statements are formalized in the following theorem and are

based on previous work extracting common Lyapunov functions

from path-complete Lyapunov functions [1, Corollaries 3.4 and 3.5].

Theorem 1. Consider system (1), a cost function ¢ : R” — Ry,
a directed labeled graph G = (S, &) and a template 7 < 7.

Assume that {V,}ses € 7 satisfy (5). Define V : R” — Ryq by
V(x) = mig Va(x), if G is complete for (M), (6a)
[e43

V(x) = ma;c Va(x), if G is co-complete for (M). (6b)
ae

Then, for all x € R", V(x) > J(x), where J is the value function of
system (1) with cost c.

Proor. For both the complete and the co-complete cases, we
will prove that

V(x) > c(x) + m% V(fi(x)), VxeR" 7)

which, by Proposition 2, implies that V(x) > J(x) for all x € R".

Anon.

Case 1: G is complete. We start with the case of a complete graph,
ie., V(x) = minges V,(x). Define the set

E={(a,i) e Sx (M) : 3p € S such that (a, §,i) € E}.
From (5), we deduce that
Va(x) = c(x) + ?igVﬁ(ﬁ(x)), Vx eR", V(a,i) €E.
€

By definition of V,
Va(x) 2 c(x) + V(fi(x)),

Since the graph is complete, it follows from Definition 3 that E =
S X (M). Therefore, (8) can be rewritten as

Va(x) 2 e(x) + V(fi(x)), VxeR", VYaeS, Vie (M).

Taking the minimum over « and the maximum over i, we obtain (7).

Vx eR", V(a,i) €E. 3)

Case 2: G is co-complete. We now consider the co-complete case,
ie, V(x) = maxyes Vo (x). The reasoning is similar to the complete
case. Define the set

E={(fi) € Sx (M) :Ja € S such that (a, f,i) € E}.
From (5), we deduce that

mag(Va(x) > c(x) + Vg(fi(x)), VxeR" V(pi) €L

ae

By definition of V,
Vi(x) 2 e(x) + Vp(fi(x)),

Since the graph is co-complete, it follows from Definition 3 that
E =8 X (M). Therefore, (9) can be rewritten as

V(x) 2 c(x) + Vg(fi(x)), VxeR", VBeS, Vie(M).

Taking the maximum over §§ and then over i, we obtain (7), which
concludes the proof. O

Vx eR", V(B,i) €E. 9)

Remark 1. Note that, in the same way as in [2], it is possible to
generalize Theorem 1 to any path-complete graph, in which case
the upper bound takes the form
V(x) = min max V,(x),
Aty AR €S a€A;
where A, . .., Ay are nodes of the complete sub-graph of the ob-
server graph (see [2, Theorem 1]). We skip this result for the sake
of clarity and conciseness. <

5 Results for autonomous switched linear
systems

In this section, we apply the framework developed in the previ-
ous section to switched linear systems with quadratic cost. We
show that it allows to obtain tractable upper bounds on the value
function through LMI formulations of the path-complete inequal-
ities (5). We further show that the framework is asymptotically
non-conservative (in the sense that it can yield upper bounds that
converge to the true value function) when the graph is the so-called
dual De Bruijn graph (see Definition 4 below) whose order tends to
infinity. Finally, we derive an approximation guarantee by appro-
priately scaling the previously computed upper bound. The scaled
function is guaranteed to be a valid lower bound, and the scaling
factor is obtained by solving a set of LMIs.
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A path-complete approach for optimal control of switched systems

Concretely, we consider discrete-time autonomous switched lin-
ear systems of the form

keN, (10)

where for each i € (M), A; € R™". Hence, (10) is a special case of
the system in (1) where each map f; is the linear map x — A;x. We
also assume that the cost is quadratic, namely, that ¢(x) = x" Qx
for some Q € RI;". Finally, we consider the template of quadratic

functions, that is, Tquad = {x " Px : P € RI"}.

Xk+1 = Ao (k) Xks

5.1 Path-complete LMIs and computational
complexity

Under the assumption that V;; € Tquaq for each a € S, we parame-
trize them as

Va(x) =x"Pex, Py eRIS", VYacedS.
Under this parametrization, the path-complete inequalities (5) can

be equivalently written as the following set of LMIs:
Py = Q+ A PpA;, V(api)eé&. (11)

Remark 2. Note that any collection of matrices {Py}qes € RYS"
satisfying (11) provides an upper bound on the true value func-
tion J, obtained for each x by taking the minimum or maximum
of {xTPyx},es in the case of a complete or co-complete graph,
respectively (see Theorem 1). However, this does not guarantee
that the bound is tight. It is therefore crucial to choose an objec-
tive function that penalizes large values of the upper bound. For
example:

o If one wants to minimize the value of the upper bound at a
given xo, one can use the following objective:
min  min x, Pyx, if G is complete,
(Palaes @cS T (12)
min max x; Pex, if G is co-complete.
{Pa}aes a€S
This guarantees that the upper bound is minimal at x
(among all upper bounds derived from matrices satisfy-
ing (1))

e On the contrary, if one wants that the upper bound is “glob-
ally” small, i.e., for a large number of values of x, one can
use the objective:

min Z ¢(Py), (13)
{Pataes aesS
where £(P) is any function that penalizes “large” values of
P.® 50 as to yield small values of the upper bound on the
whole state space.

Note that other objective functions can be considered, for instance
if one wants to minimize the expected value of the upper bound (for
some given state distribution). We leave the study of other objective
functions to further work. <

As an illustrative example, we apply the path-complete approach
to a simple switched linear system.

Note that the first objective function in (12) is not convex in { Py } 4cs. However, it
can be easily convexified by considering | S| subproblems (one with objective function
xOTP,Zxﬂ for each a € S, see Appendix A for a specific example).

SFor instance, £(P) = log(det(P)), £(P) = trace(P) or £(P) = ||P||?, which can all
be formulated as semidefinite programs.
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Example 2. Consider system (10) with

1 1.3 0 1 -0.3 1
Ay [ ] , 2

=— =—— .14
1751 03 175 0 —1.3] (1)

Taking the objective function in (13) with ¢ = trace, using Q =1,
and considering the LMIs (11) on the co-complete graph depicted
in Fig. 1, we obtain the following solution:

po_[332 014] L [114 -0.a4
171014 1140 "27 |-014 332"

The upper bound V(x) = maxye(12) x' Pyx is shown in Fig. 2
against the true value function (given for reference only and ap-
proximated by truncating the infinite-horizon sum at a horizon H
such that the cumulative cost beyond H is negligible). <

3.25 \
3.00 - \

275 + \ / \ /

V(cos(8), sin(f))

2,50 \ / /

0 [rad]

Figure 2: Upper bound V(x) = maxge 1,2} X' Pox on the value
function of the switched linear system with matrices in (14),
plotted along the unit circle x = (cos(#), sin(6)) for 6 € [0, x].
The bound is computed using the path-complete framework
with the co-complete graph in Fig. 1, and the true value func-
tion J is shown for comparison.

The LMIs formulation (11) provides an efficient way to compute
upper bounds on the value function of switched linear systems with
a quadratic cost. Indeed, solving these LMIs can be done in time
polynomial in n, |S| and |&|, using interior-point algorithms:

Proposition 4 (Complexity). Consider the objective function (13)
with ¢ = trace. Then, the corresponding semidefinite program
defined by the LMIs (11) can be solved in

O ((1+18lm* 1S (1S +niSIIE] + 1E1))
basic arithmetic operations.

Proor. Since the objective function is linear, the result follows
directly from the complexity analysis in [4, Section 6.6.3], applied
to a problem with |&| LMIs involving matrices of size n X n and
n?|S| decision variables. u]

Besides the efficiency of computation, the question of the accu-
racy (or tightness) of the computed upper bound is central. This
question is addressed in the next two subsections.
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5.2 Convergence on dual De Bruijn graphs

De Bruijn graphs form a hierarchical family of complete graphs,
originally introduced in [9]. Their definition is recalled below:

Definition 4 (De Bruijn). The (primal) De Bruijn graph of order
I € N on (M), denoted by H;(M) = (S, &), is defined as follows:
S; = (MY, and (@, B,i) € & if and only if @ = (jy,...,j;) and
p = (i ju..... ji-1) for some (ju,.... J1) € (M)".

The De Bruijn graph H; (M) is complete, and its dual, denoted by
H," (M), is co-complete. Below, we establish a convergence result
for dual De Bruijn graphs:

Theorem 2. Consider system (10) and a quadratic cost function
¢(x) = xTQx with Q € RI";". Assume that system (10) is asymptot-
ically stable. For each € N, let ‘HIT (M) = (S}, &) be the dual De
Bruijn graph of order [ on (M) (see Definition 4). Then, there exists
a sequence of sets of quadratic functions {{V}} ¢ S; Jien such that

for each [, {Vgl,}aes, C Tquad satisfies (5) with & = &;, and
llim Vi) = J(x), Vix) = mz?sx VOI( (x), VxeR"
—00 aES]

where J is the value function of system (10) with cost c.

Remark 3. Theorem 2 guarantees the existence of a sequence of
sets of quadratic functions {{V}},c S; }ien, each set satisfying the
inequalities (5) on ;" (M), such that the corresponding sequence
of functions V(x) = max,.c S Vol‘ (x) converges to the true value
function J(x). While this ensures that a non-conservative feasible
solution exists in the limit, the solution obtained by solving the
actual optimization problem may be conservative, as it depends on
the chosen objective function; see Remark 2. <

The proof of Theorem 2 uses the following lemma, which is a
consequence of the system being asymptotically stable:

Lemma 1. [28, Proposition 2.13] Consider system (10), and assume
that it is asymptotically stable. Then, there are 0 < p < 1and C > 0
such that for all x € R", 0 : N — (M) and k € N, ||é(k,x,0)|| <
Cpk|lx]l-

Proor oF THEOREM 2. For each [ € N, define
El+1,x,0)TQE(1 + 1,x, 0)

xTQx '

By Lemma 1, it holds that for all l € N, 5; < %Czpz”z. This
implies that there exists L € N such that, foralll > L, n; < 1. We
will show that:

Claim 1: For all | > L, there is {Vgl{}aes, C Tquad satisfying (5)
with & = &; and such that V!(x) < 1_—1,”](x) for all x € R", where

Vi(x) = maXges, Vix).

;= max max
x€R™\{0} o:N—(M)

Proof of Claim 1: Fix I > L. For each a = (ip,...,i;-1) € S,
define Volt :R" - Ry by
I
Vi(x) = )" £k, x,00) TQE(K, X, 0, (15)
k=0

where o, : N — (M) satisfies oy (k) =i forallk € {0,...,1 - 1}.
It is clear that for each a € S, VOI( € Tquad- Also, note that for all
x€e€R"and a € S, Val,(x) < J(x). Hence,

mzfsx Vé(x) <J(x), VxeR™ (16)
aeY]

Anon.

Now, for each a € Sy, let us define V! = ﬁ?f[ From (16), it
follows that

1
1-m

V!(x) = max V! (x) < J(x), V¥xeR"

aeS;
To conclude the proof of Claim 1, it remains to show that {V}},. S
satisfies (5) with & = &;. Therefore, let us consider an arbitrary edge
(a, B, ip) € &;. Since we consider a dual De Bruijn graph, we have
a = (ig, iy, ..., ij—1) and B = (iy, ..., ;) for some (iy, ..., i;) € (M)
By (15), it holds that

Vix) = X7ﬁl(Ai0x) +x70x — E(1+1,x,6) Q& + 1,x,5),
Vx eR",

where 6 : N — (M) satisfies 6(k) = iy for k € {0,...,1}. Hence,
from the definition of 7y, it follows that

701,(3() > V/é(A,»Ox) +(1-n)x"Qx, VxeR™

Using V! = 17—1,71%’, and V/f, = ﬁVé we obtain

Vé(x) > Vé(Aiox) +x'Qx, VxeR"

which is (5). Since the edge (e, 3, i) was arbitrary, this concludes
the proof of the claim. 4

We use Claim 1 to conclude the proof of the theorem. For each
I>1L,let {Valg}aESl and V! be as in Claim 1. The claim states that for
eachl > L, {Vé}aegl satisfies (5) with & = &; and (1 — 5;)Vi(x) <
J(x) < V(x) (where the second inequality is obtained from The-
orem 1 since V! (x) = maxges, Vl(x) and WIT (M) is co-complete).
Since lim;_,e 17; = 0, it follows that lim;_, v! (x) = J(x), which
concludes the proof of the theorem. O

5.3 Relative accuracy of the upper bounds

In this subsection, we present an algorithmic framework to assess
the relative tightness of the upper bounds derived from Theorem 1
for switched linear systems with quadratic cost and quadratic tem-
plate. Specifically, given an upper bound V of the form (6a) or (6b)
with 7~ = Tquad, We provide a tractable approach to compute a factor
4 > 1 such that

iV(x) <J(x)<V(x), VYxeR"

To this end, we determine the smallest y such that W = ﬁV satis-
fies the dynamic programming inequality (4). This implies that W
constitutes a lower bound on the true value function J. Concretely,
for a switched system (1) and a cost ¢, given a previously computed
upper bound V : R” — Ry, the problem reduces to finding the
smallest y > 1 such that

V(x) < pe(x) + _m&)f) V(fi(x)), VYxeR" (17)

For both forms of V, namely (6a) and (6b), we explain below how
this can be done efficiently using semidefinite programming when
the system is switched linear, the cost quadratic and the template
quadratic.
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5.3.1 The max case. Assume first that V has the form (6b) with
quadratic functions, that is, V(x) = max,es Vo (x), where S is a
finite set, and for each a« € S, V,(x) = x"P,x with P, € R’gg".
Consider the switched linear system (10) and the quadratic cost
c(x) = x"Qx with Q € R". To solve (17) in this setting, we
first need to reformulate it in a tractable way. To this end, we
draw inspiration from the S-procedure [8].” In particular, for each
(y,a,1,B,j) € S XS X (M) xS x (M), we introduce a multiplier
tyaipj = 0. We then consider the condition

V(%) < pe(x) + Vo (fi(x))
D b V() - Va (i),

(B.J)eSx(M)
Vx eRY YV (rai) € S xS x (M). (18)

With the hypotheses above on the system (i.e., fi(x) = A;x for each
i € (M)), the cost function ¢ and {V, }4cs, (18) can be formulated
as a set of LMIs:

P, 2 pQ + AiTPo,Ai + by.aif.j (AJTPﬂAj - AiTPaAi),
(B.J)€Sx(M)
Vx eR", V(y,ai) € SXS X (M). (19)

Hence, it can be solved efficiently using interior-point methods.
The following result states that any feasible solution to the sim-
plified constraints (18) provides a feasible solution to the original
constraints (17):

Proposition 5. Given system (1), {Vy}4es € 7 and a cost function
c:R" - Ryp,let p>1and

{tyaif i} (raifj)eSxSxMyxSx(my S Rxo

satisfy (18). Then, p satisfies (17) with V(x) = maxges Vo ().
Proor. Consider an arbitrary x € R". Let y € S such that
Vy(x) = geag Ve (x),
and let (a,i) € S X (M) such that
Vo) = max max Vi)

Then, by (18), it follows that V,(x) < pc(x) + Ve (fi(x)), which
implies (17) by the definitions of y, a and i. Since x was arbitrary,
this concludes the proof. O

5.3.2  The min case. Now, assume that V has the form (6a) with
quadratic functions, that is, V(x) = minges Vo (x), where S is a
finite set and, for each a € S, V,(x) = x" P,x with P, € R’;é”.
Consider the switched linear system (10) and the quadratic cost
c(x) = x"Qx with Q € RI';™. Solving (17) in this setting can be
treated in a way similar to the max case, but more multipliers are
needed. In particular, for each (y, @, i, @, {) € SXSX(M)xSM xS,
lets, ;5 = 0,and for each (y, @, i, @, j) € SXSX(M)xSMx (M),

"The S-procedure allows to rewrite (conservatively) an implication of the form
A xTQix > 0 = x"Rx > 0 as the existence of nonnegative multipliers
t,..., tm = OsuchthatR = 37 +;Q;.
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let t, 45, = 0. Consider the condition:

Vy(x) + Z Syaiag {Ve (%) = Vy (%)} < pe(x) + Vo (fi(x))
eS8

+ 3 tyaia Ve, (i) = Va ()},
JE(M)
Vx eR™, YV (y,a,i,3) € SXS x (M) xSM. (20)

With the hypotheses above on the system (i.e., f;(x) = A;x for each
i € (M)), the cost function ¢ and {V, }4cs, (20) can be formulated
as a set of LMIs:

Pyt > Spaisg P = Py} 2 pQ + AT PoA,
JeS
+ Z ty,a,i,(D,j{A}—PE)jAj _A?PaAi})
je(M)
Vx eR™, VY (y,a,i,3) € S XS x (M) x SM,

Hence, it can be solved efficiently using interior-point methods. The
following result states that any feasible solution to (20) provides a
feasible solution to (17):

Proposition 6. Given system (1), {Vy}qes € 7 and a cost function
c:R" > Ryg, let p>1,

{8y.000.0} (raidr)esxsxmxsMxs € Rxo  and
{ty.idg} (paid.j)esSxSx(MyxsMxmy S Rxo

satisfy (20). Then, p satisfies (17) with V(x) = minges V4 (x).

Proor. Consider an arbitrary x € R". Let y € S such that

V,(x) = min Vy (x),
() min 7 (x)

and let (a,i) € S X (M) such that

Vo)) = max min Vy(f; )
This implies that for each j € (M), there exists f; € S such that
Vg, (fj(x)) < Va(fi(x)). Let & = (By, ..., Bu) Where the f;’s are as
above. Then, by (20), we have that V},(x) < pc(x)+V,(fi(x)), which
implies (17) by the definitions of y, @ and i. Since x was arbitrary,
this concludes the proof. O

Thanks to the preceding propositions, the scaling factor y, which
bounds the relative accuracy of the upper bound V, can be computed
efficiently through LMIs.

6 Control of arbitrarily switched linear systems

In this section, we use the path-complete framework for the optimal
control of switched linear systems under arbitrary switching, with
control affine input (i.e., in the form B;u). We will show that the
path-complete framework can be used to provide upper bounds on
the optimal value function (i.e., the worst-case cost-to-go under
optimal feedback control) for these systems.

Concretely, we consider controlled switched linear systems, i.e.,
systems of the form

Xk+1 = Ao(k) Xk + Bo(yuk, k€N, (21)
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where u; € R™ is the control input at time k and for all i € (M),
A; € R™" and B; € R™™. We consider a quadratic cost function
¢:R" X R™ — Ry defined as

é(x,u) =x"Qx+u"Ru, QEeRI" ReRN™. (22

Given a feedback policy ¢ : R — R™, the associated closed-loop
system is the switched system (21) with u = ¢(x) for all k € N.
Equivalently, it is the autonomous switched system (1) where for
each i € (M), f; is given by f;i(x) = A;x + B;¢(x). The associated
closed-loop cost is defined by ¢? (x) = é(x, ¢(x)). The value function
of the closed-loop system is defined as follows:

Definition 5 (Closed-loop value function). Given a feedback policy
¢ : R® — R™, the closed-loop value function of system (21) with
cost & : R™ x R™ — Ry and policy ¢ is denoted by J?(x) and
defined as the value function (Definition 1) of system (1) with f;
defined by f;(x) = A;x + Bi¢(x) for all x € R" and i € (M), with
cost ¢(x) = ¢(x, #(x)) for all x € R". The optimal value function of
system (21) with cost ¢ is the smallest value function that can be
obtained (pointwise) among all closed-loop systems:

J0 = inf T2 ().

In this work, we do not attempt to compute the optimal feed-
back policy. Instead, we consider a piecewise linear policy because
it allows us to compute an upper bound on the value function of
the associated closed-loop system by solving LMIs, similar to what
we did for the autonomous case. By construction, this bound also
provides an upper bound on the optimal value function J*. In partic-
ular, we adopt the policy proposed in [10], where |S| gain matrices
{Ka}aes € R™ ™ are introduced, one for each node of a complete

graph G = (8, &). The feedback policy is defined as

d(x) = Kie(x)x, K(x) = arg min V,(x), (23)

aeS
where {V,}ges C 7, are functions associated with the nodes of
the graph. The resulting closed-loop dynamics is given by
Xies1 = (Ao(k) + Bo(k) Ke(xp)) Xk
and the resulting cost ¢ : R* — R by
c(x) =x"Qx + xTKKT(x)RKK(x)x, Q e R, ReRIY™. (24)

The following theorem shows that if G is complete, and {Vy }ges
satisfy graph-driven inequalities similar to (5), then an upper bound
analogous to that in the autonomous case can be obtained by taking
the pointwise minimum of the V,,’s:

Theorem 3. Consider system (21), a cost function ¢ : R" x R™
— Ry, a directed labeled graph G = (S, &) and a template 7 C
FJ,- Assume that G is complete for (M) and that {Vy}ges € 7,
{Ka}taes C R™" satisfy

Vo (x) > ¢(x, Kgx) + Vg(Aix + BiKgx),
Vx eR", V(a, B,i) €E. (25)
Let V : R"™ — Ry be defined by
Vi(x) = glelg Vo (x), (26)

and let ¢ : R — R™ be defined as in (23). Then, for all x € R",
V(x) = J%(x) > J*(x), where J* is the optimal value function of

Anon.

system (21) with cost ¢, and J? is the value function of the associated
closed-loop system with policy ¢.

Proor. From (25) and the definition of V, we have

Va(x) = é(x, Kgx) + V(Aix + BiKyx), Vx €R" V(a,i)€E,

where the set E is defined as in the complete part of the proof
of Theorem 1:

E={(a,i) € Sx (M) : 3 € S such that (a, p,i) € E}.

The graph being complete, we rewrite the previous set of inequali-
ties as

Vo (x) = ¢(x, Kux) + V(Aix + BiKyx),
VxeR, YaeS, Vie (M).

Taking o = k(x) with k as in (23) and letting c(x) = ¢(x, Kic(x)X),
we obtain

Viex) (%) 2 ¢(x) + V(Aix + BiKi(x)x), VYx €R", Vie (M).

By definition of V and x(x), we have

V(x) 2 c(x) + V(Aix + BiK(x)x), Vx €R", Vie (M).

Taking the maximum over i, we get

V(x) > c(x) + 111(:}1\/)1(> V(Aix + BiKi(x)x), Yx €R".
ie

Defining f;(x) = A;x + B;K,.(x) X, We use Proposition 2 to conclude
that V(x) > J#(x) for all x € R". The inequality J%(x) > J*(x)
for each x € R" follows directly from Definition 5, completing the
proof. O

Now, we show that the inequalities (25) can be expressed as LMIs.
As for autonomous linear switched systems (see Section 5.1), we
assume a quadratic template, i.e., V, € Tquad for each @ € S. Again,
we parametrize them as V,(x) = x" Pyx, with P, € RIG™ for all
a € 8. Using this parametrization together with the expression of
the cost in (22), we can rewrite (25) as follows:

Py — Q — K RK, — A] PgA; — K1 B} PsBiK, — 2K, B] PgA; = 0,
Viapi)es. (27)

The following proposition states that these matrix inequalities
can be expressed as LMIs through appropriate changes of variables,
and draws inspiration from [17, Theorem 1] and [10, Lemma 11].

Proposition 7. Given M € N, and a finite set S, sets of matri-
ces {Ai}ie(m)y C RM*1 {Bi}ieqmy C R™™M (K. }aes € R™*™ and
{Pa}aes € REG", and matrices Q € REG"™ and R € RY ™, consider
the transformations

S,=P;', Y,=K.P;' YaeS.
The inequalities (27) are equivalent to
Sa SeAT +YIBT S, Y]
AiSq + BiY, Sp L
Se 0 0 0
Yo 0 0 R

V(api)e&. (28)
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Proor. The matrix in (28) can be written in block form as

A B
o=l ¢
where
Sﬁ 0 0
A=S, B=[S.A] +Y,B] S, Y;], C=|0 Q' o
0 0 R!

Since C > 0, by the Schur complement, the condition G = 0 is
equivalent to

A-BC'B" = 0.
Substituting P, = S;! and K,, = Y, P,, one recovers inequality (27).
This establishes the equivalence between (27) and (28). O

7 Numerical experiments on switched linear
systems

In this section, we illustrate the proposed approach through numer-
ical experiments, in both autonomous and controlled cases.

7.1 Autonomous case

In this subsection, we first consider an autonomous switched linear
system of the form (10) with two states and two switching modes,
whose matrices are given in (14), and we set Q = I in the cost
function c(x) = xT Qx. The procedure is as follows:
For graph orders [ = 1,2, 3:
(1) We consider the co-complete dual De Bruijn graph HIT (2) =
(81, &) (see Definition 4).
(2) Using the inequalities in (11) and the objective function (13)
with £ = trace, we compute {Pq }4es, by solving the semi-
definite program

min Z trace(P,) s.t. (11) holds with & = &;.

{Poz}aesl aeS;
(3) By Theorem 1, we obtain the upper bound
Vi(x) = max x" Pyx.
aeS;

(4) We then compute the lower bound W' = ﬁV’ using Propo-

sition 5, by solving

4 st (19) holds with S = S,.

min
FerUYaiﬂJ};RZO

The resulting upper and lower bounds are displayed in Fig. 3 for
x = (cos(0),sin(0)), with 0 € [0, x]. Note that we focus on dual De
Bruijn graphs in this autonomous case, since the convergence result
was established specifically for this graph family (see Theorem 2).
As we can see in the figure, when the graph order increases, the
gap between the upper and lower bound curves decreases, demon-
strating the efficiency of the proposed upper bounding method and
its ability to tightly approximate the true value function.

To further quantify the tightness of our upper bounds, we analyze
the scaling coefficient y for various combinations of the number of
states, switching modes, and graph orders. Recall that

iV(x) <J(x) <V(x), VxeR" (29)

so that values of y close to 1 indicate that the computed upper bound
is tight. To do that, we use the same procedure as described above,
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Figure 3: Upper and lower bounds on the value function, V! (x)
and W!(x) = I%Vl(x), for x = (cos(0), sin(0)) with € [0, ], for
the autonomous switched linear system with matrices given
in (14), and using dual De Bruijn graphs of order [ € {1, 2, 3}.
The gap between the upper and lower bound curves decreases
as the order increases.

Graph order ‘ m=2,M=2) (n=5M=3) (n=8,M=2)

1 1.038 1.131 1.301
2 1.008 1.032 1.098
3 1.002 1.009 1.031
4 1.0007 1.002 1.009

Table 1: Values of ; in (29) for an autonomous switched linear
system with various numbers of states (n) and switching
modes (M), computed for several orders of the dual De Bruijn
graph. The system matrices are randomly generated, and
the reported values are averaged over 500 realizations. We
observe that ; tends to 1 as the order increases.

but now the system matrices A; are generated randomly. For each
configuration (n, M), we perform 500 realizations and report the
average results in Table 1. Each realization is evaluated for graph
order [ =1, 2,3, 4. The results show that y consistently converges
to 1 as [ increases, which illustrates the non-conservativeness of
our upper bounds.

7.2 Controlled case

In this subsection, we illustrate our approach on a controlled
switched linear system of the form (21). Specifically, we consider
the system from [10, Example 3], which involves the following
matrices:

0 1 -1 0 1
Al_[—l 0]’ Az‘[o —0.95]’ Bl_Bz_[o]' (30)

Our goal is to find a policy of the form (23) and bound the value func-
tion of the resulting closed-loop system, where the cost function
is given by Q =1 and R = I in (24). For that, we apply the method
described in Section 6. For a graph order [ € {1, ..., 5}, we consider
the complete De Bruijn graph H;(2) = (S}, E;) (see Definition 4),
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and find matrices {Py }qes; and {Kg }qcs, such that the LMIs (27)
hold. We consider two different objective functions: ¢ = log o det
in (13) (hereafter referred to as the “log-det” objective), and the
pointwise objective defined in (12).% Solving these programs yields
controllers of the form (23) with S = §; as well as an upper bound
on the value function of the form (26) with S = S;.

In Table 2, we report values of V(x() obtained using the path-
complete method with [ = 1,..., 5, for two initial states, and con-
sidering both the “log-det” and the pointwise objectives.” As one
can see, for both initial states, and for both objectives, the upper
bound on the value function is decreasing with the order. However,
we must precise that, although monotonicity can be observed for
both objectives, only monotonicity for the pointwise objective can
be proven (see Appendix B for a proof). We also observe that, as
expected, the pointwise bound performs better as we compare the
value function at the initial state. Finally, we note that increasing
the order of the De Bruijn graph under the “log-det” objective is
more beneficial (i.e., leads to a greater reduction in the upper bound)
for the second initial state xq = (cos(2), sin(2)) than for the first
one, xo = (cos(0.5),sin(0.5)).

xo = (c0s(0.5), sin(0.5)) ‘ xo = (cos(2),sin(2))

Graph order log-det pointwise ‘ log-det pointwise
1 10.453 10.200 10.392 9.428
2 10.426 9.475 10.227 9.004
3 10.417 9.218 10.142 8.841
4 10.412 9.167 10.074 8.814
5 10.410 9.163 10.023 8.813

Table 2: Upper bounds V(x,) on the value function, for two
different initial states x,, using De Bruijn graphs of orders
I =1,...,5. The system matrices are defined in (30). Two ob-
jective functions are considered: £ = log o det in (13), and the
pointwise objective function (see (12), complete case). We ob-
serve that the upper bounds decrease with the order.

We also display the upper bound obtained under the “log-det”
objective for x = (cos(6), sin(0)), with 0 € [0, ], in Fig. 4. Again,
a monotonic decrease with the order can be observed, although this
is not guaranteed for the “log-det” objective. Finally, we note that
the reduction in the upper bound with increasing order is more
pronounced for some points than for others, which is consistent
with our previous observations from Table 2.

8 Conclusion

We proposed a path-complete framework to compute upper bounds
on the value function of switched systems under arbitrary switch-
ing. Our approach consists in encoding dynamic programming in-
equalities on a path-complete graph, associating each node « with

8The first program can be convexified with the Schur complement trick described
in Proposition 7, and the convexification for the pointwise objective is thoroughly
explained in Appendix A. The question of whether the objective ¢ = trace in (13) can
be convexified in the controlled case remains open, hence the use of £ = log o det in
this case.

9Contrarily to the autonomous case, it is still an open question whether it is possible to
derive (useful) approximation guarantees for the controlled case. We therefore directly
report the upper bound values V (x) in this case.
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Figure 4: Upper bound V!(x) on the value function, for x =
(cos(8),sin(0)) with 0 € [0, 7], computed for the controlled
switched linear system defined by the matrices in (30), using
De Bruijn graphs of order ! € {1,2,...,5}. The upper bound
decreases as the order increases, with a more pronounced
effect for some points.

a function V,, and combining these functions appropriately (via
max or min) to obtain a guaranteed upper bound on the true value
function. We first focused on the general nonlinear autonomous
case, then specialized to switched linear systems with quadratic
costs, for which we derived tractable LMI formulations and pro-
vided complexity guarantees. We further quantified the tightness
of the bounds and showed that using dual De Bruijn graphs of
increasing order yields non-conservative approximations. Finally,
we extended the framework to controlled switched linear systems
with affine control inputs and demonstrated its efficiency through
numerical examples.

In future work, we plan to compute an approximation guarantee
for the controlled setting. This would be very useful since, unlike
the autonomous case, it is not trivial to obtain lower bounds by
simulating over long horizons (at an exponentially growing compu-
tational cost). We also aim to investigate alternative control laws,
not necessarily piecewise linear, which could lead to improved poli-
cies. Finally, we plan to examine how the upper and lower bounds
derived in this paper can be used inside a policy improvement loop.
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A Re-formulation for SDP solvers

In this appendix, we explain how we re-formulate the program

@7 holds with& =&, (31)

min  minx, Pyx, st
{(Pa.Ka) }aes, yes;

11

HSCC 26, May 11-14, 2026, Saint-Malo, France

to be solved by SDP solvers. First, by Proposition 7, we perform the
change of variables S, := P! and Y, := K,P;!, and the problem
becomes

min ~ minx; S, 'x, st (28)holds with & = &;.
{(Sa.Yar) }D(ESI YeS;

The program above is equivalent to

min min  x)S;'x, st (28)holds with & = & ]
veSi L {(SaYa) acs,

prog(y)

Therefore one can solve the original problem (31) by solving
prog(y) for all y, and select the case where y leads to the best
objective value. It remains to re-write the objective value for a
given y. For that, we introduce a scalar variable t € R as follows:

min t
t;{(sa,Xw)}aESl

s.t.  (28) holds with & = &,
t2 xOTS;IxO.

Finally, we can re-write the last constraint using the Schur comple-
ment as

Xo
t

=0,

_ S
t2x5,'x, © [ ¥
X,

0

and solving prog(y) is equivalent to solving

min t
tA{(SaYa) Yaes,

s.t. (28) holds with & = &,
[SY %o

= 0.
4
xg ot

The latter is an SDP program that can be handled by most SDP
solvers.

B Monotonic decrease of the upper bound with
respect to the graph order
In this appendix, we show that the objective function of the follow-
ing optimization problem:
{(Peoker) e, @€S1 %o Pay
sit. Py = (Q + K RKy) + (A; + BiKa) "Pg(A; + BiKy),
V(e i) € &,

(32)

decreases monotonically as the order I of the De Bruijn graph
H; (M) = (S}, Ep) increases. We denote the problem (32) by #;, and
its optimal objective value by g;. We aim to prove that g; > g;4; for
alll > 0.

Step 1. Construction of a candidate solution for #;,;. Let
{(PL,K.)}qes, be an optimal solution to #;. Define the mapping

7:841 — Sy

which associates to each sequence of length [ + 1 its first / elements
(i-e., the sequence obtained by removing its last switching mode).

For any node @ = (ji, . . -, ji+1) € Si+1, define
P(lzﬂ = p!

r(a)’

I+1 _ gl
K, .—Kn(a).
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Step 2. Feasibility of the constructed solution. We now ver-
ify that {(P4', K1)} 4es,,, constructed above satisfies the con-
straints of P, . Let (a, B, j) € &1 and write @ = (i, ..., i141)-
By definition of the De Bruijn graph (see Definition 4), we have
B =(J,i1,...,i). Therefore,
m(a) = (ir,....i1) and #(f) = (in....0-1),

which implies (7(a), z(p), j) € &;. Since {(Pé,Ké)}aesl is feasi-
ble for #, it satisfies all corresponding LMIs. By construction of

{(PF1 KL )} ges,,, the same inequalities therefore hold for P4,
proving feasibility.
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Step 3. Comparison of objective values. The objective function
corresponding to the constructed feasible point is

: Tpl+l
min x, P, xo =

: T pl . T pl
min x, P X9 = min x, P, xo = g;.
0t€81+1 0 7[(0{) Sl 0 a g

a€S4 ae
Therefore, we constructed a feasible solution {(P4!, Ké+l)}ag Sin
to P41 with the same cost value as the optimal cost of #;. Since
#141 minimizes the same cost over {(Py, Ks)}aes,,,» We conclude
that

gi+1 = i,
which establishes the desired monotonicity.
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