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Abstract

The goal of systems and control theory is to study natural phenomena (e.g.,
biological processes), technological devices (e.g., robots) or combinations of
both (e.g., medical devices like pacemakers, etc.), and to design strategies to
control them so that they behave in some intended way. For that, we rely
on mathematical models describing the evolution of these phenomena/devices
(called systems) and their reaction to external inputs. The challenge with
modern systems is that these systems are becoming immensely complex. We
think for instance to “cyber-physical systems”, which result from the interac-
tion of physical components and computerized components (e.g., self-driving
cars where the dynamics of the car is governed by embedded or decentralized
micro-controllers controlling it). These systems have become pervasive in our
technological world, but they have also many non-standard characteristics (e.g.,
hybrid behavior, networked components), which preclude the use of classical
control techniques and thus call for the development of new mathematical and
algorithmic tools for their analysis and control.

In this thesis, we study these two fundamental and challenging aspects of
modern control systems (hybrid behavior and networked systems). For that,
we leverage several tools from classical control theory and generalize them to
switched or hybrid systems. In particular, we focus on the property that the
dynamics of these systems can often be divided into several components, which
grow at different speeds. This property, called "dominance”, allows to study
the convergence properties of these systems to low-dimensional attractors (with
application for instance in population dynamics where the stability of the pop-
ulation composition amounts to the convergence of the system to a subspace
of dimension one); or to study the stability of complex attractors for these
systems (with application for instance in physics to study chaotic behaviors
of electrical or meteorological systems). It is also highly relevant in networked
control because dynamics that grow at different speeds generally do not require
the same information flow (to be sent across the network) to be controlled sat-

isfactorily. We provide both theoretical and algorithmic frameworks for the
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study of these questions for switched and networked systems, and we demon-
strate their applicability on various numerical examples and concrete modern

control problems.
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Preamble

Motivation: analysis and control of complex systems

A system is an entity or a group of interdependent entities that act according
to a set of rules and are affected by their environment and/or external stimuli.

Systems are ubiquitous in our technological world and in nature: for instance,

e in biology: populations of bacteria, plants, animals, etc., evolve accord-
ing to some rules and are influenced by the environment, such as food

supplies, climate conditions, etc.;

e in social science: the opinion or attitude of a social group can be seen
as a system that evolves according to sociological and behavioral “rules”,
and is influenced by external stimuli, such as media, interactions with

external people, etc.;

 in technologies: robots are devices including mechanical, electronic and
computerized components that act as a whole governed by physical, elec-
trical and algorithmic rules, and they are influenced by their environment

and react to external inputs;

The goal of systems and control theory is to understand how these systems
are working (system analysis), or to design control strategies, that is, defining
a sequence of inputs for the system, so that the system acts in some predefined
way (control design). To illustrate this, let us take the example of a platoon
of self-driving cars. In most situations, it is important that the cars maintain
a minimal safety distance between them; see also Figure 1 for an illustration.

A control strategy to do that could be:

“if the distance with the car in front is below some threshold: brake
with maximal strength; if the distance with the car behind is below
some threshold: put the acceleration at the maximum; otherwise:
do nothing (except maintaining constant speed)”.

1
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However, this strategy is probably not the best one (in general such “bang-
bang” strategies produce oscillations that rapidly become out of control). An-
other strategy could be to set the acceleration or braking intensity proportional
to the gap between the actual and the ideal distance between cars. Would this
be a good strateqy to solve the problem? Mathematicians, scientists and en-
gineers have been facing similar questions for ages (it goes back for instance
to the work of James Watt on the regulation of steam machines). The best
way we have found so far to answer these questions rigorously is to build a
mathematical model of the system and to use mathematical tools to study
it.

Figure 1: Platoon of self-
driving cars (image adapted
from Hu et al., 2020).

Systems and control engineers thus study mathematical models of systems
to derive properties of the system or to design control strategies so that the
system acts in some specified way. These models generally comprise ordinary
differential equations to model the evolution of continuous variables (the
velocity of the car is an example of continuous variable), switching rules to
model the transitions of the system between different discrete states (the gear
position of the car is an example of discrete variable), or stochastic processes
to account for random phenomenons and unknown disturbances (the “patinage”

of the car wheels is an example of random phenomenon).

Cyber-physical systems: a major rising challenge in modern control

Modern control systems are a big challenge for control theorists because these
systems are becoming increasingly complex. We think for instance to cyber-
physical systems (CPS), which are systems that include both physical and
computerized components, with strong interactions between the two types of
components. Self-driving cars are a good illustrative example of CPS: the
physics of the system (velocity, acceleration, etc.) interacts with complex al-
gorithms and software components implemented in decentralized or embedded

micro-controllers.
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Other examples of CPS include: Wireless Control Networks (where the
controlling devices, which often consist of embedded and decentralized compo-
nents, communicate through error-prone, physically constrained wireless chan-
nels), Smart Energy Grids (where local devices that produce or consume elec-
tricity have to computationally optimize the global behavior of the grid, taking
into account physical and human constraints), autonomous robots, smart med-
ical devices, and many others; see, e.g., Kim and Kumar (2012), Broy et al.
(2012), Alur (2015), Lee and Seshia (2017) and Mitra (2021).

Systems including physical and computerized elements are not new, but it
is only recently that it has become urgent to reason about these systems as a
whole and not only as a collection of physical or cyber subsystems. To illus-
trate this, let us take the example of self-driving cars: for the control of these
systems, one cannot dissociate the questions of control and communication, as
issues in communication with the other cars will have a direct impact on the
control of the car, and reversely the controlling devices of the car may trigger
communication with the other cars when some conditions are met.

CPS have many non-standard characteristics, which preclude the use of
classical control techniques; see, e.g., Figure 2 for some of these characteristics.

Of particular importance,

e they have a hybrid behavior, which results from the interaction of
discrete phenomenons (the “cyber” part) and continuous phenomenons
(the “physical” part);

o they are subject to unknown or even adversarial disturbances, due to

the presence of stochasticity and humans in the loop;

o they often involve spatially distributed components that communicate

via a shared communication network (networked systems);
e they are subject to physical and resource constraints.

As a consequence, CPS are in general very hard to analyze, control, and design.
Moreover, CPS are often involved in safety-critical applications (self-driving
cars, medical devices, energy grids, etc.).

Several major advances in the understanding and design of these systems
have been made in the last decades, allowing to provide workable solutions
to a wide range of practical problems involving CPS, and contributing to the
phenomenal expansion of CPS in the last years (coined as the cyber-physical
revolution); see, e.g., Alur (2015), Lee and Seshia (2017) and Mitra (2021).
This entailed the development of new techniques that are as interdisciplinary

as the systems that they seek to control (namely, by combining tools from
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human-in-the-loop

hybrid behavior

(‘/3“ K

event-triggered
control

@“-'g’é

stochasticity

networked control security/safety-
7z limited resource and critical

L“\ ey physical constraints
N2 =

.

Figure 2: Some challenging aspects of CPS.

systems and control theory, computer science, information theory, physics, pure
mathematics, etc.). However, despite the significant progress, CPS continue to
be extremely challenging in terms of analysis and control, thereby calling for
continued improvements and developments of techniques for their study and

design.

Objectives and methodology: switched systems, worst-case analysis
and quantization

The goal of this thesis is to provide mathematical and algorithmic tools for

the analysis and control of complex systems, like cyber-physical systems.

Therefore, we consider several approaches to handle some of the challenging
aspects of these systems.

For instance, we give a great deal of attention to switched systems, which
are systems described by a finite set of “continuous” modes among which the
system can switch over time. These systems thus combine continuous dynam-
ics with discrete switching, thereby providing a paradigmatic class of hybrid
systems. In particular, they appear naturally in a wide range of applications
involving CPS, such as computer networks, digital power converters, viral dy-
namics, etc.; see, e.g., van der Schaft and Schumacher (2000), Liberzon (2003)
and Jungers (2009).

Secondly, to study the problems of unknown or adversarial disturbances and

safety requirements, we take the approach of worst-case analysis, whose goal
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is to provide formal guarantees that the system will satisfy the specifications
in all situations (that is, it will work even in the “worst case”). In the case
of switched systems, this generally amounts to derive properties of the system
that are satisfied for all admissible sequences of modes of the system (that
is, whatever the way the system is switching among its different continuous
modes).

Finally, to study the challenges posed by networked systems and resource
limitations, we focus on the quantized control of these systems, whose goal is
to study the impact of quantization and limited information for the observation
and control of these systems. Quantization is the process of representing con-
tinuous variables with quantities from a finite set, thereby introducing round-off
or quantization errors. This occurs for instance when such variables are mea-
sured with digital sensors or are converted into finite-bits numbers for handling
by a computer; see, e.g., Figure 3 for an illustration. Quantization and limited
information flow (which occurs unavoidably when the information is carried
by communication networks) can have important negative effects on the per-
formance of control strategies for networked systems. The goal of quantized
control is to study these effects and determine requirements on the quantization

and information flow to ensure proper working the system.

Car speed Figure 3: Quantiza-
Quantization Toh Analysis: . . L.
— L accelerate/brake? tion in self-driving

-

car control.

Contributions: dominated splitting and quantization of hy-

brid systems

In this thesis, we draw on the observation that the dynamics of systems can
often be separated into two or more components, such that each component
grows with a different speed. For instance, in opinion dynamics, it often hap-
pens that some opinions are shared more slowly than other ones, so that these
opinions eventually disappear, supplanted by faster-spread ideas. This prop-
erty, called sometimes fast and slow modes' separation, has proved useful in
a wide range of contexts: for instance, to identify dominant trends in the
behavior of systems; or to study the convergence of systems beyond classical
convergence to fixed points (as we will explain below in this introduction); also,

in quantized control, the notion of separation of the dynamics plays a central

IThe term “mode” should be understood here has “component of the dynamics”; it does

not refer to the continuous modes of switched systems.
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role, since dynamics that grow at different speeds generally require different

levels of quantization.

In this thesis, we study the property of separation of the dynamics for hy-
brid systems. We provide mathematical and algorithmic frameworks for the

theoretical and practical analysis of the property, and we study several appli-

cations of it, in particular, in quantized control.

For that, we leverage several tools from applied mathematics. Let us present
in this introduction two important such tools: namely, the concepts of hyper-
bolicity and exterior algebras.

Hyperbolicity is a central concept in systems theory. This concept ac-
counts for the fact that the “linearized” dynamics of the system can be split
into two components: a unstable component and a stable component. The
unstable component has a dynamics that grows exponentially fast, while the
stable component has a dynamics that converges exponentially fast to zero.

The property of stable—unstable dynamics separation allows to study a wide
range of complex behaviors of systems, such as the existence of strange attrac-
tors for such systems.? This happens for instance when the unstable dynamics
is visible only “from inside” the attractor (thereby allowing for rich behavior
inside the attractor, while “from outside”, the trajectories of the system seem
to simply converge to the attractor); see also Figure 4 for an illustration. In
this sense, the notion of hyperbolicity connects with the well-known notions
of safety and reachability in control theory, which study questions like “will
the trajectories of the system starting in some safe region stay in that safe

4

region?” or “will the trajectories reach some target set eventually?”. In the
case of hyperbolic dynamics, the behavior on the safe or target set needs not
be a stable or convergent dynamics, as opposed to some other classical notions

of stability in systems and control theory.

Figure 4: Example of hyperbolic system (see Example - \\\
2.9 in Subsection 2.3.3). The dynamics is unstable in ~

the direction of the “circular flow” (red line), and is / \
stable in the transversal direction. Consequently, the ;‘/ \

trajectories converge to the red set, but the behavior \
of the system on the red set is unstable. /

2The notion of hyperbolicity emerged namely from the study of chaotic behaviors in

engineering problems; see, e.g., Cartwright and Littlewood (1945).
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The property of hyperbolicity has also proved useful in quantized control;
see, e.g., Kawan (2013). To illustrate this, let us take the example of the prop-
erty of shadowing, which accounts for the fact that “almost-trajectories” of
hyperbolic systems are close to genuine trajectories of the system. Almost-
trajectories occur for instance when one applies to the system a control input
that is a quantized version of the nominal or intended input; the property of
hyperbolicity tells us that if the quantization is sufficiently fine, the trajecto-
ries of the quantized-controlled system will be close to the trajectories of the
intended-controlled system. In this sense, the property of shadowing connects
with the one of incremental stability, which is a well-known property in
systems and control theory and describes systems whose trajectories starting

from nearby initial conditions converge to each other.

Exterior algebras are a very useful tool in mathematics. They allow to
generalize the notions of length, area and volume in higher dimensions (that is,
beyond 3D spaces). By analyzing the rate at which such elements of “higher-
dimensional volume” grow under the action of a system, one can infer the
growth rate of different components of the dynamics of the system. For in-
stance, hyperbolicity implies that all elements of volume with some dimension
grow faster (under the action of the system) than all elements of volume with
higher dimensions; see Figure 5 for an illustration. We will also use this prop-
erty for the quantized control of hybrid systems: as already mentioned before,
dynamics that grow at different speeds generally require different levels of quan-
tization; by combining this observation with the properties of exterior algebras,
we analyze the “worst-case minimal data rate” for observation and control of

switched linear systems.

Figure 5: Hyperbolic system of Figure 4. The element

- of area (rectangle “17) is mapped by the system to
”/ I' / \ region “2”. The rectangle is expanded in the direction
( | parallel to the red line and is contracted in the radial

\ | direction.
\ / )

Let us now detail our contributions. The research that we conducted re-
garding the study of the separation of dynamics for hybrid systems can be
divided into two main topics that we present below: namely, the dominance

analysis of hybrid systems and the quantized control of these systems.
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Dominance analysis of hybrid systems

We introduce the notion of dominance to study the property of having a
separation of the dynamics for hybrid systems. This notion generalizes the one
of hyperbolicity by considering splittings of the dynamics into dominant and
dominated components, but without requiring that the dominated dynamics
converges exponentially to zero (hyperbolicity can thus be seen as a special
case of dominance; see below for some details).

We study the property of dominance, from theoretical and algorithmic
points of view, for switched linear systems (a paradigmatic class of hybrid
systems) and for smooth nonlinear systems.

First, we study this property for switched linear systems. Therefore, we

introduce the notion of dominated splitting to describe the separation of
the dynamics for these systems. We show that the trajectories of a switched
linear system with a dominated splitting converge to a low-dimensional time-
varying attractor; this convergence property can be seen as the “switched-
linear-system” counterpart of the property of hyperbolic systems to admit at-
tractors with an unstable dynamics; it can also be seen as the property of
incremental stability (discussed above in this introduction) when the system
is considered as acting on subspaces of fixed dimension (i.e., acting on the
projective space or on the Grassmannian manifold).

As for the algorithmic aspects, we provide a geometric characterization of
the property of having a dominated splitting for switched linear systems. This
characterization can be represented as the contraction of a set of “general-
ized cones” by the system; see Figure 6 for an illustration. Note that similar
(and less similar) geometric approaches are used for instance to study posi-
tive or differentially positive systems (see, e.g., Grussler and Rantzer, 2014,
Forni and Sepulchre, 2016, and Forni et al., 2017), or systems whose asymp-
totic behavior is low-dimensional, called p-dominant systems (see Forni and
Sepulchre, 2019). By extending the property of p-dominant systems to switched
linear systems and combining it with graph-theoretic tools to increase its ex-
pressiveness, we provide an asymptotically non-conservative algorithmic frame-
work for the study of the property of having a dominated splitting for switched
linear systems; in particular, in this framework, the generalized cones are com-
puted using convex optimization (a field of applied mathematics that has proved
useful in many areas of systems and control theory) and the relations of con-
traction are enforced by a graph capturing the possible sequences of modes of
the system.

We also study the property of dominance for nonlinear systems. The goal

is to study those systems whose “linearized” dynamics can be split into a dom-
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Figure 6: Two generalized cones (blue and green). The blue

- cone is contracted into the green one by the action of one of
system

action 1\ the modes of the system.

inant component and a dominated component. For that, we use the theory of
dominant switched linear systems, introduced before. In particular, by leverag-
ing the algorithmic approach for dominance analysis of switched linear systems
and combining it with techniques from abstraction (a well-known tool in con-
trol theory, allowing for instance to abstract a nonlinear system as a collection
of “locally defined” linear systems), we provide an algorithmic framework for
the verification of the property of dominance for nonlinear systems.

Finally, we describe several applications of the property of dominance for

switched linear systems and nonlinear systems; for instance,

o for the study of the convergence of the trajectories to a low-dimensional
time-varying attractor (with applications for instance in population dy-

namics);

o for the robustness analysis of attractors of nonlinear systems (via the
notion of hyperbolicity, which is a special case of dominance for nonlinear

systems);

o for the computation of data rate requirements for the observation and
control of switched linear systems and nonlinear systems (this application
is related with the second main topic of this thesis, namely the “quantized

control of hybrid systems”, introduced below).

Quantized control of hybrid systems

We study the impact of quantization and limited information for the observa-
tion and control of hybrid systems. Although hybrid systems and quantized
control have been two active research areas for some time now, the combina-
tion of these two aspects in control problems has received limited attention so
far; see, e.g., Nair et al. (2003), Xiao et al. (2010), Liberzon (2014), Vicinansa
and Liberzon (2019) and Yang et al. (2020). The study of these two aspects
in a unified framework is however essential to tackle numerous modern control
problems, encountered for instance in cyber-physical systems.

In this thesis, we focus on the quantized control of switched linear systems
(a paradigmatic class of hybrid systems). To do that, we study the existence
of “devices”, called coders—decoders, that stabilize or estimate the state of

the system by exchanging information at a limited data rate; see Figure 7
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for an illustration. In particular, we are interested in deriving bounds on the
communication data rate that is needed between the coder and the decoder to

ensure observability or stabilizability of the system.

Figure 7: Control of a hy- Observe Send information
to decoder
. . - system state
brid system with a coder— Hybrid v Coder Decoder
d d system digital network
ecoqer.
Generate control input for the system

The main difficulty arising from the presence of a switching behavior in
quantized control problems is that the coder—decoder does not know in ad-
vance when the switching will occur, and thus, since the effect of the switching
is abrupt, the coder cannot code the future state of the system and send this
information to the decoder. This effect can be mitigated if the decoder knows
in real time when a switching occurs (which can be achieved for instance
if one uses an event-triggered communication protocol, or if the decoder can
choose the mode of the system); or if the switching signal satisfies some condi-
tions (typically, slow-switching conditions) ensuring its trackability.

In this thesis, we study the observability and controllability of switched

linear systems under data-rate constraints, in both of these settings. Namely,

o for the first setting (the decoder knows the current mode in real time), we
study the relation between the topological entropy (a well-known concept
in systems theory) and the minimal data rate for state estimation and
stabilization of switched linear systems. In particular, we introduce the
notion of worst-case topological entropy for switched linear systems.
This quantity can be expressed as the the maximal growth rate of the
system when seen as acting on elements of volumes (formalized using the
notion of exterior algebra, introduced above); this allows us to provide
an algorithmic framework for the theoretical characterization and practi-
cal computation of optimal quantizing—controlling strategies for switched

linear systems.

o for the second setting (the decoder does not know the current mode in
real time), we provide several new results regarding the observability and
stabilizability of switched linear systems under data-rate constraints and
the importance of switching signal’s trackability for this problem. In
particular, we show that these systems are in general not stabilizable by
a coder—decoder with finite communication data rate, if the switching
signal can switch arbitrarily fast. On the other hand, we show that,

under mild slow-switching conditions, the system can be stabilized with
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a finite data rate and we describe the implementation of a coder—decoder
achieving stabilization as well as an upper bound on the required data rate
as a function of the slow-switching parameters. We also present results
regarding the observability of these systems under data-rate constraints;
namely, we show that these systems are in general not observable by a
coder—decoder with finite communication data rate, even if the switching

signal is constrained to switch arbitrarily slow.

Outline of the thesis

The thesis is organized as follows. See also Figure 8 for a representation of the

dependencies between the different sections of this thesis.

In Chapter 1, we introduce the necessary background. In Section 1.1, we
introduce the important concepts and results related to hybrid systems; this
class of systems provides a general and flexible framework for the study of a
wide range of phenomenons and concrete systems, including switched linear
systems, smooth dynamical systems and networked systems. Then, in Sec-
tion 1.2, we remind several important concepts and results from the theory of
smooth dynamical systems. In Section 1.3, we do the same with the theory
of switched systems. In Section 1.4, we remind some basic notions from the
theory of abstraction (aka. symbolic control) of dynamical systems, which will
be useful for the study of dominant smooth dynamical systems. Finally, in
Section 1.5, we introduce several concepts and results related to the networked

control of hybrid systems.

In Chapter 2, we present the first part of our contributions, which deals
with the dominance analysis of switched linear systems and smooth nonlinear
systems. In Section 2.1, we introduce the topic and review the literature. In
Section 2.2, we present our contributions for the study of dominant switched
linear systems. In Section 2.3, we do the same for dominant nonlinear systems.
Finally, in Section 2.4, we present our conclusions and perspectives for future

research on this topic.

In Chapter 3, we present the second part of our contributions, which
deals with the quantized control of switched linear systems. In Section 3.1,
we introduce the topic and review the literature. In Section 3.2, we present
our contributions for the study of the quantized control of linear time-varying
systems. In Section 3.3, we present our contributions for the study of the
quantized control of switched linear systems in the first setting (called the

“mode-dependent” setting). In Section 3.4, we do the same for the second
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setting (called the “mode-oblivious” setting). Finally, in Section 3.5, we present

our conclusions and perspectives for future research on this topic.

1
1
¥ Y '
1
Section 3.4 Section 3.3 Section 3.2 . .
Section 2.2 Section 2.3
Mode-oblivious Mode-dependent Quantized . i
X . i Dominant Dominant
quantized control quantized control [« observation . . X
X X switched linear smooth nonlinear
of switched of switched of LTV
. . systems systems
linear systems linear systems systems
1
. Section 1.3 Section 1.2 Section 1.4
Section 1.5
Switched Dynamical Abstraction of
Networked .
systems systems dynamical
systems
theory theory systems

Section 1.1
Hybrid systems theory

Figure 8: Dependencies between the different sections of the thesis. Dashed arrows

represent soft dependencies, in the sense that the section at the origin of the arrow

is needed only for some subsections of the section at the end of the arrow.
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Chapter 1

Preliminaries

In this chapter, we introduce the necessary background for the presentation
of the contributions of this thesis, described in the subsequent chapters. This
chapter needs not be read completely before the other chapters, but can be

referred to in due time.

1.1 Hybrid systems

Hybrid systems are dynamical systems resulting from the interaction of con-
tinuous and discrete dynamics. The setting of hybrid systems provides a very
general and flexible framework to study a wide range of phenomenons and con-
crete systems. For instance, smooth dynamical systems and switched linear
systems, which will be studied into details in this thesis, are both special in-
stances of hybrid systems. Similarly, devices such as coders—decoders, which
will be instrumental in our study of networked control systems, are essentially
hybrid systems. Having a single framework to study different classes of systems
allows to reduce the redundancy in the definitions and results, and more impor-
tantly to better see the connections between the different concepts and results,
and to identify possible generalizations to other classes of systems. In particu-
lar; we define the notions of trajectories, stability, convergence and control for
the general framework of hybrid systems, as these notions will be instrumental
in many different contexts throughout this thesis.

The section is organized as follows. In Subsection 1.1.1, we introduce the
concepts of hybrid system and trajectories of these systems. In Subsection
1.1.2, we introduce the classes of smooth dynamical systems, switched systems
and time-varying dynamical systems. Finally, in Subsection 1.1.3, we discuss

the notions of stability and control of hybrid systems.

17
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References. The literature on hybrid systems is quite vast; see, e.g., van der
Schaft and Schumacher (2000), Goebel et al. (2012), Alur (2015) and Lee and
Seshia (2017) for introductions. Our principal reference for the definition of
hybrid systems and their trajectories is Goebel et al. (2012). However, we
adapt the definition of the trajectories of hybrid systems to consider systems
with input and to have a single time variable (vs. a “hybrid time domain” as in
Goebel et al., 2012); the latter will be important for the study of these systems
under communication constraints (see Section 1.5).

Notation. A set-valued map F from A to B is denoted by F' : A = B.
The domain of a set-valued map F' : A = B, denoted by dom F, is defined as
dom F = {z € A: F(x) # 0}. The restriction of a function f: A — B to a set
A’ C A is denoted by f|ar.

1.1.1 Hybrid systems and their trajectories
We start with the concepts of hybrid system and trajectories of these systems.

Definition 1.1 (Hybrid system). A hybrid system is a quintuple (X, Xo,U, F,G)

where
e X CR"” is a nonempty set called the state space of the system;
e Xg C X is a nonempty set called the initial set;
e U is a nonempty set called the input space of the system;

e F: X xU == R" is a set-valued function called the flow map of the

system;

e« G: X xU = X is a set-valued function called the jump map of the

system.

If the initial set Xo is the whole state space X, then we will denote the hybrid
system simply by the quadruple (X, U, F,G).

The above definition deserves the following explanations (which will also
become clearer with the definition of a trajectory of a hybrid system; see Def-
inition 1.3 below). The state space X is the set in which live the variables
of the system, meaning that the variables describing the state of the system
(e.g., the position, the velocity, the gear ratio, etc., in the case of a self-driving
car) belong to the set X. The initial set X contains the possible values of the
variables of the system at the initial time (i.e., at ¢ = 0). The external inputs
(e.g., the accelerator intensity or the wind force in the case of a self-driving

car) are described as functions of time taking values in the set U. The flow
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map F describes how the derivative of the variables behaves when they evolve
“smoothly” (e.g., in the case of a self-driving car, the derivative of the position
is equal to the velocity, and the derivative of the velocity depends on the accel-
erator intensity and the wind force). At some discrete times, the variables of
the system can also evolve “abruptly” (aka. “jump”). Such abrupt transitions
of the variables are described by the jump map G.

The flow map and the jump map of a hybrid system are set-valued func-
tions. This allows for great expressiveness of these systems by enabling that
the derivative and the jumps of the trajectories (see Definition 1.3 below) can
take different values at a same point (z,u) € X x U; this property, called
non-determinism, is instrumental for instance for systems with unknown dis-
turbances. It also allows to restrict the flow set and the jump set of trajectories
(see Definition 1.3 below) by letting F' and G be nonempty only on subsets of
X x U. See also Example 1.1 for an illustration.

A hybrid system (X, Xo,U, F,G) for which U is a singleton cannot be in-
fluenced by external inputs. Such systems will be said to be autonomous. On
the other hand, if we want to emphasize that a given hybrid system is affected
by external inputs, we will say that the system is non-autonomous.

We define below the concept of trajectories of a hybrid system. But, first
of all, it is important to specify which kinds of input functions are acceptable
for the system. In this thesis, we restrict our attention to piecewise continuous
input functions.

Definition 1.2 (Piecewise continuous input functions). Consider a set U C
R™ and an input function u : R>g — U. We say that u is piecewise continuous
if for any T € R>g, there is a finite sequence of times (Tj)ji_()l CR,0=71<
71 < ...< 7541 =T, such that for every j € {0,...,J}, u is continuous on
(15,Tj+1) and has a right limit in 7; and a left limit in 7j41.

Given a hybrid system HySys = (X, Xy, U, F,G), we denote by U (HySys)
(or simply U if HySys is clear from the context) the set of piecewise continuous
functions from R>o to U. This space of input functions is at the same time
general enough to capture a large range of behaviors (any integrable function
can be approximated arbitrarily well by a piecewise continuous function in the
L! topology) and sufficiently regular to guarantee (at least local) existence of

trajectories of hybrid systems.

Definition 1.3 (Trajectory of a hybrid system). Given a hybrid system HySys =
(X, Xo,U, F,G) and an input function u € U, a trajectory of HySys with input
u is a function ¢ : E — X, with domain E C R, satisfying that for any T € F,

(i) (—o0,T) C E, and (ii) there is a finite sequence of times (Tj)jiol C R,



20 CHAPTER 1. PRELIMINARIES

O=719<7m <...<7y41 =T, such that

o for every j € {0,...,J}, ¢ is absolutely continuous on [1j,Tj11) and
satisfies
(¢(t),u(t)) € dom F for allt € [15,7j41), (1)
B(t) = Lo(t) € F(o(t),ult)) for almost all t € 15, Tj41); '

o for every j €{0,...,J+ 1}, ¢ has a left limit at 7;, and satisfies

o(15) € G(o(15—-), u(Ty)), where ¢(1;—) = lim ¢(t), (1.2)

t—=7;~
or satisfies ¢(1;) € G(d(1j—),u(t;)) U{o(m;—)} if j € {0, + 1};
and ¢$(0—) € Xp.

In other words, the domain E of a trajectory ¢ : E — X of a hybrid
system (X, Xy, U, F,G) can be decomposed into a finite or an infinite union
of disjoint intervals: E = (—00,0) U [0,7)U--- U [1,Tj11) U U [T, TN+1)
or E = (—00,0)U[0,7)U---Ul[rj,Tj41) U---U[rn,Tn41) U {Tn41} or E =
(—00,0)U[0, 71)U- - -U[7j, Tj41)U- - -. The intervals [7}, 7;41) are called the flow
periods of ¢, and ¢ satisfies (1.1) on these intervals. The events 7; at which
¢ satisfies (1.2) are called the jumps (or switches) of ¢. Note that the part of
¢ defined on (—o00,0) is relevant only for the value of ¢(0—); we will say that
@(0—) is the initial condition of ¢, or that ¢ starts at $(0—). See also Figure

1.1 for an illustration.

Figure 1.1: Examples of trajecto- ¢ )
ries of a hybrid system. The first _\’\_/ /
example shows a non-Zeno trajec- /] L b(11-) \‘

tory, while the second one shows

a Zeno trajectory (see Definition
1.4). ¢
60

T0=0

We distinguish different types of trajectories of a hybrid system, depending
on whether they can be extended to “longer-term” trajectories, or depending

on their domain and the occurrences of flow and jump periods.

Definition 1.4 (Types of trajectories). Consider a hybrid system HySys =
(X, X0,U, F,G) and a trajectory ¢ : E — X of HySys with input w € U. ¢ is



1.1. HYBRID SYSTEMS 21

said to be maximal if there is no trajectory ¢' : E' — X of HySys with input u,
such that E C E' and ¢ = ¢'|g. ¢ is said to be complete if E = R. ¢ is said
to be non-Zeno if it is complete or if there is T € E such that [T,00) N E is a
flow period of ¢; otherwise ¢ is said to be Zeno.

In the following of this thesis, we restrict our attention to mazimal trajectories

of hybrid systems, and we refer to them simply as trajectories.

Examples of hybrid systems include complex systems, such as walking
robots or cyber-physical systems, but also simple mechanical systems such as
bouncing balls. We present below the academic example of the bouncing ball
(see, e.g., Goebel et al., 2012, Example 1.1) to illustrate the concepts of hybrid

systems and their trajectories.

Ezample 1.1 (Bouncing ball). Consider a ball (modeled as a point-mass m)
bouncing on the floor; see Figure 1.2 for an illustration. When the ball hits
the floor, it bounces upwards with a velocity that is slightly smaller than the
velocity it had just before hitting the floor, due to energy dissipation: namely,
after the bounce, the velocity is decreased by a factor v € (0,1). Between two
bounces, the ball is subject only to the gravity (attracting it downwards with
acceleration g) and to an ascending wind with “force” u > 0 (thereby pushing
the ball upwards with acceleration u/m). The force of the wind is considered
as an input of the system, so that the input space U is equal to R>g.

The dynamics of the ball can be modeled as a hybrid system as follows. The
variables describing the movement of the ball are its height x and its vertical
velocity v (i.e., v is the time derivative of ). When the ball touches the floor
and its velocity is downwards (that is, when x = 0 and v < 0), then the ball
bounces, so that its velocity becomes —yv. Hence, the jump map (describing
the bouncing event) is defined by G(x,v,u) = {(0, —yv)} for allz =0, v < 0
and u > 0, and G(z,v,u) = () for all other values of z, v and u. When the ball
is in the air, or touches the floor and goes upwards (that is, when z > 0, or
when = 0 and v > 0), then the ball is subject to the gravity and the wind
force, so that its acceleration (that is, the time derivative of v) increases with
a rate equal to u/m — g. Hence, the flow map (describing the free fall of the
ball) is defined by F'(z,v,u) = {(v,u/m — g)} for all x > 0, v and u > 0 and
forallz =0, v > 0 and u > 0, and F(z,v,u) = 0 for all other values of =, v

and u.

1.1.2 Special classes of hybrid systems

In this subsection, we discuss some specific classes of hybrid systems that are

relevant for this work.
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Figure 1.2: Bouncing ball. Left: The black arrows are the forces acting on the ball
when it is in the air. The green arrows represent the velocity of the ball before and
after the bounce. Right: Height of the ball as a function of time. Any trajectory of
the ball is a solution to the hybrid system described in Example 1.1.

Smooth dynamical systems

The first class of hybrid systems that we will consider is the one of smooth dy-
namical systems. Let us start with continuous-time smooth dynamical systems.

These systems are described by differential equations of the form

. o d

€)= TE) =€) forallt € Roy,
where £ : R>g — R” and f : R® — R" is uniformly Lipschitz continuous
and infinitely differentiable’. As for the discrete time: discrete-time smooth

dynamical systems are described by difference equations of the form
EF(t) =&t +1) = f(E(D) for all t € N,

where ¢ : N — R™ and f : R® — R” is infinitely differentiable?.

Smooth dynamical systems are encountered in many natural processes, such
as biology, physics, opinion dynamics, etc. We give below a simple example
from population dynamics to illustrate the concept of discrete-time smooth

dynamical system.

Ezample 1.2 (Population dynamics). Consider a population evolving in an en-
vironment with limited food supply. The transmission rate (i.e., survival rate
+ fertility rate) decreases proportionally with the population (because food is
limited, so that when the population is too large, the individuals starve and are

less fertile); more precisely, the transmission rate is equal to r; — r2&(t) where

IFor most applications, assuming that f is only continuously differentiable would be
enough. However, the definition with f infinitely differentiable has the advantage of defining
a class of systems that is closed under linearization (see Subsection 1.2.3). Hence, for the
sake of simplicity, we restrict our attention to this class of systems, since the assumption that
f is infinitely differentiable is not limiting for the applications considered in this thesis.

2Same comment as for the continuous time.
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&(t) is the number of individuals at time ¢, and r; > 0 and 79 > 0 are param-
eters. The evolution of the population can thus be described by the following
discrete-time smooth dynamical system: £(t+1) = (r; —r2€(t))E(t); see Figure
1.3 for an illustration. This system is often referred to as the logistic map and
is known to exhibit a large range of behaviors, from multi-stability to chaotic

behavior (see, e.g., Strogatz, 2015).

. &, &, . &
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Figure 1.3: Evolution of rabbit population in an environment with limited food
supply. The time instants are discrete (t = 0,1,2,...) and correspond to months.

The population (number of individuals) £(t) evolves according to the logistic map:

§(t+1) = (r —r26())E®).

Continuous-time and discrete-time smooth dynamical systems can be de-
fined using the formalism of hybrid systems as follows.

Definition 1.5 (Continuous-time smooth dynamical system). A continuous-
time smooth dynamical system s an autonomous hybrid system HySys =
(R™, {0}, F,G) where F(z,0) = {f(z)} for all x € R™ with f : R™ — R™ uni-
formly Lipschitz continuous and infinitely differentiable, and G : R™ x {0} =
is the empty map.

Definition 1.6 (Discrete-time smooth dynamical system). A discrete-time
smooth dynamical system is an autonomous hybrid system (X, X, {0}, F,G)
where X = R™ x [0,1], Xo = R" x {0}, F(z,7,0) = {0} x {1} for all (z,7) €
R™ x [0,1], and G(x,1,0) = {f(x)} x {0} for all x € R™ with f : R® — R"
infinitely differentiable and G(z,7,0) =0 for all (x,7) € R™ x [0,1).

Remark 1.1. In Definition 1.6, the variable “7” measures the time between
two jumps since its time derivative is equal to one during flow periods (see
the definition of F') and it is mapped to zero at each jump (see the definition
of G). Similarly, the definition of F' implies that the variable “z” is constant
between two jumps. Finally, the requirement that G(z,7,0) = ) when 7 < 1
implies that jumps occur with an interval of exactly one unit of time between
them, so that the variable “2” can change only at integer times, hence the name

discrete-time systems.
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Continuous-time and discrete-time smooth dynamical systems are more con-
cisely described by specifying only the state space R™ and the map f. There-
fore, in the following, we will denote these systems simply by the ordered
pair (R™, f) where f : R® — R" is infinitely differentiable (and uniformly

Lipschitz continuous if the system is continuous-time).

Switched systems

The second class of hybrid systems in which we will be interested is the one of
switched systems. Let us start with continuous-time switched systems. These

are systems of the form

Et) = fo)(&(t),u(t)) for almost all ¢ € Rxg,

where £ : Ry - R”, 0 : Ry - ¥ = {1,...,N} and for ecach i € %, f; :
R™ x U — R™ is uniformly Lipschitz continuous in its first argument. As for

the discrete time: discrete-time switched systems are systems of the form

E5() =&t +1) = foy(&(t),u(t))  forallt €N,

where E : N R" ¢ : N> X ={1,... N} and foreachi € X, f; : R" x U —
R™ is continuous in its first argument. The set X is called the set of modes
of the system. The trajectories of a switched system are given by the ordered
pair (§,0) where § : R>¢g — R" is absolutely continuous and ¢ : R>g — X is
right-continuous and piecewise constant® (in continuous time) or ¢ : N — R”
and o : N = X (in discrete time); £ is called the continuous variable and o is
called the switching signal.

The description of a switched system also often involves conditions that
must be satisfied by the switching signal; see, e.g., Example 1.3 below and

Subsection 1.3.1 for examples of such conditions.

Ezxample 1.3 (Addition with packet dropouts). Consider a simple discrete-time
system consisting in adding numbers generated sequentially by a user: that is,
the input is a function u : N — R (i.e., the sequence of numbers u(0),u(1),...)
and the goal of the system is to compute at each time ¢ € N the sum £(t) =
Zz;(l) u(j) (with the convention that £(0) = 0). This can be implemented by
the following discrete-time system: £(t + 1) = £(t) + u(t).

Now, assume that the numbers u(t) are sent to the system over a noisy

channel, so that it may happen that a number u(t) never arrives to the system

3This (being right-continuous and piecewise constant) means that for any T' € R>g, there
is a finite sequence of times (Tj)jiol CR,0=79 <71 <...<7Tj41 =T, such that for every
7 €A0,...,J}, o is constant on [75, Tj11).
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due to packet dropouts; see Figure 1.4 for an illustration. In that case, the
system will not add the number (this is equivalent to assuming that u(t) = 0).
This system can be described as a discrete-time switched system with two

modes:

e Mode 1 describing the event when there is no dropout; in that case,

§(t+1) =&(t) + u(?);

o Mode 2 describing the event when there is a dropout; in that case, £(t +
1) = &(1).

Finally, in some cases, code-correction algorithms can be used to ensure that
packet dropouts are sufficiently spaced in time; for instance we may assume that
between two packet dropouts, there are at least m correctly sent packets. These
types of assumptions can be included in the description of the system as well:
namely, by imposing conditions on the switching signal of the system (in our
case, we impose that between any two time instants at which the switching

signal is equal to 1, there are at least m instants at which it is equal to 2).

u(t) or Figure 1.4: Addi-
u(t) nothing }
User System: tion of numbers
§E+ 1) =80 +u® over a noisy chan-
nel.

Continuous-time and discrete-time switched systems can be defined using

the formalism of hybrid systems as follows.

Definition 1.7 (Continuous-time switched system). A continuous-time switched
system is a hybrid system (X,U,F,G) where X = R" x ¥ x Y with ¥ =
{1,...,N} and Y C R, U C R™, F(x,i,y,u) = {f(z,3,u)} x F(i,y,0) for
all (z,i,y,u) E R" x E XY x U with f : R" x ¥ x U — R™ uniformly Lip-
schitz continuous in its first argument and F : ¥ x Y x {0} = {0} x R,
and G(x,i,y,u) = {x} x G(i,y,0) for all (z,i,y,u) € R* x ¥ x Y x U with
G:YxYx{0}=ExY.

Definition 1.8 (Discrete-time switched system). A discrete-time switched
system is a hybrid system (X7X0,U, F,GQ) where X = R" x [0,1] x ¥ x Y
with ¥ = {1,...,N} and Y C RY, X = R* x {0} x © x Y, U C R™,
F(z,71,i,y,u) = {0} x{1} x{0} x{0} for all (x,7,i,y,u) € R"x[0,1]xExY xU,
G(z,1,4,y,u) = {f(z,i,u)} x {0} x G(i,y,0) for all (z,i,y,u) € R" x L xY xU
with f : R* xS xU — R™ continuous in its first argument and G : ExY x {0} =
Y xY, and G(z,71,i,y,u) =0 for oll (z,7,i,y,u) ER®" x[0,1) x T xY x U.
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Remark 1.2. See Remark 1.1 for the motivation of the name discrete-time

switched system.

The above definitions deserve the following explanations. Definition 1.7 tells
us that a continuous-time switched system can be decomposed in two parts:
(i) an autonomous hybrid system (X x Y, {0}, F', G) describing the evolution of
the second component of the trajectories (called the switching signal), and (ii)
a continuous-time non-autonomous dynamical system (R™,U x X, f) controlled
by the input and the switching signal. In particular, it is via the subsystem
(i) that constraints are imposed on the switching signal in the definition of a
continuous-time switched system. A similar decomposition holds for discrete-

time switched system.

Continuous-time and discrete-time switched systems can be more concisely
described by specifying only the state space R™, the input space U and func-
tions f;, for each i € 3, plus a description of the set of admissible switching
signals of the system. Therefore, in the following, we will denote these systems
simply by the triple (R™, U, {f; }iex) where for each : € 3, f; : R* x U — R"
is continuous (or uniformly Lipschitz continuous if the system is continuous-

time) in its first argument, plus a description of the set of admissible switching

signals of the system.

The description of the admissible switching signals can take different forms

and we will discuss some of them in Subsection 1.3.1.

Remark 1.3. Switched systems can also be defined as special instances of hybrid
automata, which are essentially graphs with continuous dynamics (described by
flow maps) associated to the vertices and with pre and post conditions (often
called guards and reset maps) associated to the edges; see, e.g., Mitra (2021). In
this thesis, we defined switched systems using the template of hybrid systems;
the goal being to avoid multiplying the concepts and the notation, by sticking
to a single template in which we define different classes of systems and other

concepts useful for this work.

Time-varying dynamical systems

The last class of hybrid systems in which we will be interested is the one
of time-varying dynamical systems. Let us start with continuous-time time-
varying dynamical systems. These systems are described by time-dependent

differential equations the form

€)= SE) = f(LE®)  Torall 1 € Ra,
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where £ : R>o — R™ and f : RxR"™ — R" is continuous in its first argument and
uniformly Lipschitz continuous in its second argument. As for the discrete time:
discrete-time time-varying dynamical systems are described by time-dependent

difference equations of the form
EN() =€t +1) = f(t,£(t)  forallt €N,

where £ : N — R” and f: N x R®™ — R"™ is continuous in its second argument.
Continuous-time and discrete-time time-varying dynamical systems can be

defined using the formalism of hybrid systems as follows.

Definition 1.9 (Continuous-time time-varying dynamical system). A continuous-
time time-varying dynamical system is an autonomous hybrid system HySys =
(R™1, X, {0}, F, G) where Xo = R" x {0}, F(z,t,0) = {f(t,z)} x {1} for all
(z,t) € R" xR with f : RxR™ — R"™ continuous in its first argument and uni-
formly Lipschitz continuous in its second argument, and G : R x R x {0} =

is the empty map.

Definition 1.10 (Discrete-time time-varying dynamical system). A discrete-

time time-varying dynamical system is an autonomous hybrid system (X7 Xo, {0}, F,G)
where X =R x [0,1], Xo = R" x {0} x {0}, F(z,t,7,0) = {0} x {0} x {1}

forall (x,t,7) € R" x R x [0, 1], and G(x,t,1,0) = {f(t,x)} x {t+ 1} x {0} for

all (z,t) € R® x R with f : R x R® — R™ continuous in its second arqgument

and G(z,t,7,0) =0 for all (z,t,7) € R™ x R x [0,1).

Remark 1.4. See Remark 1.1 for the motivation of the name discrete-time time-

varying system.

Continuous-time and discrete-time time-varying dynamical systems are more
concisely described by specifying only the state space R™ and the map f.
Therefore, in the following, we will denote these systems simply by the ordered
pair (R™, f) where f : R x R® — R" is continuous in its first argument
and uniformly Lipschitz continuous in its second argument (if the system is
continuous-time), or where f : N x R” — R" is continuous in its second

argument (if the system is discrete-time).

1.1.3 Stability and control of hybrid systems

Stability theory deals with the study of the convergence properties of the tra-
jectories of hybrid systems. Several notions of stability coexist, accounting for
different types of convergence; e.g., internal stability (convergence of the trajec-

tories to a point in the state space), set stability (convergence of the trajectories
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to a set in the state space), and output stability (convergence of the trajectories
after transformation by a function called the output map).

In particular, the notion of output stability is often instrumental for the
study of hybrid systems, as many applications involving these systems require
that only a subset of the state variables exhibit convergence properties.* How-
ever, classical definitions of output stability require that the output space is a
metric space, so that the distance between any two outputs is defined. This
can be overkill when only convergence to a point or a set in the output space
is considered.

Therefore, in this thesis, we use a more general notion of stability, account-
ing for the convergence of the trajectories with respect to a cost function, which
can be any nonnegative function defined on the state space; see also Example
1.4 below. This definition allows for great flexibility in the notion of stability;
in particular, it includes the concepts of stability discussed above. On top of
this, it also allows to formulate global stability results taking into account the
geometry of the state space in a concise and meaningful way (e.g., using a cost

function that goes unbounded near the boundary of the state space).

Definition 1.11 (Cost function). Given a set X CR™, a cost function on X

is any nonnegative scalar function € : X — R>g.

Ezample 1.4. Examples of cost functions on X C R™ are z — ||z — al| (distance
to a point a € X, to account for the convergence of the trajectories to the point
a), x — inf,e 4 ||z —a|| (distance to a set A C X, to account for the convergence
of the trajectories to the set A), or « — || Pz|| (where P is the projection on a
subset of the variables, to account for the convergence of these variables of the

system to zero). See also Figure 1.5 for an illustration.

Figure 1.5: Example of a cost function that goes un- C(x)
bounded near the boundary of X C R? and is zero at a
single point a € X.

The following notions, introduced by Hahn (1967), will be useful in the

definitions of the concepts of stability, and in other places of this work.

Definition 1.12 (Class-K function). A function o : R>g — Rx>q is said to be

of class K if it is continuous, strictly increasing and zero at zero.

4For instance, for switched systems, it is generally sufficient that only the continuous
variable £ converges to zero while no convergence requirements are made on the switching

signal o.
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Definition 1.13 (Class-KL function). A function S : R>o X R>g — Rx>q is
said to be of class KL if for every t € Rsq, the function r — B(r,t) is of
class IC, and for every r € Rxg, the function t — [(r,t) is non-increasing and
satisfies limy_,o, B(r,t) = 0.

We also introduce the following definition, which will be useful to compare
stability results with different cost functions.

Definition 1.14 (K-equivalent functions). Let X be a set. Two functions
Vi: X = Rsg and Vo : X — R>q are K-equivalent (or equivalent) if there are
two class-KC functions . and ag such that for all v € X, Vi(r) < a1(Va(r))
and Va(r) < ag(Vi(r)).

It is readily seen that K-equivalence defines an equivalence relation on the
set of nonnegative functions defined on a given set.

Stability and feedback stabilization

First, we define the notion of stability, which applies to autonomous hybrid
systems and accounts for the convergence of the cost of the trajectories to zero.

Definition 1.15 (Stability). Consider an autonomous hybrid system HySys =
(X, X0,U, F,G) and a cost function € : X — R>g. HySys is said to be asymp-
totically stable (or stable) with respect to € if all trajectories of HySys are
complete and there is a class-KL function B such that every trajectory ¢ of
HySys satisfies

€(o(t)) < B(E(¢(0-)),t)  for allt € Rxo.

Proposition 1.16. Consider an autonomous hybrid system HySys = (X, Xo, U, F,G)
and two equivalent cost functions € : X — R>g and €3 : X — R>g. Then,
HySys is stable with respect to €1 if and only if it is stable with respect to €.

Proof. See Appendix A.1.1. O

Then, we introduce the notions of feedback controller and feedback compo-
sition of hybrid systems.

Definition 1.17 (Controller). A feedback controller (or controller) for a hy-
brid system (X, Xo,U, F,G) is an ordered pair (HySys., K) where HySys, =
(Xe, Xco, X, Fe, G.) is a hybrid system with input space X and K : X xX. =3 U

1s the actuator map. The controller is said to be static if X, is a singleton.
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Definition 1.18 (Feedback composition). Given a hybrid system HySys =

(X, Xo,U, F,G) and a controller Cont = (HySys_, K), HySys. = (X., X0, X, F¢, G.),
for HySys, the closed-loop system obtained from HySys and Cont (also called
feedback composition of HySys and Cont), denoted by HySys||Cont, is the au-
tonomous hybrid system (Xt, X1, {0}, Ft, G¢) where Xy = X x X, Xp =

Xo X Xco, and for O € {F,G}, O(2,2¢,0) = U, € k(2,0.) D@, 1) X Oc(ze, )

for all (x,x.) € X x X.

171:(‘,

See Figure 1.6 for an illustration.

HySys (6 HySys.
(X,X,,U,F,G) Xeo X0, X, Fe, Ge)
u(t) Actuator bc(t)
K: XXX, - U

Figure 1.6: Feedback composition of a hybrid system HySys and a controller Cont =
(HySys,, K). If the controller is static, then the actuator takes only ¢(t) as input.

Feedback composition can be used, among others, to obtain stable closed-
loop systems from certain unstable hybrid systems, referred to as feedback
stabilizable systems.

Definition 1.19 (Stabilizability). Consider a hybrid system HySys = (X, Xo, U, F, G)
and a cost function € : X — Rxo. HySys is said to be feedback stabilizable

(or stabilizable) with respect to € if there is a controller Cont = (HySys_, K),
HySys. = (X¢, Xco, X, F, G), for HySys such that the closed-loop system HySys||Cont
is stable with respect to the cost function € : X x X, — Rs¢ defined by
Ce(z, e, 0) = €(x).

1.2 Smooth dynamical systems theory

Smooth dynamical systems arise as solutions of ordinary differential equations
or difference equations with smooth vector field or smooth transition map (see
Definitions 1.5 and 1.6 in Subsection 1.1.2). Smooth dynamical systems are
deterministic and their trajectories depend continuously on the initial condi-
tion. They can nevertheless exhibit very rich behaviors and be very difficult to
analyze. In this section, we review some of the tools for the analysis of these
systems. In particular, we will remind the notions of generator, invariant sets,

limit sets and Lyapunov functions for smooth dynamical systems. We will also
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discuss some more advanced topics, namely regarding the linearization and the
structural stability (also called robustness) of these systems.

The section is organized as follows. In Subsection 1.2.1, we remind the
notions of generator, invariant sets and limit sets of smooth dynamical systems.
In Subsection 1.2.2, we introduce the concept of Lyapunov functions for smooth
dynamical systems and review some of their properties that will be relevant for
this thesis. Finally, in Subsection 1.2.3, we review some concepts from the
linearization theory of smooth dynamical systems. In particular, we introduce
the concepts of prolonged systems, hyperbolicity and structural stability of
these systems.

References. The literature on ordinary differential equations and smooth
dynamical systems is vast. The topic covers several centuries of major theoret-
ical and practical advances (it goes back for instance to the works of Newton
on the motion of celestial bodies) and still continues to be an active area of re-
search; see, e.g., Katok and Hasselblatt (1995), Robinson (1999), Khalil (2002)
and Teschl (2012) for modern treatments. Our principal reference for this sec-
tion is Teschl (2012) covering most of the concepts and results discussed in this
section, and also Robinson (1999) for the definition and properties of hyperbolic
systems.

Notation. In this section, all considered hybrid systems are smooth dynam-
ical systems, and thus for the sake of brievety, we will refer to them simply
as dynamical systems. Also, we will consider both continuous-time systems
and discrete-time systems, and we will use the symbol T to denote the time
domain of the system, as it should be clear from the context whether T = R
(continuous-time systems) or T = Z (discrete-time systems). We remind that,
unless said otherwise, all considered trajectories of hybrid systems are assumed

to be maximal.

1.2.1 Generator, invariant sets and limit sets

Dynamical systems were introduced in Subsection 1.1.2. For a reminder, the
trajectories & : Tso — R™ of a dynamical system Sys = (R™, f) satisfy £(t) =
f(&()) for all t € Ry (if Sys is continuous-time) or (¢ + 1) = f(£(t)) for all
t € N (if Sys is discrete-time), where f : R™ — R" is infinitely differentiable
(and Lipschitz continuous in the continuous-time case).

Dynamical systems have the property that the trajectories are complete.
Moreover, from any given initial point, there is a unique trajectory starting at
this point (see, e.g., Teschl, 2012, Theorem 2.17). This leads to the concept of

generator of the trajectories of a dynamical system.
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Definition 1.20 (Generator of a dynamical system). The generator of a dy-
namical system Sys = (R™, f), denoted by x(-,-;Sys) (or x when Sys is clear
from the context), is the function x : T>o x R™ — R™ defined by t — x(t,x) is
the unique trajectory of Sys with x(0,z) = x.

The generator satisfies the following properties, which sometimes consist in
the defining axioms of a dynamical system in the abstract theory of dynamical
systems (see, e.g., Sontag, 1998).

Proposition 1.21 (Properties of the generator). Consider a dynamical sys-
tem Sys = (R™, f). The generator x of Sys is infinitely differentiable in its
second arqument and satisfies the following property (called semigroup axiom
by Sontag, 1998): for every to,t1 € T>o, t1 > to, and z € R, x(t1,2) =
x(t1 —to, x(to, 7).

Proof. See, e.g., Teschl (2012, Theorems 2.10 and 6.1) for the case of continuous-
time systems. The case of discrete-time systems is similar. O

Given a dynamical system Sys = (R", f), if for every ¢t € T and = € R,
there is a unique y € R™ such that x(¢,y) = z, and y depends on z in an
infinitely differentiable fashion, then we say that Sys is invertible. In this case,
we extend the definition of xy on T<o x X by letting for each (¢t,z) € T x X,
x(t,x) be the unique point in X satisfying x(—t, x(t,z)) = z. By construc-
tion, the extended generator x : T x R™ — R™ also satisfies the properties of
Proposition 1.21.

Now, we introduce the concept of invariance for subsets of the state space

of dynamical systems; see also Figure 1.7 for an illustration.

Definition 1.22 (Set invariance). Consider a dynamical system Sys = (R™, f)
and a set A CR™. The set A is said to be forward invariant for Sys if for any
x €A, x(t,x) € A for allt € T>g. If Sys is invertible, the set A is said to be
backward invariant for Sys if for any x € A, x(t,z) € A for allt € T<o; and is
said to be invariant for Sys if it is forward and backward invariant.

The above invariance properties are closed under intersection and union.

This leads to the notions of minimal and maximal invariant sets.

Proposition 1.23 (Minimal and maximal invariant sets). Consider an (in-
vertible) dynamical system Sys = (R"™, f) and a set A C R™. The union of all
(forward, backward) invariant sets for Sys included in A is itself a (forward,
backward) invariant set, called the maximal (forward, backward) invariant set
of Sys in A. The intersection of all (forward, backward) invariant sets for Sys
containing A is itself a (forward, backward) invariant set, called the minimal

(forward, backward) invariant set of Sys containing A.
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@

R - x@D

— N £t x0) Figure 1.7: Invariant set. The set A (in
g blue) is forward invariant for Sys if every
trajectory of Sys starting in A stays in A
for all ¢ > 0. In this image, the trajectory
starting from zo accumulates on the set in
A red, called the w-limit set of Sys from xg

(see Definition 1.24).

Proof. See, e.g., Teschl (2012, Lemma 6.4) for the case of continuous-time

systems. The case of discrete-time systems is similar. O

Limit sets are special types of invariant sets consisting in the sets of points

in the state space where the trajectories of a given dynamical system eventu-

ally accumulate. They appear thus naturally in the study of the asymptotic

properties of these systems (see, e.g., Subsections 1.2.2 and 2.3.3).

Definition 1.24 (w-limit set). Consider a dynamical system Sys = (R, f)

and a point x € R™. The w-limit set (or limit set) of Sys from x, denoted

by w(x;Sys) (or w(x) when Sys is clear from the context), is the set of all

points y € R™ such that there is a sequence of times (tj)‘;';l C Tsq satisfying

lim; o0 tj = 00 and lim;_, o x(t;, ) = y.

The following properties of limit sets are elementary but useful for the study

of the asymptotic behavior of dynamical systems.

Proposition 1.25 (Properties of limit sets). Consider a dynamical system

Sys =

(R™, f) and a point x € R™.

The limit sets of Sys are closed and forward invariant. If Sys is invertible,

then its limit sets are also backward invariant (hence, invariant).

If {x(t,x) : t € T>o} (called the orbit of Sys from x) is contained in a
compact subset of R™, then w(x) is nonempty and compact; moreover, in

that case, x (-, ) converges tow(x), in the sense that lim;_, infye () [[X(t, 2)—
yll = 0.

Proof. See, e.g., Teschl (2012, Lemmas 6.5-6.7) for the case of continuous-time

systems. The case of discrete-time systems is similar. O
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1.2.2 Lyapunov functions and Lyapunov theory

We start with the definition of a Lyapunov function. A Lyapunov function can
be seen as an “energy” function that decreases along the trajectories of the
system; a bit like a ball in a valley sees its mechanical energy decrease with
time, until it stops at the bottom of the valley (state at which its mechanical

energy is the lowest); see also Figure 1.8 for an illustration.

Definition 1.26 (Lyapunov function). Consider a dynamical system Sys =
(R™, f). A Lyapunov function for Sys is a function V : R™ — R>¢ satisfying
that for all x € R™ and t € Tso, V(x(t,x)) < V(x), and there is T € Tsq and
a class-IC function a such that for all x € R™, V(x(T,z)) —V(z) < —a(V()).

Figure 1.8: Lyapunov function V for a dynamical sys- Ve ol

tem Sys. The value of V' (in green) along the trajectory

¢ (in black) decreases as time evolves.

x@

Just like a ball starting at rest in a valley will never go higher than its initial
height, sublevel sets of Lyapunov functions define forward invariant sets, in the
sense that the trajectories starting in such a sublevel set cannot escape from

it. This is known as the Krasovskii—LaSalle principle.

Proposition 1.27 (Krasovskii-LaSalle principle). Consider a dynamical sys-
tem Sys = (R™, f) and let V be a Lyapunov function for Sys. Then, for any
c € R, the sublevel sets {x € R™ : V(z) < ¢} and {x € R" : V(z) < ¢} are

forward invariant for Sys. Furthermore, V is zero on any limit set of Sys.

Proof. See, e.g., Teschl (2012, Theorem 6.15) for the case of continuous-time
systems. The case of discrete-time systems is similar. O

Lyapunov functions appear naturally in the study of the asymptotic be-
havior of dynamical systems. Indeed, Propositions 1.27 and 1.25 imply that
the trajectories of the system either converge towards the exterior of the state
space, or they converge to a set of points on which V is zero (see also, e.g.,
Khalil, 2002, Theorem 4.4, for a proof with slightly different assumptions on
the Lyapunov function). The above argument can be further refined to con-
clude that the system is stable with respect to the cost function induced by the

Lyapunov function.

Proposition 1.28 (Stability from Lyapunov function). Consider a dynamical
system Sys = (R™, f) and a cost function € : R™ — Rx>g. Let V be a Lyapunov
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function for Sys and assume that V is equivalent to €. Then, Sys is stable with

respect to €.

Proof. See Appendix A.1.2. O

In particular, if V' is radially unbounded and zero only at the origin, then
the system is stable with respect to the classical cost 2 — ||z (see, e.g., Khalil,
2002, Theorems 4.9 and 4.10, for a proof with slightly different assumptions on
the Lyapunov function).

Lyapunov functions have been an important field of research in dynamical
systems theory for some time now (see, e.g., Hahn, 1967, and Khalil, 2002, for
surveys). In particular, the questions of existence and computation of Lya-
punov functions for stable dynamical systems have received a lot of attention
from the systems and control community; under the name of converse Lyapunov
theorems and Lyapunov’s direct method respectively. We refer the reader to the
references above for surveys on converse Lyapunov theorems and Lyapunov’s
direct method.

1.2.3 Linearization theory

We start with the definition of the prolonged system, introduced by Crouch
and van der Schaft (1987).

Definition 1.29 (Prolonged system). Given a dynamical system Sys = (R™, f),
the prolonged system (also called the linear extension) of Sys, denoted by
0Sys, is the dynamical system defined by (Xa, fo) where Xy = R™ x R™ and
fo(z,v) = (f(=), %(x)v) for all (x,v) € R™ x R™.

In the above definition, % : R™ — R™*™ stands for the derivative (also
called Jacobian matriz) of f. From the definition, the trajectories (§,0) :
T>o — R™ x R™ of the prolonged system satisfy

(continuous-time),

(discrete-time),

for all ¢ € Txo.
The prolonged system accounts for the sensitivity of the trajectories of a dy-
namical system to the initial condition, defined as the derivative of the generator

x with respect to its second argument; see also Figure 1.9 for an illustration.
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Proposition 1.30 (Sensitivity to initial condition). Consider a dynamical
system Sys = (R™, f). Then, for any (z,v) € R™ x R"™, the function t —
(x(t, ), g—;‘(t,x)v) is a trajectory of the prolonged system OSys.

Proof. See, e.g., Teschl (2012, Theorem 2.10) for the case of continuous-time
systems. The case of discrete-time systems is similar. O

Figure 1.9: Sensitivity of trajectories to x@
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The study of linearized dynamics was introduced by Lyapunov (1892) for
the analysis of the local stability of fixed points of dynamical systems. Indeed,
given a dynamical system Sys = (R", f) and a fixed point @ € R™ for Sys,
it holds that if the Jacobian matrix % at a provides a stable linear system,
then a is locally stable, meaning that there is a neighborhood A of a that is
forward invariant for Sys and such that the system restricted to A is stable with
respect to the classical cost = — ||x — a| (see, e.g., Khalil, 2002, Theorem 4.13,
or Robinson, 1999, Theorems 5.5.1 and 5.6.1). This approach is sometimes
referred to as Lyapunov’s indirect method for the stability analysis of fixed
points of dynamical systems. Note that the above result can be generalized
for the analysis of the incremental stability (also called contraction analysis)
of dynamical systems, using the prolonged system (see, e.g., Lohmiller and
Slotine, 1998, and Forni and Sepulchre, 2014).

The prolonged system can also be used to analyze the global behavior of
the system, for instance to ensure the existence of simple attractors for the
system (see, e.g., Forni and Sepulchre, 2016, and Forni and Sepulchre, 2019) or
the structural stability of its invariant sets, as explained in the subsubsection
below. See also Section 2.3 for applications in the context of dominance analysis

of dynamical systems.

Hyperbolicity and structural stability

In the preamble of this thesis, we introduced the concept of hyperbolicity, which
describes the property that the linearized dynamics of a dynamical system can

be split into an unstable component and a stable component.
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In this sense, the property of hyperbolicity generalizes the notion of hy-
perbolic fixed point. Indeed, a hyperbolic fixed point of a dynamical system
Sys = (R™, f) is a fixed point a of Sys such that the Jacobian matrix %(a) at a
has no marginally stable eigenvalues. Hence, since the prolonged system 0Sys
around a is described by the linear dynamical system with matrix %(a), the
linearized dynamics of Sys around a can be split into components that are either
stable or unstable (and never marginally stable); see also Figure 1.10 for an
example. Hyperbolic fixed points have the property of being structurally stable
(aka. robust to model perturbations), meaning that the qualitative behavior of
the system around the fixed point is not affected by small perturbations of the
system: indeed, it is well known from bifurcation theory that a fixed point a of
a dynamical system can appear or disappear, or change its nature (stable vs.
unstable) only if the Jacobian matrix at a has a marginally stable eigenvalue
(see, e.g., Robinson, 1999, Theorem 5.6.4).
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Figure 1.10: Hyperbolic fixed point of a continuous-time dynamical system Sys =
(R?, f). The point a = (1,7/2) is a fixed point for the system described on the right
of the picture. The Jacobian of f at a has two eigenvalues, 1 and —1, which are
not marginally stable. The Hartman—Grobman theorem implies that the trajectories
of the system near the hyperbolic fixed point are close to those of the linear system
given by the Jacobian of f at a (see, e.g., Teschl, 2012, Theorem 9.9).

The concept of hyperbolic fixed point generalizes to invariant sets of in-
vertible dynamical systems Sys = (R", f) as follows (see also Definition 1.31
below). For every point x in the invariant set, the state space of the linearized
system (i.e., R™) can be split into two complementary subspaces, denoted by
E3(xz) and E"(z), called the stable and unstable subspaces at x. The func-
tion associating these subspaces to each point of the invariant set is sometimes
called a hyperbolic splitting, and it has the property of being invariant for the
prolonged system 9Sys and satisfies that the linearized dynamics of Sys starting

from the subspace E®(x) (resp. E") converges exponentially to zero as t goes
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to oo (resp. —oo; remember that Sys is invertible). This is formalized in the

following definition.

Definition 1.31 (Hyperbolic invariant set). Consider an invertible dynamical
system Sys = (R™, f) and an invariant set A C R™ for Sys. The set A is said
to be hyperbolic for Sys if there are two set-valued functions E5 : A = R"
and E" : A = R™ such that (i) for every x € A, E(x) and E“(x) are linear
subspaces satisfying R™ = E5(x) ® E*(x), (ii) E® and E* are invariant under
the action of the prolonged system in the sense that for all x € A and t € T,
%(t,x)EO(:ﬂ) = E°(x(t,x)) for o € {u,s}, and (iii) there is A <0 and C >0
such that for all (z,v) € A x R™,

o ifveE ES(x), then ||3X(t, x)v]| < C|lv||eM! for all t € Tx;

o ifve E"(z), then ||%(t,a:)v|\ < Ollol|eM for all t € T<.

Remark 1.5. The requirements (ii) and (iii) in Definition 1.31 imply that the
functions E® and E" are unique and depend continuously on their argument
(see, e.g., Robinson, 1999, Remark 8.1.6). This implies that the dimensions of

E?® and E" are constant on every connected component of A.

The property of structural stability of hyperbolic fixed points extends to
hyperbolic invariant sets, as first noticed by Anosov (1967) and Smale (1967)
for the so-called Anosov systems (systems that are hyperbolic on their whole
domain) and generalized by Hirsch and Pugh (1970) to isolated hyperbolic

invariant sets.

Definition 1.32 (Isolated invariant set). Consider an invertible dynamical
system Sys = (R™, f). A closed set A C R™ invariant for Sys is said to be
isolated if there is a neighborhood U of A such that A is the maximal invariant
set of Sys contained in U. Such a set U is called an isolating neighborhood for
A.

Proposition 1.33 (Structural stability of hyperbolic invariant sets). Consider
an invertible dynamical system Sys = (R™, f), and let A C R™ be a hyperbolic
isolated invariant set for Sys, with isolating neighborhood U. Then, A is struc-
turally stable (also called robust to model perturbations) for Sys: this means
that there is € > 0 such that any dynamical system Sys' = (R™, f'), with f'
e-close to f in the CY(U)-topology®, has a nonempty mazimal invariant set A’
in U and satisfies that f|pn and f|x are topologically conjugate®.

. o ) ’
5This means that sup,cy || f(z) — f/(z)|| < € and sup,cy; ||8—£(x) — a—J;(m)H <e.
6This means that there is a homeomorphism (that is, a bijective bi-continuous function)
h: A — A’ such that x(t,z;Sys’)) = h=1(x(t, h(z);Sys)) for all z € A’ and t € T.
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Proof. See, e.g., Robinson (1999, Theorem 10.7.4) for the case of discrete-
time systems. The case of continuous-time systems can be deduced by time

discretization. O

As for hyperbolic fixed points, it can be shown that hyperbolicity is in gen-
eral not only a sufficient condition but also a necessary condition for structural
stability. Indeed, under some mild assumptions (e.g., Aziom A, or no-cycle con-
dition, etc.), the structurally stable dynamical systems are precisely the ones
that are hyperbolic on some distinguished sets (e.g., limit set, chain-recurrent
set, etc.; see, e.g., Robinson, 1999, Chapters 10 and 11).

First developed for invertible dynamical systems (as in Definition 1.31), hy-
perbolicity has rapidly become a cornerstone of dynamical systems theory and
found applications in many different areas, like chaos, ergodic theory, entropy,
etc. (see, e.g., Robinson, 1999, and Hasselblatt, 2017, for comprehensive sur-
veys of results related to hyperbolic dynamics). Hyperbolicity has also been
generalized in several directions, accounting for various classes of systems while
retaining the main features of hyperbolic dynamics: see, e.g., Hasselblatt and
Pesin (2006) (partial hyperbolicity), Barreira and Pesin (2006) (non-uniform
hyperbolicity), Berger and Rovella (2013) (non-invertible hyperbolic dynamical
systems), Colonius and Du (2001) (hyperbolic control systems).

1.3 Switched systems theory

Switched systems are hybrid systems described by a finite set of continuous
dynamics among which the system can switch over time (see Definitions 1.7
and 1.8 in Subsection 1.1.2). These systems arise naturally in the modeling of
phenomenons, processes or devices presenting sudden changes between different
modes of operation. By restricting the set of admissible transitions of the
system between the different modes, one obtains constrained switched systems.
This allows for instance to increase the expressiveness of these systems by
considering only the transitions that happen in practice; see, e.g., Example
1.3. Constrained switching can also be used as a design parameter to ensure
that the system satisfies some properties. The function describing the current
mode of the system is called the switching signal (see Subsection 1.1.2). The
restrictions on the transitions of the system between the different modes can
thus be enforced as constraints on the switching signal.

In this section, we discuss two types of such constraints on the switching
signal, namely switching with dwell time and switching constrained by a timed

automaton. We also review some of the tools for the analysis of switched
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systems. In particular, we discuss the notions of stability for switched lin-
ear systems and we introduce the concepts of multiple Lyapunov functions
and path-complete Lyapunov functions, which extend the theory of Lyapunov
functions to switched systems.

The section is organized as follows. In Subsection 1.3.1, we introduce the
notions of generator of switched systems, and we discuss different types of
constraints on the switching signal. In Subsection 1.3.2, we introduce switched
linear systems and discuss the notions of stability for these systems. In particu-
lar, we introduce the concept of joint spectral radius of switched linear systems
under arbitrary switching and discuss some of its properties that will be rel-
evant for this work. Finally, in Subsection 1.3.3, we introduce the concepts
of multiple and path-complete Lyapunov functions and review some of their
properties for the stability analysis of (constrained) switched linear systems.

References. As paradigmatic examples of hybrid systems, switched systems
have received a lot of attention in the literature; see, e.g., Liberzon (2003), Lin
and Antsaklis (2009), Jungers (2009) and Sun and Ge (2011) for introductions.
Our main references for this section are Liberzon (2003) and Sun and Ge (2011)
covering most of the concepts and results discussed in this section, and Jungers
(2009) for the definition and properties of the joint spectral radius.

Notation. We will consider both continuous-time systems and discrete-time
systems, and we will use the symbol T to denote the time domain of the system,
as it should be clear from the context whether T = R (continuous-time systems)
or T = Z (discrete-time systems). We remind that, unless said otherwise, all

considered trajectories of hybrid systems are assumed to be maximal.

1.3.1 Generator and switching signals

In Subsection 1.1.2, we saw that a switched system can be described by the
triple (R™, U, {fi}iex) where R™ is the state space of the continuous variable,
U is the input space and for each ¢ € ¥, f; : R® x U — R" is a contin-
uous (even Lipschitz continuous in its first argument in the continuous-time
case) function, and possibly additional assumptions on the right-continuous,
piecewise constant” switching signal. Therefore, given a switched system SwS,
we will use the notation SwS ~ (R™, U, {fi}iex) to mean that SwS has state
space R™ for the continuous variable, input space U, set of functions {f;}ies,

and possibly additional assumptions on the switching signals (typically spec-

"We saw in Subsection 1.1.2 that the switching signals of a continuous-time switched
system are right-continuous and piecewise constant. This also holds for discrete-time switched
systems since functions defined on a discrete set are trivially right-continuous and piecewise

constant.
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ified at the introduction of SwS). For a reminder, the complete trajectories
(&,0) : T>o — R™ x ¥ of a switched system SwS ~ (R, U, {f;}iex) with in-
put u : T — R” satisfy £(t) = Joy(€(t),u(t)) for all t € Rxq (if SwS is
continuous-time) and £(t+1) = f,)(£(t),u(t)) for all t € N (if SwS is discrete-
time), where £ : T>o — R” is the continuous variable and o : T>¢ — X is the

switching signal of the trajectory.

Definition 1.34 (Set of complete switching signals). Given a switched system
SwS, we denote by S(SwS) (or S if SwWS is clear from the context) the set of
complete switching signals (i.e., switching signals corresponding to complete

trajectories) of SwS.

We restrict our attention to the set of complete switching signals since,
by definition of switched systems (see Definitions 1.7 and 1.8 in Subsection
1.1.2), the switching signals are the trajectories of an autonomous hybrid sub-
system. Hence, non-complete switching signals are in general not interesting
as it implies that the trajectory of the switched system stops only because the
switching signal cannot be continued.

The set of complete switching signals of a switched system has the following

shift-invariance property.

Proposition 1.35 (Forward shift-invariance of §). Consider a switched system
SwS with set of mode 3. The set S of complete switching signals of SwS is
closed under forward time shift, meaning that for all o € S and tg € Txq, the
signal o' : T>o — X defined by o' (t) = o(t + to) satisfies o’ € S.

Proof. Straightforward from the definition of the switching signal as the pro-
jection of the trajectory of a hybrid system. O

The assumptions on the set of functions of a switched system SwS ~
(R™,U,{fi}icx) imply that for any input v € U, any switching signal o € S
and any initial point € R", there is a unique function £ : T>g — R™ such
that (¢, 0) is a trajectory of SwS with input u and with £(0) = z. This leads
to the concept of generator of the trajectories of a switched system.

Definition 1.36 (Generator of a switched system). The generator of a switched

is clear from the context), is the function x : T X R* x § x U — R™ with
T = {(t1,t0) € T>o X T>o : t1 > to}, defined by x(t1,to,x,0,u) = &' (t1 — to)
where (§',0") : T>o — R™ x X is the trajectory of SWS starting at & with input
v Tso — U, defined by o' (t) = o(t +to) and v (t) = u(t+to) for allt € T>g.
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“

Remark 1.6. If ty = 0, we also use the shortened notation “x(¢,z,o,u)” to
denote “x(t,0,z,0,u)”. If SwS is autonomous, we use the shortened notation

“x(t, to,x,0)” to denote “x(t,tg, x,0,u)” where u is the unique function in Y.

The generator satisfies the following properties, which sometimes consist
in the defining axioms of a control system in the abstract theory of control

systems (see, e.g., Sontag, 1998).

Proposition 1.37 (Properties of the generator). Consider a switched system
SwS ~ (R™,U,{fi}iex). The generator x of SWS is continuous in its third ar-
gument and satisfies the following property (called semigroup axiom by Sontag,
1998): for every to,t1,ta € Tso, to > t1 > ty, z €R”, 0 € Sandu €U, it
holds that x(to,to, z,0,u) = x(t2,t1, x(t1,t0, z,0,u),0,u).

Proof. See, e.g., Teschl (2012, Theorem 2.8) for a proof of the continuity with
respect to the third argument, in the case of continuous-time systems. The
case of discrete-time systems is similar. The proof of the second property is
direct. O

Adding assumptions on the switching signals of switched systems allows to
increase their expressiveness to model a wide range of complex systems and
phenomenons. We discuss below different types of such assumptions that can

be made on the switching signal of switched systems.

Arbitrary switching

When there is no assumption on the switching signal except that it is right-
continuous and piecewise constant, we say that the switched system is under
arbitrary switching.

For continuous-time switched systems under arbitrary switching, the re-
quirement that the maximal trajectories are complete cannot be enforced in
the definition of the system as a hybrid system. Nevertheless, the complete
trajectories of a continuous-time switched system SwS ~ (R™ U, {f;}iexn) un-
der arbitrary switching are connected to the trajectories of the associated dif-

ferential inclusion.

Definition 1.38. The differential inclusion associated to a continuous-time
switched system SWS ~ (R™, U, {f; }ies) under arbitrary switching is the hybrid
system HySys = (R™, U, F, G) where F(z,u) = {fi(z,u) }iex and G: R*"x U =
0 is the empty map.

It holds that every trajectory of HySys with input u € U is complete and
can be approximated locally by a trajectory of SwS with the same input (see
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also Sun and Ge, 2011, Subsection 2.3.1, for a stronger result—stated without

proof though—in the case of switched linear systems).

Proposition 1.39. Let SwS ~ (R™, U, {fi}iex) be a continuous-time switched
system under arbitrary switching and HySys be the associated differential in-
clusion. Let ¢ : R — R™ be a trajectory of HySys with input u € U. Then, for
any € > 0 and T € Rxg, there is a complete trajectory (&, o) of SwS with input
w such that for all t € [0,T], ||¢(t) —E£@)] <e.

Proof (sketch). The proof follows from the fact that any L' function can be
approximated arbitrarily well by a right-continuous, piecewise constant func-
tion in the L! topology (see, e.g., Friedman, 1982, Problem 3.2.2). The details
are omitted since the study of differential inclusions is not the objective of this
thesis. O

Furthermore, although the requirement that the maximal trajectories are
complete cannot be explicitly enforced for continuous-time switched systems
under arbitrary switching, it will be naturally satisfied when some other as-
sumptions, which can be expressed in the formalism of hybrid systems, are
made on the switching signal. We think for instance to slow-switching as-
sumptions, such as dwell-time or average dwell-time assumptions, which are

introduced below.

Remark 1.7. While it is interesting to see which types of assumptions on the
switching signal can be expressed in the formalism of hybrid systems to appre-
ciate the scope and flexibility of this formalism, and to keep a consistent and
limited set of notations through this work, this should not be an imperative in
itself and should not be a limitation for the theoretical and practical study of

switched systems.

Dwell-time switching and constrained switching

The concept of dwell time was introduced by Morse (1996) to describe switching
signals that require a minimal amount of time between two switches. This
concept was later generalized by Hespanha and Morse (1999), under the name
of average dwell time, to account for the property that the number of switches
in a bounded interval grows at most linearly with the length of the interval.
Both concepts have become standard in the study of switched systems (see,
e.g., Liberzon, 2003, Section 3.2, and Goebel et al., 2012, Section 2.4).

Definition 1.40 (Dwell time and average dwell time). Consider a finite set ¥
and a right-continuous, piecewise constant function o : R — X. For t1,tg € R,
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t1 > to, let N, (t1,to) be the number of discontinuity points of o in [tg,t1). Let
7o > 0 and N, > 0.

o We say that o has average dwell time 7, (with parameter N, ) if for any
tl,t() € R, tl Z to, it holds that Ng(tl,to) S No + tl_r;to

o We say that o has absolute dwell time (or dwell time) 7, if it has average
dwell T, with parameter N, = 1 (this is equivalent to saying that there is

at least T, units of time between any two discontinuities of o).

A function o : E — X, with E C R, is said to have average dwell time 7, (with
parameter N,) (resp. absolute dwell time 7,) if there is a right-continuous,
piecewise constant extension of o on R with average dwell time T, and with
parameter No (resp. absolute dwell time 1,). For ti,tg € R, t1 > to, we let
N, (t1,to) = min {Ns(t1,t0) : 6 is a right-continuous, piecewise constant extension
of o on R}.

Definition 1.41 (Switched system with dwell time and average dwell time).
Consider a switched system SwS, and let 7, > 0 and N, > 0.

o We way that SWS has average dwell time 7, (with parameter N, ) if all
its switching signals have average dwell time T, with parameter N,.

o We say that SwS has absolute dwell time (or dwell time) 7, if all its
switching signals have dwell time T,.

See Figure 1.11 for an illustration.
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Remark 1.8. Interestingly, the condition that a switched system has an absolute
dwell time or an average dwell time can be expressed in the formalism of hybrid
systems (see, e.g., Goebel et al., 2012, Section 2.4).
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On top of slow-switching assumptions (like absolute dwell-time and average
dwell-time assumptions), it is sometimes useful to restrict also the transitions
of the system between different modes. This allows for instance to use switched
systems as abstractions of complex systems while retaining the main features
of the original system (see, e.g., Philippe, 2017, and Section 2.3). The set of
admissible transitions between modes can also be used as a design parameter
to ensure that the switched system satisfies some properties (see, e.g., Philippe,
2017, and Gomes et al., 2018).

To describe the set of admissible transitions and dwell times between tran-
sitions, we use a timed automaton, which is a directed graph with edges labeled
by symbols from a finite alphabet (typically the set of modes of the switched
system) and by “dwell time sets” which are subsets of R>¢; see also Figure 1.12

for an illustration.

Definition 1.42 (Timed automaton). A timed automaton is a triplet (Q, %, ©)
where @ is a finite set, called the set of states, X is a finite set, called the
alphabet, and © C Q x Q x ¥ x 28>0 js ¢ finite set of timed transitions.

2} x[0.1] Figure 1.12: Timed automaton with two states Q@ = {a, b}
a 6 and two transitions © = {(a,b,2,[0,1]), (b, a,1,[3,00))}.
This automaton accepts every switching signal that does
{1} x [3,0) not stay longer than 1 (unit of time) in mode 2 and stays

at least 3 (units of time) in mode 1 (see Definition 1.43).

Remark 1.9. The term “timed automaton” is used here in a sense different than
its usual meaning in automata theory (see, e.g., Mitra, 2021, Section 4.3.6).
Classical timed automata are directed graphs together with a set of clocks, and
each edge of the graph is associated with a set of clock constraints (specifying
when the edge can be taken) and a set of resets (specifying which clocks are
reset to zero when the edge is taken). The timed automata considered here
correspond to classical timed automata with a single clock and with reset of

this clock for each edge of the graph.

For a transition 6 = (q1,¢2,1, E) € O, we denote its source q1 by s(0), its
target g2 by t(0), its mode i by i(0), and its set of durations E by d(0). A path
of length J, with J € NU{oo}, in a timed automaton (Q, X, ©) is any sequence
(6;)]=) € © satisfying that t(6;) = s(6;41) for all j € {0,...,J — 2}

Definition 1.43 (Admissible signal for a timed automaton). Consider a timed
automaton Aut = (Q,%,0). A function o : E — X, with E C R, is said to be

admissible for Aut (or accepted by Aut) if o has an extension & on R satisfying
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that for any Ty, Ty € R, T1 > Ty, there is a finite sequence of times (Tj)jiol CR,
To=1<71<...<7Tj41 =11, and a path (ej)j;(} in Aut such that (i) for all
j€{0,...,J}, 6 is constant on [1j,Tj+1), and (%) for all j € {1,...,J — 1},

&(Tj) = i(ﬁj) and Tj+1 — Tj € d(ﬁj)

Definition 1.44 (Constrained switched system). Consider a switched system
SwS with set of modes ¥ and a timed automaton Aut = (Q, %, 0). The system
SwS s said to be constrained by Aut if all its switching signals are admissible
for Aut.

It is not difficult to see that constrained switched systems can be defined
as hybrid systems. Also, note that constrained switched systems are more
general than switched systems with absolute dwell time since the assumption
that the system has absolute dwell time 7, can be enforced by requiring that
© C QXQXXX|[Ta,00). Similarly, discrete-time switched systems can be seen
as continuous-time switched systems constrained by a timed automaton with

OCExQxXIx{1}.

State-dependent switching and controlled switching

The switched systems considered above assume that the switching mechanism
is autonomous in the sense that the switching signal does not depend on the
continuous variable nor on the input. Other classes of switched systems can
be considered by adding an explicit dependence of the switching signal on
the continuous variable and on the input. These systems can in general be
expressed in the formalism of hybrid systems as well. In fact, the switched
systems whose switching signal depends only on the continuous variable and /or
on the input function can also be addressed in the setting of discontinuous
control systems, but it is often easier to think about them as switched systems
with state-dependent or controlled switching signal (see, e.g., Sun and Ge, 2011,
Chapters 3 and 4).

In this thesis, we will mainly focus on switched systems with autonomous
switching mechanisms, but we will also discuss some applications of our re-
sults for switched systems under state-dependent and controlled switching in
Subsection 3.3.4 (see Example 3.6) and in Section 3.5. Further discussion on
the theory and applications of switched systems with state-dependent and con-
trolled switching can be found in Liberzon (2003) and Sun and Ge (2011).

1.3.2 Stability theory of switched linear systems

In this subsection, we restrict our attention to switched linear systems.
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Definition 1.45 (Switched linear system). A switched system SwS ~ (R™, U, { f; }iex)
is said to be a switched linear system if U = R™ and for all i € X, there is

A; € R™™ gnd B; € R™™ such that fi(x,u) = A;xz + Bu for all (z,u) €

R™ x R™.

Switched linear systems can be more concisely described by specifying only
the state space R™, the input space R™ and the matrices A; and B; for each
i € 3. Thus, following the notation of the Subsection 1.3.1, we will write SwS ~
(R™,R™ {4, }ies, {Bi}icx) to mean that SwS is a switched linear system with
state space R™, input space R™, set of matrices {A;};ex and {B;}iex, and
possibly additional assumptions on the switching signal (typically specified at
the introduction of SwS). If SwS is autonomous, then we simply write SwS ~
(R, {Ai}iex).

The generator of a switched linear system is linear in the initial state and

the input function.

Proposition 1.46 (Linearity of the generator). Consider a switched linear
system SwS ~ (R™,R™, {A;}iex, {Bi}tiex). The generator x of SwS is linear
in its third and fifth arguments, meaning that for all to,t1 € T, t1 > to,
o €S8, 21,29 € R", uy,us €U and p € R, x(t1,to, px1 + x2,0, puy + uz) =
wx(t1,to, x1,0,u1) + x(t1,t0, T2, 0, us).

Proof. See, e.g., Antsaklis and Michel (2006, Eq. 14.4 and 15.14 in Chapter
1). O

The linearity of the generator leads to the concept of fundamental matrix

solution of autonomous switched linear systems.

Definition 1.47 (Fundamental matrix solution). Consider an autonomous
switched linear system SwS ~ (R™, {A;}ies) with generator x : T X R" x § —
R™. The fundamental matrix solution of SwS, denoted by x(-, -, -; SWS) (or x
when SWS is clear from the context), is the function X : T x S — R™*™ defined
by x(t1,to,0) is the unique matriz such that for all x € R™, Xx(t1,t0,0)x =
x(t1,to, x,0).

If SwS is discrete-time, the fundamental matrix solution has the follow-
ing closed-form expression: X(t1,t0,0) = Ayt,—1)Ac(t;—2) " - Ac(t). Simi-
larly, if SwS is continuous-time, then it can be expressed as x(t1,tp,0) =
eA““J)(”“*”)6’4"(”*1)(T"_T"’l)o~~eA<f<To)(Tl’TO), where i < < ... < 7y
are the discontinuity points of o in the interval [tg,¢1), and 79 = t; and

Tj+1 = tl.
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Stability notions for switched linear systems

We refine the notion of stability for switched linear systems.

Definition 1.48 (Stability of switched linear systems). Consider an autonomous
switched linear system SwS ~ (R™, {A; }iex).

o We say that SwS is globally asymptotically stable (or stable, or GAS)
if there is a class-KL function  such that for every x € R™, 0 € S and
t € Txo, Ix(t,z,0)[| < B(l|zl,1);

o We say that SwS is globally exponentially stable (or exponentially stable,
or GES) if it is GAS with function B defined by B(r,t) = Cre= for all
r,t >0 and for some C >0 and X > 0.

The difference with the definition of stability for hybrid systems (see Def-
inition 1.19 in Subsection 1.1.3) is that in Definition 1.48, the uniform con-
vergence property is required only for complete trajectories. If the system has
only complete trajectories, then the two definitions coincide. This is the case
for instance for switched linear systems with dwell time or average dwell time,
and for discrete-time switched linear systems under arbitrary switching. For
continuous-time switched linear systems under arbitrary switching, the above
notion of stability coincides with the one for hybrid systems applied on the as-
sociated differential inclusion (see Definition 1.38), as explained in Proposition
1.51 below.

For switched linear systems, the notions of stability and exponential stabil-

ity are equivalent.

Proposition 1.49. An autonomous switched linear system is GES if and only
if it is GAS.

Proof. The proof relies on the linearity of the generator and on the shift-
invariance of S (Proposition 1.35); see, e.g., Sun and Ge (2011, Proposition
2.13). O

Stability under arbitrary switching

The stability analysis of switched linear systems under arbitrary switching has
received a great deal of attention in the literature because of its pervasiveness
in theoretical and practical problems (see, e.g., Jungers, 2009). Of particu-
lar relevance for this question are the concepts of Lyapunov exponent, named
after Lyapunov’s indirect method, and its cousin concepts of joint spectral ra-

dius, introduced by Rota and Strang (1960), and generalized spectral radius,
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introduced by Daubechies and Lagarias (1992), which account for the maximal
rate of exponential growth of the trajectories of switched linear systems under

arbitrary switching.

Definition 1.50 (Joint spectral radius and generalized spectral radius). Con-
sider an autonomous switched linear system SwS ~ (R™, {A;}iex) under arbi-
trary switching. The Lyapunov exponent (or joint spectral radius®) of SwS,
denoted by o(SwS), is defined by

. o1 .
o(swS) = lim - log(sup {I1X(T, 0,0)] : o € S})

(the limit exists by Fekete’s lemma; see, e.g., Jungers, 2009, Lemma 1.1). The
generalized spectral radius® of SwS, denoted by 3(SwS), is defined by

0(SwS) = lim sup % log(sup{o(x(T,0,0)) : 0 € S}),

T—o00

where o(A) stands for the spectral radius of A € R™*"™.

The joint spectral radius is a measure of the stability of the system in the

following sense.

Proposition 1.51 (Joint spectral radius and stability). Consider an autonomous
switched linear system SwWS ~ (R"™,{A;}iex) under arbitrary switching. The

following are equivalent:
1. 9(SwS) < 0;
2. SwS is GES;
3. For allz € R" and 0 € X, it holds that limy_, o x(t,z,0) = 0.

If SwS is continuous-time, then any (and thus all) of the above statements is

equivalent to any (and thus all) of the following statements:
4. HySys is GES;
5. Any trajectory ¢ : R>o — R™ of HySys satisfies lim; o ¢(t) = 0;
where HySys is the differential inclusion associated to SWS (see Definition 1.38).

Proof. See Appendix A.1.3.10 O

8The joint spectral radius is generally defined for discrete-time switched linear systems
as e2(5wS) (see, e.g., Jungers, 2009), but here for the simplicity of notation, we use the same
definition for continuous-time and discrete-time systems.

9Same comment as for the joint spectral radius.

10Surprisingly, we did not find a convincing proof of this result for the case of continuous-

time systems in the literature. Therefore, we present a proof of it in the appendix.
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In fact, it follows from the previous proposition that the notions of joint
spectral radius and generalized spectral radius coincide. This result is known
as the joint spectral radius theorem and was first proved by Berger and Wang
(1992) for discrete-time switched linear systems.

Proposition 1.52 (Joint spectral radius theorem). Consider an autonomous
switched linear system SwS ~ (R™, {A; }iex) under arbitrary switching. It holds
that 5(SwS) = o(SwS).

Proof. See Berger and Wang (1992) for the original proof in the case of discrete-
time systems; see also Elsner (1995, Theorem 1) for a simplified proof (also in
the case of discrete-time systems). The case of continuous-time systems is

similar. O

Stable switched linear systems under arbitrary switching admit a Lyapunov
function, sometimes called a common Lyapunov function since it is a Lyapunov
function for each individual mode. Moreover, due to the linearity of the system,
the common Lyapunov function can be chosen to be a norm in R™ (see, e.g.,
Jungers, 2009, Proposition 1.4, or Sun and Ge, 2011, Theorem 2.15). How-
ever, even though such a common Lyapunov norm is guaranteed to exist for
stable switched linear systems under arbitrary switching, its computation can
be challenging due to the complexity of its expression (see, e.g., Jungers, 2009,
Section 2.3, and Sun and Ge, 2011, Section 2.4). Moreover, the framework of
common Lyapunov functions does not allow to study the stability of switched
linear systems with slow-switching conditions or with constrained switching sig-
nals. Therefore, we introduce below the theory of multiple and path-complete

Lyapunov functions, addressing these issues.

1.3.3 Multiple Lyapunov functions and path-complete Lya-
punov theory

Multiple Lyapunov functions were introduced by Branicky (1998) as a tool
for the stability analysis of switched and hybrid systems with state-dependent
or controlled switching. They were later generalized to account for switched

11 (see, e.g., Liberzon,

systems under slow- and/or fast-switching assumptions
2003, Section 2.3, and Zhang and Gao, 2010).
In a nutshell, a multiple Lyapunov function is a set of Lyapunov functions,

typically one or more per mode of the system, with a minimal rate of decrease

N Essentially, the slow-switching assumptions require that the system dwells sufficiently
long in “stable” modes, and the fast-switching assumptions require that it does not dwell to

long in “unstable” modes.
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(which can be negative if the mode is unstable) along the trajectories of the
associated mode; see Example 1.5 for an illustration. The value of the Lya-
punov function depends thus on the state and on the mode of the system, and
needs not necessarily decrease at the switching times. However, if the multiple
Lyapunov function decreases on the long term (e.g., by imposing slow- and/or
fast-switching conditions), then the system is stable.

Multiple Lyapunov functions were extensively studied, with a special focus
on the computational aspects, in the context of discrete-time or constrained
switched systems, under the name of path-complete Lyapunov functions (see,
e.g., Ahmadi et al., 2014, and Philippe, 2017).

Definition 1.53 (Path-complete Lyapunov function). Consider an autonomous
switched system SWS ~ (R™, {f; }ies). A path-complete Lyapunov function for
SwS is an ordered pair (Aut, {V,}4eq) where Aut = (Q, X, ©) is a timed automa-
ton accepting every switching signal o € S, and {Vy}qeq s a set of functions
from R™ to Rx¢ that are K-equivalent to ||-|| : R™ — R, such that there is
a class-IC function o satisfying that for every transition 0 € ©, x € R™ and
7€ d(6), Vigo) (X(7.3 fioy)) — Vi) (@) < —aVago) (), where x(-, 5 f;) s the
generator of the dynamical system associated to the mode i.

Ezample 1.5. Consider a continuous-time switched linear system SwS ~ (RY, {fi}iex)
with two modes: fi(x) = —x and f3(z) = 2x; and assume that SwS has dwell
time 3 (units of time) for mode 1 and cannot stay longer than 1 (unit of time)
in mode 2. Then, the timed automaton and the quadratic functions depicted
in Figure 1.13 provide a path-complete Lyapunov function for SwS. Indeed,
for the transition (a,b,2,[0,1]), it holds that for any 2 € R and 7 € [0, 1],
Ix(7,2; f2)| < €2|z|, so that Vi(x(T,7; f2)) < e*a? < 6022 = V,(x). As for
the transition (b,a,2,[3,00)), it holds that for any x € R and 7 € [3,00),
Ix(7,z; f1)| < e73|z|, so that Va(x(7,z; f1)) < 60e%2% < 22 = V4 (2).
@3 x10.1] Figure 1.13: A path-complete Lyapunov function
a for SwS in Example 1.5, consisting in a timed au-
Va(x) = 60x? tomaton (same as in Figure 1.12) together with
quadratic functions associated to each state of the

{13, automaton.

The existence of a path-complete Lyapunov function ensures stability of the

system.

Proposition 1.54 (Stability from path-complete Lyapunov function). Con-

sider a switched system SwS and assume that there is a path-complete Lyapunov



52 CHAPTER 1. PRELIMINARIES

function for SwS. Then, SwS is stable with respect to the cost € : R" x ¥ — R
defined by €(z,0) = ||z]|.

Proof. See, e.g., Ahmadi et al. (2014, Theorem 2.4) for the case of discrete-time

switched linear systems. The general case is similar. O

The framework of multiple Lyapunov functions can also be used to study

the stability of switched systems with average dwell time.

Proposition 1.55. Consider an autonomous switched system SwS ~ (R™, { fi }iex).
Let Aut = (Q,%,0) be a timed automaton accepting any right-continuous,
piecewise constant function from Tso to X, and {Vy}leeq be a set of func-
tions from R™ to R>q that are K-equivalent to ||-|| : R® — R. Assume that
there is X\ > 0 such that for all 0 € ©, Vi) (x(t,7; Aig))) < e_/\tVs(g)(x)
for all x € R™ and t € T>g, and there is p > 0 such that for all § € O,
Vioy(®) < uVyey(w) for all x € R"™. Also, assume that SwS has average
dwell time 1, with 7, > log(u)/A. Then, SWS is stable with respect to the
cost €: R" x ¥ — R defined by €(z,0) = ||z|.

Proof. See, e.g., Liberzon (2003, Theorem 3.2) for the case of continuous-time

systems. The case of discrete-time systems is similar. O

In particular, it follows that any switched linear system with stable indi-
vidual modes is stable if it has a large enough average dwell time (see, e.g.,
Liberzon, 2003, Subsection 3.2.2).

1.4 Abstractions of dynamical systems

The approach of abstraction consists in representing a dynamical or hybrid
system by a finite system, called a symbolic model. The analysis and control
of the original system can then be achieved from the study of the symbolic
model, provided that the latter provides a sufficiently accurate representation
of the original system (a property formalized thanks to the notion of simula-
tion relation). The algorithmic theory of abstraction generally comprises two
aspects: the construction of the symbolic model, and the analysis of the sym-
bolic model, typically using techniques from graph and automata theory (the
frontier between the two aspects can sometimes be fuzzy, for instance in the
case of adaptive algorithms).

In this section, we explain how to compute accurate abstractions of smooth
dynamical systems and how to use the resulting symbolic model to deduce
several properties of the original system, namely regarding the location of its

invariant sets. These techniques will be used in Section 2.3 for the analysis of
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p-dominance and hyperbolicity of nonlinear smooth dynamical systems. Let us
mention that a common limitation of the techniques of abstraction are their
poor scalability with respect to the dimension of the system (called the curse
of dimensionality); and although no complexity analysis is provided, the tech-
niques presented in this section are no exception to it.

The section is organized as follows. In Subsection 1.4.1, we define the
concepts of symbolic model and simulation relation. In Subsection 1.4.2, we
describe an algorithm to construct accurate symbolic models based on uniform
grid discretization of the state space and the sensitivity matrix of the system.
Finally, in Subsection 1.4.3, we explain how to locate the invariant sets of
dynamical systems based on their symbolic models.

References. The techniques of abstraction and formal verification for the
analysis and design of dynamical and hybrid systems have received a lot of
attention from the control community in recent years, with great theoretical
and practical advances; see, e.g., Osipenko (2007), Tabuada (2009), Lee and
Seshia (2017) and Mitra (2021) for introductions. Some of these techniques
are implemented in state-of-the-art software tools, such as Pessoa, CoSyMA
or SCOTS, for the abstraction and symbolic control, and CAPD, Flow™* or
JuliaReach, for the reachability analysis. Our main references for this section
are Osipenko (2007) for the definition of symbolic models and their use to locate
the invariant sets of dynamical systems, and Tabuada (2009) for the definition
of transition systems and simulation relations.

Notation. In this section, all considered hybrid systems are smooth dynam-
ical systems, and thus for the sake of brievety, we will refer to them simply as
dynamical systems. Also, we will consider both continuous-time systems and
discrete-time systems, and we will use the symbol T to denote the time domain
of the system, as it should be clear from the context whether T = R (continuous-
time systems) or T = Z (discrete-time systems). The Minkowski sum of A C R"
and B C R" (or {z} C R") is denoted by A+ B (or A+ ). If A C R"” and
M € R™™ ™, then MA is the image of A by M, ie.,, MA = {Mz : x € A}
Finally, the Hadamard (or component-wise) product of z € R™ and y € R™ is
denoted by z ® y.

1.4.1 Symbolic models and simulation relations

We introduce below the definition of a symbolic model of a dynamical system.

First, we remind the definition of a directed graph.

Definition 1.56 (Directed graph). A directed graph is an ordered pair (Q, E)
where Q is a finite set called the set of nodes, and E C Q x Q is called the set
of edges.
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A symbolic model can be seen as a directed graph, for which each node of
the graph is associated to a region of the state space and the edges of the graph
represent the possible transitions of the system from one region to another.

Definition 1.57 (Symbolic model). Consider a dynamical system Sys = (R", f)
and let T € Tsq be a time step. A symbolic model of Sys with time step T
is an ordered pair ({Oq}qeq,E), where Q is a finite set, O, C R™ for each
q€Q, and EC Q xQ is a set of edges satisfying that for every qi1,q € Q,
{X(T,2) : x € Oy, } N Oy, # 0 implies that (q1,q2) € E.

See Figure 1.14 for an illustration.

Figure 1.14: Symbolic model of a dynamical sys- / 0, 0, \
tem. The image of the region O; is depicted in L

red. Since the image of O; intersects the regions %’A) 04

O2, O3, O4 and Os, the set of edges of the sym- ( o [ o,

bolic model contains at least the edges (1,2), (1,3),

(1,4) and (1,5). \

The notion of symbolic model closely connects with the one of simulation

relation between two transition systems.

Definition 1.58 (Transition system). A transition system is an ordered pair
(X, G) where X is a set, called the state space, and G : X = X is a set-valued

map, called the transition map.

Definition 1.59 (Simulation relation). Consider two transition systems Trans =
(X,G) and Trans' = (X’,G’). A simulation relation from Trans to Trans’

(meaning that Trans' simulates Trans) is a set-valued map R : X = X' such

that dom R = X12 and for every 1 € X, xo € G(x1) and o} € R(zy), there is

xh € R(x2) such that xf € G'(x}).

The connection between transition systems, simulation relations and sym-
bolic models is as follows. Given a dynamical system Sys = (R", f), a set
A C R™ forward invariant for Sys and a time step T € T, we define the
associated transition system by Trans = (A,G) where G : A = A is de-
fined by G(z) = {x(T,z)}. Similarly, a directed graph (Q, E) can be seen
as the transition system Trans’ = (Q,G’) where G’ : Q = Q is defined by
G'(q1) ={a2 € Q: (q1,92) € E}.

Proposition 1.60. Let Sys, A, T and Trans be as above. Let ({O4}qecq, E)
be a symbolic model for Sys with time step T and assume that A C quQ Oq.

12As a reminder, this means that R(x) # 0 for all z € X.
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Let Trans' be as above. Then, the set-valued map R : A = Q, defined by
R(z)={q € Q:x € 0,}, is a simulation relation from Trans to Trans'.

Proof. Straightforward from the definitions of symbolic models and simulation

relations. O

1.4.2 Construction of symbolic models

The construction of symbolic models for a given dynamical system can be
approached in a two-step fashion, namely by (i) defining the regions Oy of the
state space for each ¢ € @, and (ii) computing the set of edges E capturing the
transitions of the system between the different regions.

For the step (i), a popular approach (mainly due to the simplicity of its
implementation) consists in defining the regions O, as rectangular cells aligned
according to a uniform grid. This is the approach that we follow in this work.

To describe this approach, we first introduce the notion of hyper-rectangle.

Definition 1.61 (Hyper-rectangle). Let x1,22 € R™. The hyper-rectangle
spanned by x1 and xo, denoted as [x1,x2], is defined by [x1, 2] = {z € R™ :
r— T € (Rzo)n, X9 — T € (Rzo)n}.

Definition 1.62 (Uniform grid discretization). Given a bounded subset 2 C R™
and a discretization step h € (Rs)™, we define the uniform grid discretization
of Q with step h, denoted by Grid(2, h), as the set of all subsets O C R™ of the
form O =h® z+ [—3h, h] where z € Z" and ONQ # 0.

Since 2 is bounded, it holds that Grid(€2, h) in Definition 1.62 is finite and
thus we can index its elements as Grid(Q2, h) = {O4}qeq@ where @ = {1,..., N}.

The step (ii) in the process of constructing the symbolic model then amounts
to compute a set of edges that captures the transitions of the system between
the regions {Og}qeq. This can be done for instance by computing, for each
g € @, an over-approximation Y, of the set {x(T,z) : « € O,}, where T' € T
is the time step and yx is the generator of the system, and letting F be the set of
ordered pairs (g1, g2) € @ X @ such that Y, NO,, # 0. Various approaches have
been proposed in the literature to compute the over-approximations {Y;},c0;
see, e.g., Reiflig (2011) (polyhedral over-approximations), Chen et al. (2013)
(Taylor model flowpipes), Reifig et al. (2017) (hyper-rectangle over-approximations
using a growth bound function), and Gruenbacher et al. (2020) (ellipsoidal over-
approximations using interval matrices).

In this thesis, we use a technique based on the sensitivity matriz % to

compute the over-approximations {YII}qEQ.B The underlying idea is to use

13See also Proposition 1.30 in Subsection 1.2.3 for the properties of the sensitivity matrix.



56 CHAPTER 1. PRELIMINARIES

the sensitivity matrix to compute, for each ¢ € @, a first-order approximation
of the set {x(T,z) : x € Oy} and then inflate the first-order approximation
to get an over-approximation. This technique connects for instance with the
one in Gruenbacher et al. (2020); the difference is that we rely on continuity
assumptions on the sensitivity matrix, instead of interval matrices, to inflate
the first-order approximation.

Our technique for the computation of the over-approximations works as
follows. Let {O4}qeq be the regions obtained from a uniform discretization
grid Grid(£2, k). For the simplicity of notation, we assume that h is isotropic,
meaning that h = [r,...,r]" for some 7 > 0, so that the regions {O4}4cq are
hyper-cubic. This assumption can be made without loss of generality by using
a rescaling of the axis if necessary.

Let T € T<( be the time step and y be the generator of the system. It
is assumed that %(T, +) is uniformly Lipschitz continuous with respect to the

matrix and vector oo-norms.'*

Assumption 1.63. There is L > 0 such that for every x1,zo € R™, ||%(T, x1)—
%(ﬂ 29)|loo < L||z1 — 22|00, where ||| stands for the matriz and vector oo-

norms.

An over-approximation of the reachable set from any hyper-cubic region

can then be obtained as follows.

Proposition 1.64 (Over-approximation of reachable sets from hyper-cubes).
Consider a dynamical system Sys = (R™, f) and a time step T € Tsq. Let
Assumption 1.63 hold with Lipschitz constant L > 0. Then, for any xo € R™
and ro > 0, it holds that

x

L
pe (T, xo)|—ro, r0]" + 5[—7‘8, ra]™.

{x(T,z) :x € xog+ [—70,70]"} C x(T, o) +

Proof. See Appendix A.1.4. O

See Figure 1.15 for an illustration.
It follows from Proposition 1.64 the following sufficient condition to en-
sure that the reachable set from a given hyper-cubic region does not intersect

another given hyper-cubic region.

The motivation to use the sensitivity matrix to compute the over-approximations is that this
matrix will also be used in other analysis techniques based on the computed symbolic model,
namely, for the study of p-dominance and hyperbolicity of nonlinear dynamical systems (see
Section 2.3).

4For the purpose of computing symbolic models, it is sufficient to assume that g—;((T, )
is uniformly Lipschitz on U Grid(£2, h), but here, for the simplicity of notation, we assume

that it is uniformly Lipschitz on R™.
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x(T))

Figure 1.15: Over-approximation of the image of the region O; using the technique
of Proposition 1.64. The image of O; is depicted in light red (see also Figure 1.14).
The quadrilateral contour in bold red is the first-order approximation of the image
of Oy, obtained by computing the linear image of the rectangle O; by the sensitivity
matrix of the system at the center of O;. The surrounding polygonal contour in thin
red is the inflation of the first-order approximation using the Lipschitz constant of

the system, providing an over-approximation of the image of O;.

Corollary 1.65. Consider a dynamical system Sys = (R™, f) and a time step
T € Tsg. Let Assumption 1.63 hold with Lipschitz constant L > 0. Then, for
any xo,x1 € R™ and ro,r1 > 0, it holds that {x(T,x) : x € xg + [—ro,70|"} N
(@14 [=r1,m]") =0 if

0 L L
x1 — x(T, o) ¢ —X(T, zo)[—ro,ro]™ + | =11 — =rd, 1+ =rE| . (1.3)
ox 2 2
Proof. See Appendix A.1.5. O

The membership problem (1.3) can be decided by computing a represen-
tation of the right-hand side of (1.3) as a system of linear inequalities (called
a half-space representation or H-representation; see, e.g., Legat, 2020, Subsec-
tion 1.3.1), and verifying that the left-hand side of (1.3) satisfies these linear
inequalities. For low-dimensional systems, computing a half-space representa-
tion of the right-hand side can be achieved in reasonable time. However, in
higher dimensions, it can be advantageous to compute the half-space represen-
tation of an over-approximation of right-hand side to reduce the computation
time; the price to pay being to increase the conservatism of the criterion for
xX(T,z): x € xo+[—ro,70]"} N (x1+[—71,71]™) = 0. This is the approach that
we used in our implementation of methods to compute abstractions of nonlin-
ear dynamical systems'®; the details are omitted here since the computation of
symbolic models is not the main objective of this thesis.

15See https://github.com/guberger/Dominance.jl/blob/main/src/symbolic_model_
from_system. jl.
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1.4.3 System analysis from symbolic models

Symbolic models can be used to address a wide range of problems in systems
and control theory. They can be used for instance for the stability or safety
analysis of dynamical systems, and for the controller design of dynamical sys-
tems with input (see, e.g., Tabuada, 2009). In this thesis, we will use symbolic
models for the study of p-dominance and hyperbolicity of nonlinear dynamical
systems (see Section 2.3). This will require among others to locate the maximal
invariant set of such systems, which can be done as explained below.

To do this, we first introduce the notion of essential graphs, which are
directed graphs in which each node has an incoming edge and an outgoing
edge.

Definition 1.66 (Essential graph). A directed graph (Q, E) is said to be es-
sential if for every q € Q, there is q* € Q such that (q,q%) € E and there is
q~ € Q such that (g ,q) € E.

It is easily seen that the union of two essential graphs is essential. Hence,
given a directed graph Gp, we define the mazimal essential subgraph of Gp as
the union of all essential subgraphs of Gp.

This leads to the following characterization of the maximal invariant sets
of dynamical systems based on their symbolic models; see also Figure 1.16 for
an illustration.

Proposition 1.67 (Symbolic models and maximal invariant sets). Consider
an invertible dynamical system Sys = (R™, f), a subset Q@ C R™ and time step
T € Tso. Let ({Ogtqeq, E) be a symbolic model of Sys with time step T and
with = quQ Oq4. Let A be the mazimal invariant set of Sys included in
{x(t,x): t€[0,T)NT, z € Q}. Let (Q', E") be the mazimal essential subgraph

of (Q, E). Then, it holds that A C {x(t,x):t € [0,T)NT, z € Oy ¢ € Q'}.

Proof. See, e.g., Osipenko (2007, Theorem 44) for the case of discrete-time
systems and with time step T = 1. The case of continuous-time systems and
T # 1 is similar. O

Moreover, under mild assumptions on the construction of the symbolic mod-
els (which are satisfied for instance by the construction given in Subsection
1.4.2), the set {x(¢t,x): t € [0,T)NT, z € Oy, ¢ € Q'} in Proposition 1.67 con-
verges to A when the diameter of the regions {Og4}qcq of the symbolic model
tends to zero (see, e.g., Osipenko, 2007, Theorems 42 and 44).
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System Symbolic model

Figure 1.16: Left: Dynamical system whose trajectories converge from outside to-
wards the inside of a ring and have a clockwise circular motion. The system has
a maximal invariant set represented by the red line. Right: Symbolic model of the
dynamical system using curved rectangular regions. The external (inner and outer)
regions have edges (in green) only towards the regions in the middle strip (in light
red). The middle strip is thus the maximal essential subgraph of the symbolic model,

and it contains the maximal invariant set of the system.

1.5 Networked systems

Networked systems are systems, in which the different agents (plants, sensors,
actuators, controllers, etc.) are spatially distributed and communicate through
a shared, band-limited, digital communication network. The design and con-
trol of networked systems entails dealing with the non-idealities of the com-
munication channel, such as noise, limited bandwidth, random delays, packet
dropouts, etc. This can pose many challenges for the control theorist and mo-
tivated the development of a new paradigm in systems theory, where control
and communication issues are integrated.

In this thesis, we will focus on the challenges posed by the quantization and
the limited information flow imposed by the digital communication network.
Indeed, due to the digital nature of the network, all data must be quantized
before transmission, resulting in quantization error that can have large nega-
tive effects on the observability or controllability of the system. Furthermore,
in applications, the capacity of the network is often limited by cost, power,
physical and/or security constraints. Consequently, a major challenge in the
design of such systems is to determine the minimal communication data rate
that is needed to achieve a given control objective.

The quantization process is achieved by means of “devices” called coders—
decoders, which are modeled as hybrid systems. The data rate of a coder—
decoder is defined as the averaged number of bits transmitted per unit of time

from the coder to the decoder. Furthermore, the question of data rate require-
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ment for networked systems also connects with the notion of topological entropy
of dynamical systems. This quantity, introduced in the late 60’s and now ubig-
uitous in dynamical systems theory, measures the growth rate of the smallest
number of functions necessary to approximate the trajectories of the system
with arbitrary finite accuracy on bounded time intervals (the growth rate is
with respect to the length of the time interval). We introduce this notion in
the context of hybrid systems and we explain its connection with the minimal
data rate for state estimation of these systems.

The section is organized as follows. In Subsection 1.5.1, we introduce the
concepts of coder—decoder and minimal data rate for state estimation and sta-
bilization of hybrid systems. In Subsection 1.5.2, we introduce the notion of
topological entropy for hybrid systems, and we explain its connection with the
minimal data rate for state estimation of hybrid systems.

References. The study of networked systems and control problems under
quantization and data-rate constraints has attracted a lot of attention in re-
cent years; see, e.g., Hespanha et al. (2007), Nair et al. (2007), Matveev and
Savkin (2009) and Kawan (2013) for introductions. Our main reference for
this section is Matveev and Savkin (2009). Let us also mention that several
variants of the concept of topological entropy have been proposed in the liter-
ature to address further aspects of networked systems; see, e.g., Liberzon and
Mitra (2018) (exponentially decreasing estimation error), Colonius et al. (2013)
(feedback invariance and feedback stabilization), Colonius (2012) (exponential
stabilization); Hagihara and Nair (2013) (systems with output), etc.; but will
not be discussed in this thesis.

Notation. The restriction of a function f : A — B to a set A’ C A is
denoted by f|as. For the sake of simplicity of notation, we will assume that
all maximal trajectories (referred to as trajectories) of the considered hybrid

systems are complete.

1.5.1 Coder, decoder and minimal data rate

We introduce below the concept of coder—decoder for the state estimation and
stabilization of hybrid systems. The coder is a device that, given the past
observation of the system, sends a symbol to the decoder. Based on the past
received symbols, the decoder outputs an estimation of the current state of the
system, or generates an input to stabilize the system. Some information about
the state of the system are also considered as universal knowledge (meaning
that it is known by the decoder without this information being sent by the
coder). This information is delivered by a universal output map, which is a

set-valued function $ : X = Y where Y is the universal output set (if there is
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no universal information, then the universal output set is a singleton).!6

In this thesis, we focus on coders—decoders that communicate at periodic
time instants. To describe them, we introduce the concept of hybrid systems
that have a periodic “sample and hold” output with respect to some output

function.

Definition 1.68 (Sample-and-hold output). Consider a hybrid system HySys =
(X,X0,U,F,G), a function T : X — Y and a period T € Rsg. We say
that HySys has T-sample-and-hold output with respect to Y if every trajec-
tory ¢ : R — X of HySys satisfies that for all k € N and t € [kT,(k + 1)T),
T(6(1)) = T(S(kT)).

In other words, HySys has T-sample-and-hold output with respect to T if
any trajectory of HySys is mapped by T to a function that is piecewise constant
and changes only at periodic time instants (namely at multiples of T').

Using the above, we define the concept of coder—decoder. The coder and

the decoder are in fact themselves represented as hybrid systems.

Definition 1.69 (Coder—decoder). Consider a hybrid system HySys = (X, Xo,U, F, G)
and a universal output map $H: X =Y. A coder—decoder for HySys with uni-

versal output map $ (or just “for HySys” if § is clear from the context) is a
quintuple (Ti, HySys., T, HySysy, K) where

o T, € Ryq is the transmission period;
o HySys, = (X¢, Xc0, X, Fe, G¢) is a hybrid system, called the coder;

e T : X. — Y; is a function, called the transmission map, mapping the
state of the coder to a symbol from the symbol set Y;, and HySys, has
Ti-sample-and-hold output with respect to Y;

o HySysy = (X4, Xao, Yz XY, Fa,Gq) is a hybrid system, called the decoder;

o K: X4 = X xU is a set-valued function, called the observer—actuator
map, mapping the state of the decoder to a subset of the state space and

input space of HySys.

If Ty is clear from the context, we describe the coder—decoder simply with
(HySys., T, HySysq, K).

The above definition deserves the following explanations. The coder HySys,_
takes as input the current state of HySys (we say that it observes or measures the

16The letter “§” is a calligraphic “H”, since “H” is generally used to denote the output
map of a system.
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state of HySys), and based on this observation, it updates its own current state.
The transmission map T (which can be seen as being part of the coder) outputs
a symbol depending on the current state of HySys.. It is assumed that the value
of the symbol changes only at periodic time instants (this generally requires
that some variable of HySys. behaves as a sample-and-hold). The decoder
HySys, takes as inputs the symbol sent by the coder via the transmission map
and the observation of the current state of HySys via the universal output
map §). Based on these inputs, it updates its own current state. Finally, the
observer—actuator map K (which can be seen as being part of the decoder)
outputs a pair (£, u), where & is meant to be an estimation of the current state
of HySys (in the case of a “state estimation” problem) and u is meant to be a
control input for HySys (in the case of a “stabilization” problem).

We use coders—decoders for the observation and control of hybrid-systems
over digital communication channels. This raises the following two questions:
How can we use a coder—decoder to observe or control a hybrid system? And
which requirements on the communication channel do we need for the coder—
decoder to work properly? The first question leads to the notion of feedback
composition of a hybrid system with a coder—decoder, introduced below and
which extends the notion of feedback composition of a hybrid system and a
controller (see Definition 1.18 in Subsection 1.1.3); see also Figure 1.17 for an
illustration. The second question leads to the notion of communication data

rate of a coder—decoder, introduced afterwards.

Definition 1.70 (Feedback composition with a coder—decoder). Consider a
hybrid system HySys = (X, Xo, U, F, G) and a coder—decoder CoDec = (HySys_, T,
HySysg4, K), HySys. = (X, Xco, X, Fe, G.), HySysy = (X4, Xao, Y1 XY, Fy,Gq),
for HySys with universal output map $ : X =Y. The feedback composition of
HySys and CoDec (via $)), denoted by HySys||sCoDec (or HySys||CoDec if $ is
clear from the context), is the autonomous hybrid system (Xt, X1, {0}, Ft, Gy)
where Xy = X x X. X Xq, Xro = Xo X Xeo X Xqo, and for O € {F,G},
O (2, e, 24,0) = Uz uyer (za) D@ 1) X Oc(Ze, ) X Uyeg(e) Dal@a, T(ze), )
for all (x,xc,2q) € X x X X Xq.

Thus, in the context of a feedback composition, the pair (HySys.,T) can
be seen as a sequence of functions (¥¢)ken that outputs at each time ¢ = kT,
with k& € N, a symbol e(k) € Y; based on the past observation of the system:

e(k) € \Iji((rﬂ(—oo,kﬂ])a (14)

where ¥§ : X (=o0kTi] =Y, s the coder function at step k € Nand ¢ : R — X
is the trajectory of HySys. Similarly, the pair (HySysy, K) can be seen as a
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Figure 1.17: Feedback composition of a hybrid system HySys = (X, Xo,U, F,G)
and a coder—decoder CoDec = (HySys_, T, HySys,, K), HySys, = (Xc, Xco, X, F¢, Gc),
HySysy = (X4, Xao0, Yt XY, Fq, G4), for HySys with universal output map : X = Y.

sequence of functions (U{)ien that, given the past received symbols and the
past observation of the universal output of the system, generates an estimate

~

o(t) € X of the state of HySys and an input u(t) € U for HySys:

(6(t), u(t)) € Ul(e(0),...,e(k), N (=o0])5 for all t € kT, (k + 1)T}),
(1.5)
where ¢ : (Y;)*+1 x Usepr, ety Y, (7t = X % U is the decoder function
at step k € N and n: R — Y is an observation of ¢ via 9, i.e., n(t) € H(¢(t))
for all t € R.

Remark 1.10. The description of the coder—decoder via a coder and a decoder
function, as in (1.4)—(1.5), is useful for its conciseness. However, this descrip-
tion is weaker than the one in Definition 1.69 since it does not require that U,
and ¥4 can be implemented as hybrid systems. Therefore, when we describe a
coder—decoder via coder and decoder functions, it is important to keep in mind
that these functions must be implementable as hybrid systems.

The feedback composition of a hybrid system with a coder—decoder can be

used to estimate the state of the system or to stabilize it.

Definition 1.71 (State estimation from a coder—decoder). Consider an au-
tonomous hybrid system HySys = (X, Xo, U, F, G) and a cost function € : X x

X — Rx>¢. Let CoDec = (HySys,, T, HySysy, K), HySys, = (X, Xco, X, Fo, Go),
HySysy = (X4, Xao0, Y1 XY, F4,Gq), be a coder—decoder for HySys with universal
output map H : X =Y. Let e > 0. We say that CoDec observes HySys with ac-
curacy € (or e-observes HySys ) with respect to € (via $)) if the feedback composi-

tion HySys||5CoDec satisfies that for allt € R>o, Sup(; aye i (pu (1)) C(A(t), ) <

€, where ¢ = (¢, e, Pa) : R0 = X x X x Xq is any trajectory of HySys|| s CoDec
and u is the unique element in U.

Definition 1.72 (Stabilization by a coder—decoder). Consider a hybrid sys-
tem HySys = (X, Xo,U, F,G) and a cost function € : X — R>q. Let CoDec =
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(HySys., T, HySysy, K), HySys, = (Xc, Xco, X, Fe, Ge), HySysq = (Xa, Xao, Ys X
Y, Fa,Ga), be a coder—decoder for HySys with universal output map $ : X =Y.
We say that CoDec stabilizes HySys with respect to € (via §) if the feed-

back composition HySys||sCoDec is stable with respect to the cost function
e X x Xe x Xq = Ry defined by C(x, zc, xq) = €(z).

Finally, we define the data rate of a coder—decoder, which accounts for the
number of bits per unit of time that is needed to describe to output of the

transmission map.

Definition 1.73 (Data rate of a coder—decoder). Let CoDec be a coder—decoder
with period Ty and symbol set Yy. The data rate of CoDec, denoted by R(CoDec),

is defined as
_ [logy V3]
T
where [-] is the ceil function and |Y;| is the cardinality of Y;.

R(CoDec)

The data rate of a coder—decoder accounts for the channel capacity required
for the communication between the coder and the decoder. Different coders—
decoders, with different data rates, can be used for the state estimation or
stabilization of a same hybrid system. Thus, given a hybrid system, one may
wonder what is the minimal channel capacity required for state estimation or
stabilization. This leads to the notions of minimal data rate for state estimation

and stabilization of a hybrid system.

Definition 1.74 (Minimal data rate for state estimation). Consider an au-
tonomous hybrid system HySys = (X, X0, U, F, G), a cost function € : X x X —
R>g and a universal output map ) : X =Y. The minimal®? data rate for state
estimation of HySys with respect to € (and via $)), denoted by Rest (HySys, €, 9),
1s defined as

Rest (HySys, €, $) = sup inf R(CoDec),
e>0 CoDec

where the infimum is over all coders—decoders CoDec that e-observe HySys with
respect to € (via ).

Definition 1.75 (Minimal data rate for stabilization). Consider a hybrid sys-

tem HySys = (X, Xo,U, F,G), a cost function € : X — R>¢ and a universal

output map $ : X = Y. The minimal'® data rate for stabilization of HySys

with respect to € (and via $), denoted by Rstan (HySys, €, $), is defined as
Rstab (HySys, €, ) = inf R(CoDec),

CoDec

17 A more accurate name would be “infimal data rate”, but the terminology “minimal data,
rate” has become standard in the literature.

189ame comment as in Definition 1.74.
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where the infimum is over all coders—decoders CoDec that stabilize HySys with
respect to € (via $).

Note that the data rate of the coder—decoder only gives a lower bound on the
channel capacity. Other aspects must also be taken into account in the imple-
mentation of the communication protocol. For instance: How are the symbols
encoded and how are they sent? How do we account for possible delays and
dropouts during the transmission? In this thesis, we mainly focus on the ques-
tion of the minimal amount of information that one needs to observe or control
hybrid systems, so that the notion of date rate plays an instrumental role in
our analysis (see Chapter 3 on the quantized control of hybrid systems). How-
ever, we are also interested in the practical implementation of coders—decoders
achieving optimal data rate bounds, and thus the description of such optimal
coders—decoders will involve the description of the communication protocol and

the assumptions on the communication channel.

1.5.2 Topological entropy

The notion of topological entropy, introduced by Adler et al. (1965), Dinaburg
(1970) and Bowen (1971), accounts for the growth rate of the smallest number
of functions necessary to approximate the trajectories of the system with arbi-
trary finite accuracy on bounded time intervals (with respect to the length of
the interval). It can also be seen as the growth rate of the number of trajec-
tories that are distinguishable with arbitrary finite accuracy on bounded time
intervals. To formalize this, we first introduce the notions of spanning set and

separated set. See also Figure 1.18 for an illustration.

Definition 1.76 (Spanning set). Consider an autonomous hybrid system HySys =
(X, X0,U, F,G) and a cost function € : X x X — Rxq. Lete >0 and T € R>.
A set £ of functions from [0,T) to X (i.e., £ C XI%T)) is said to be an (e, T)-
spanning set for HySys with respect to € if for every trajectory ¢ of HySys,
there is ¢ € £ such that for all t € [0,T), €((t),d(t)) < e. The smallest
cardinality of an (e, T)-spanning set for HySys with respect to € is denoted by
Sspan (€, T; HySys, €) (or sspan(€, T) if HySys and € are clear from the context).

Definition 1.77 (Separated set). Consider an autonomous hybrid system HySys =
(X, X0,U, F,G) and a cost function € : X x X — Rxq. Lete >0 and T € R>o.
A set F of functions from [0,T) to X (i.e., F C XI9T)) is said to be an
(e, T')-separated set for HySys with respect to € if each function in F is a (non-
complete) trajectory of HySys and for any distinct ¢1, ¢2 € F, there ist € [0,T)
such that €(¢1(t), p2(t)) > €. The largest cardinality of an (e, T)-separated set
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for HySys with respect to € is denoted by seep(€,T; HySys, €) (or seep(e, T) if
HySys and € are clear from the context).

In other words, two trajectories ¢1 and ¢» are (e, T')-separated if sup,c (o 1) [|¢1(t)—

¢2(t)” > €.

Figure 1.18: (¢,4)-spanning set £ (in
blue) for a hybrid system HySys. Each
trajectory ¢ (e.g., in red) of HySys is
in the e-tube around some function qAS
of & for all time ¢t € [0,4).

1\
AT = L
t=0 7L’g;(1) Zo

Now, we introduce the concept of topological entropy.

Definition 1.78 (Topological entropy). Consider an autonomous hybrid sys-
tem HySys = (X, Xo,U, F,G) and a cost function € : X x X — Rx>g. The
topological entropy of HySys with respect to €, denoted by hyop(HySys, €) (or
hiop(HySys) if € is clear from the context), is defined as

1
hiop(HySys, €) = sup limsup — log, Sspan(€, T'; HySys, €).
e>0 T—oo T

Ezample 1.6. Consider the continuous-time dynamical system Sys = (R, f),
with f(2) = 2 and with initial set Xy = [0, 1], and consider the cost function
¢(z) = |z|. For any € > 0 and T' € R, one can show (see, e.g., Example 3.1

in Subsection 3.2.1 for a similar problem) that
(e tel —1)/2 < sgpan(e, T) < e el + 1.

Hence, for € > 0 fixed, it holds that limsupy_, ., = logs Sspan(€, T) = logy(e).
Since the latter is independent from e, we find that hiop(Sys) = logy(e). The
property that the limit superior does not depend on € is typical for linear
systems; for nonlinear systems, the limit superior may be increasing when
€ — 0 but in general it is nevertheless bounded so that the topological entropy
is still finite.

The following properties of the topological entropy are elementary but useful
in the analysis of the topological entropy and its link with the minimal data

rate for state observation.
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Proposition 1.79 (Topological entropy and separated sets). Consider an
autonomous hybrid system HySys = (X, Xo,U, F,G) and a cost function € :
X X X = Rxg. It holds that

1

hiop(HySys, €) < sup limsup — log, ssep (€, T'; HySys, €).
e>0 T—oo T

Moreover, if € satisfies the weak triangle inequality'®, then the above inequality

is an equality.

Proof. See, e.g., Matveev and Savkin (2009, Lemma 2.3.8) for a proof of the
first item with the cost (x1,22) — ||z1 — @2||co. The case of a general cost

function is identical. O

The topological entropy is a lower bound on the minimal data rate for
state estimation of hybrid systems. Furthermore, if the initial set is forward
invariant, then the topological entropy is also equal to the minimal data rate
for state estimation. The reason for this is that given an accuracy ¢ > 0 and
a time horizon T' € Ty, one can use a “catalogue” of sepan(€;T") functions
that approximate the state of the system with accuracy e on the time interval
[0,T) and thus send about logy Sspan(€; 1) bits of information to estimate the
state of the system with accuracy e until time 7. Now, since the initial set is
forward invariant, the process can be repeated for all subsequent time epochs of
duration 7. In the end, one will thus need to send about log, Sspan(€; ") bits of
information every T units of time, thereby ending up with a data rate of about
%1og2 Sspan(€;T); when T' — oo, the data rate converges to the topological
entropy.

Proposition 1.80 (Topological entropy and minimal data rate for state esti-
mation). Consider an autonomous hybrid system HySys = (X, Xy, U, F, G) and
a cost function € : X x X — Rxq. Assume that $) is the empty map $ : X = 0.
It holds that Res;(HySys, €, 9) > hiop(HySys, €). Moreover, if Xo = X, then
Rest (HySys, €, 9) = hiop(HySys, €).

Proof. See, e.g., Matveev and Pogromsky (2016, Theorem 8) for a proof with
the cost (z1,22) — ||z1 — 22||. The case of a general cost function is along the

same lines, and left to the reader. O

19This means that there is a class-K function « such that for any z1, 2, z3 € X, €(z1,z3) <
o(C(z1,x2) + €(z2,23)).






Chapter 2

Dominance analysis of

hybrid systems

In the first chapter, we introduced the definitions and concepts related to the
analysis and control of hybrid systems. In this chapter, we present the first
part of our contributions, which deals with the study of the concept of domi-
nance for switched linear systems and smooth dynamical systems. We will see
that this concept connects with several other concepts in systems and control
theory, such as positivity, hyperbolicity (introduced in Subsection 1.2.3) and
topological entropy (introduced in Subsection 1.5.2 and thoroughly studied for

switched linear systems in the next chapter).

2.1 Introduction and literature review

The system property of having a separation of their (linearized) dynamics into
a dominant component and a dominated component has proved instrumental in
various areas of systems and control theory. To illustrate this and to introduce
the topic, let us start with an overview of system classes satisfying this property
and their applications; this will also be the opportunity to review the relevant
literature.

Positive systems are linear systems that leave a solid convex pointed cone
invariant; that is, linear systems for which there is a conic (and convex, with
nonempty interior and containing no bi-infinite line) region of the state space
such that the trajectories of the system starting in that region stay in it for all
positive times. A classical example of such systems are linear systems whose

matrix has only positive entries (in the discrete-time case) or only positive off-

69
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diagonal entries (in the continuous-time case). Indeed, for these systems, it
holds that the trajectories starting in the nonnegative orthant stay in it for
ever; see Figure 2.1 for an illustration. Positive systems appear naturally in a
wide range of applications, such as economics, biology, Markov chains, opinion
dynamics, etc. Therefore, they have been an important topic of research for
some time now; see, e.g., Luenberger (1979), Berman et al. (1989), Kaczorek
(2002) and Farina and Rinaldi (2000) for surveys. It was soon realized that the
property of cone invariance significantly restricts the behavior of the system:
namely, these systems have a single dominant eigenvector (called “Perron—
Frobenius eigenvector”) which is a 1-dimensional attractor for the system (see,
e.g., Vandergraft, 1968). Consequently, positive systems allow for a simplified
analysis and control of their dynamics; see, e.g., Luenberger (1979), Farina and
Rinaldi (2000), Rantzer (2015) and references therein.

Figure 2.1: Positive continuous-time linear system. The a
trajectories starting in the positive orthant (in green) stay
in it for all £ > 0.

@

8

The concept of positive system has been generalized in several directions:
namely, positive time-varying systems, i.e., linear time-varying systems leaving
a solid convex pointed cone invariant (see, e.g., Parlett, 1970, and Pituk and
Potzsche, 2019); monotone systems, i.e., smooth dynamical systems whose pro-
longed dynamics leaves a solid convex pointed cone invariant (see, e.g., Smith,
1995, Angeli and Sontag, 2003, and Hirsch and Smith, 2006); and more re-
cently, path-complete positive switched linear systems (Forni et al., 2017) and
differentially positive systems (Forni and Sepulchre, 2016) which further extend
the property of cone invariance by moving from a single cone to a family of
convex pointed cones. These generalizations enjoy similar properties as posi-
tive systems: in particular, their asymptotic behavior lies in a 1-dimensional
object. This property is also known as weak ergodicity in the case of linear sys-
tems (e.g., positive time-varying systems or path-complete positive switched
linear systems), and translates by the fact that the normalized trajectories of
the system are incrementally stable, meaning that the normalized trajectories
converge to each other, independently of their initial condition; see Figure 2.2
for an illustration. This fundamental property has been used in a large number
of contexts, e.g., for the analysis of Markov chains (see, e.g., Seneta, 1981),

population dynamics (see, e.g., Parlett, 1970, and Golubitsky et al., 1975), or
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communication networks (see, e.g., Shorten et al., 2006).
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Figure 2.2: Weak ergodicity. The normalized trajectories of positive time-varying
linear systems or path-complete positive switched linear systems, starting from dif-
ferent initial conditions, converge to each other as t — oo. This can also be seen as

the incremental stability property of the system in the projective space.

Recently, the concept of p-dominance was introduced by Forni and Sepul-
chre (2019) to generalize the approach of positive or monotone systems to
study dynamical systems whose linearized dynamics can be split into a p-
dimensional dominant component and a complementary (n — p)-dimensional
stable component (with n the dimension of the system). In particular, they
study continuous-time dynamical systems whose linearized dynamics leaves a
quadratic p-cone invariant. In this sense, the property of p-dominance extends
the classical notion of positivity by introducing cones that are compatible with
p-dimensional asymptotic behavior. For instance, it is shown that this prop-
erty implies that the system has an asymptotic behavior that is essentially the
one of a p-dimensional system; this allows to study complex phenomenons like
multi-stability or limit cycles for high-dimensional dynamical systems. The use
of quadratic p-cones allows to encode the invariance property of the cone as the
feasibility of a set of matrix inequalities, leading to efficient methods for the
computation of an invariant quadratic p-cone for p-dominance. Note that this
property has also been used in the context of positivity, to compute invariant
convex pointed quadratic cones; see, e.g., Hildebrand (2007) and Grussler and
Rantzer (2014).

The property of having a separation of the dynamics also appears in the
notions of partial hyperbolicity and exponential dichotomy (see, e.g., Brin and
Pesin, 1974, and Barreira and Valls, 2008), describing dynamical systems whose
linearized dynamics can be split into two components: a p-dimensional domi-
nant component growing exponentially faster than a complementary (n — p)-

dimensional dominated component (with n the dimension of the system). The
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separation of the dynamics is described using the concept of dominated splitting
(introduced by Mafié, 1987, in its celebrated work on the stability conjecture).
Partially hyperbolic systems have received a lot of attention in the literature,
namely for their applications in the study of global properties of dynamical
systems, such as chaos, topological entropy, structural stability, etc. (see, e.g.,
Brin and Pesin, 1974, Hirsch et al., 1977, Barreira and Valls, 2008, and Pesin,
2004; see also Subsection 1.2.3 for the definition and properties of hyperbolic

systems).

In this thesis, we extend the concepts of p-dominance and dominated split-
tings to discrete-time switched linear systems and discrete-time smooth dynam-
ical systems. This allows us to provide mathematical and algorithmic frame-
works to study the property of having a separation of the (linearized) dynamics
for these paradigmatic classes of (hybrid) systems.

Dominance and dominated splittings for discrete-time switched lin-

ear systems

First, we focus on discrete-time switched linear systems. Thriving on ideas
from path-complete Lyapunov theory (see Subsection 1.3.3), we extend the
property of p-dominance by moving from a single quadratic p-cone to a family
of quadratic p-cones whose invariance properties are driven by an automaton
capturing the admissible switches of the system. The goal is to increase the
expressiveness of the property of p-dominance while preserving the feature of
a separation of the dynamics. In particular, we show that this notion of p-
dominance provides a necessary and sufficient condition for the system to have
a dominated p-splitting, that is, for its dynamics to be decomposable into a
p-dimensional dominant dynamics growing exponentially faster than a comple-
mentary (n —p)-dimensional dominated dynamics (with n the dimension of the
system).!

We also provide an algorithmic framework for the verification of the prop-
erty of p-dominance for discrete-time switched linear systems. For that, we
leverage the algorithmic approach used in Forni and Sepulchre (2019) (relying
on matrix inequalities to encode the invariance properties of the quadratic p-
cones) and, with the help of advanced results from linear algebra and automata

1Let us mention that the notions of p-dominance and dominated splitting considered here
are slightly more general than the ones in Forni and Sepulchre (2019), in that we do not
require the dominated dynamics to be stable. The goal is to capture a larger class of systems
(though at the cost of deriving weaker general properties of these p-dominant systems), but
we also discuss and characterize the case where the dominated dynamics is stable (see also
Remark 2.1 in Subsection 2.2.2). For the sake of avoiding unnecessarily heavy terminology,

we keep the term p-dominance to refer to this more general concept of dominance.
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theory, we extend it for the computation of families of quadratic p-cones whose

invariance properties are driven by an automaton.

Dominance and dominated splittings for discrete-time smooth dy-

namical systems

Secondly, we introduce the notion of p-dominance for discrete-time smooth
dynamical systems. As for p-dominant continuous-time smooth dynamical sys-
tems (Forni and Sepulchre, 2019), the approach is differential: the criterion
of p-dominance is formulated on the prolonged system and accounts for the
fact that the associated linear system, which can be seen as a switched lin-
ear system with an infinite set of modes, is p-dominant. Thriving on results
from dominance analysis of switched linear systems, we show that p-dominant
discrete-time smooth dynamical systems admit a dominated p-splitting, mean-
ing that their linearized dynamics can be decomposed into a p-dimensional
dominant dynamics growing exponentially faster than a complementary (n—p)-
dimensional dominated dynamics (with n the dimension of the system); this
allows to study behaviors like partial hyperbolicity or exponential dichotomy
for these systems.

Furthermore, thriving on the algorithmic framework for the verification of
p-dominance for switched linear systems and on the technique of abstraction for
dynamical systems (see Subsection 1.4.1)—allowing to abstract the prolonged
system as a switched linear system with an infinite set of modes—, we provide
an algorithmic framework for the verification of the property of p-dominance

for discrete-time smooth dynamical systems.

Applications: incremental stability, hyperbolicity, quantized control,

etc.

Finally, we present several applications, supported by numerical examples,
of the theory of p-dominance for discrete-time switched linear systems and
discrete-time smooth dynamical systems. Namely, we show that the theory of
p-dominant switched linear systems can be used to analyze the convergence
of the trajectories of such systems to a low-dimensional time-varying attractor
(incremental stability in the projective space; see above), and present appli-
cations in population dynamics. It can also be used to obtain bounds on the
topological entropy of these systems (which will be useful in the next chap-
ter, on the quantized control of switched linear systems). As for discrete-time
smooth dynamical systems, we show that the theory of p-dominance can be

used for the formal verification of the property of hyperbolicity (introduced
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in Subsection 1.2.3) and to obtain bounds on the topological entropy of these

systems (used in quantized control as well).

The results presented in this chapter have been reported in

e Guillaume O Berger, Fulvio Forni, and Raphaél M Jungers. Path-complete
p-dominant switching linear systems. In 2018 IEEFE 57th IEEE Confer-
ence on Decision and Control (CDC), pages 6446-6451. IEEE, 2018. doi:
10.1109/CDC.2018.8619703.

e Guillaume O Berger and Raphaél M Jungers. A converse Lyapunov
theorem for p-dominant switched linear systems. In 2019 18th FEuro-
pean Control Conference (ECC), pages 1263-1268. IEEE, 2019. doi:
10.23919/ECC.2019.8795923.

e Guillaume O Berger and Raphaél M Jungers. Formal methods for com-
puting hyperbolic invariant sets for nonlinear systems. IEEE Control
Systems Letters, 4(1):235-240, 2020c. doi: 10.1109/LCSYS.2019.2923923.

e Guillaume O Berger and Raphaél M Jungers. p-dominant switched linear
systems. Automatica, 132:109801, 2021b. doi: 10.1016/j.automatica.2021.
109801.

The algorithms presented in this chapter are implemented in the Julia pack-
age: https://github.com/guberger/Dominance. j1l. This package was used
among others to produce the figures and to analyze the numerical examples

presented in this chapter.

2.2 Dominance analysis of switched linear sys-

tems

In this section, we introduce the concept of p-dominance for discrete-time
switched linear systems. As explained in Section 2.1, we combine ideas from
p-dominance of continuous-time smooth dynamical systems and from path-
complete Lyapunov theory to formulate a criterion of p-dominance based on a
family of quadratic p-cones whose contraction properties are driven by an au-
tomaton accepting every switching signal of the system. We show that discrete-
time switched linear systems are p-dominant if and only if they admit a domi-
nated p-splitting, that is, if and only if their dynamics can be decomposed into
a p-dimensional dominant component and an (n — p)-dimensional dominated
component (with n the dimension of the system) for every switching signal. We

also provide an algorithmic framework for the verification of the property of
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p-dominance of these systems. Finally, we discuss some applications of the the-
ory of p-dominant discrete-time switched linear systems, namely for the study
of population dynamics and for the estimation of the topological entropy of
these systems.

The section is organized as follows. In Subsection 2.2.2, we introduce the
main concepts related to p-dominance of discrete-time switched linear systems
and the characterization of their asymptotic behavior. In Subsection 2.2.3,
we describe the algorithmic framework for the verification of p-dominance of
discrete-time switched linear systems. Finally, numerical examples and exam-
ples of application are presented in Subsection 2.2.4.

Notation. In this section, all considered switched linear systems are discrete-
time switched linear systems, and thus for the sake of brievety, we will refer to
them simply as switched linear systems. For A C R"™, int A denotes the interior
of A. f A C R™ and M € R" "™ then M A is the image of A by M, i.e.,
MA = {Mz : z € A}. The set of symmetric matrices in R"*" is denoted by
Stxm. For P,Q € S™*™, we write P >~ @ (resp. P = Q) if P — @ is positive
definite (semidefinite).

2.2.1 Warm-up: p-dominant LTI systems

We start our analysis with the classical case? of linear time-invariant (LTI)
systems. Therefore, let us consider a LTI system® Sys = (R", A), where A €
R™*™. For a reminder, the trajectories £ : N — R"™ of Sys satisfy £(¢t+1) = A£(¢)
for all t € N. In this section and in the rest of this chapter, p is a fixed integer
between 0 and n, called the degree of dominance.

First, let us remind the definition of inertia of a symmetric matrix.

Definition 2.1 (Inertia of a symmetric matrix). Let P € S™*" and k €
{0,...,n}. The matriz P is said to have inertia (k,0,n—k) if it has k negative
eigenvalues and n — k positive eigenvalues. The set of matrices of S™*™ with
inertia (k,0,n — k) is denoted by S;™".

This allows us to define the notion of p-dominant LTI system.

Definition 2.2 (p-dominant LTT system). A LTI system Sys = (R™, A) is said
to be p-dominant (or dominant with degree p) if there is v > 0 and a matriz

2The results presented for the LTI case are merely reformulations of commonly known
results, in order to introduce the fundamental concepts that will be used in the study of
p-dominance for switched linear systems.

3Thus, in our notation, LTI systems are understood as dynamical systems (see Definition
1.6 in Subsection 1.1.2). Alternatively, they could be described as switched linear systems
with one mode, but this would make the notation a bit longer, namely Sys = (R™, {A}).
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P e ngn such that
ATPA—~*P <0. (2.1)

The parameter « in Definition 2.2 is called a separation rate (or simply rate)
of p-dominance of Sys. The reason for this name is made clear in the following

proposition:

Proposition 2.3. A LTI system Sys = (R™, A) is p-dominant with rate v > 0
if and only it satisfies any (and thus all) of the following conditions:

1. The matriz A has p eigenvalues with modulus |X\;| > 7, and n — p eigen-

values with modulus |\;| < ~;

2. There is a splitting of the state space R" = E* @ EY, where E® is a linear
subspace of dimension n —p and E" is a linear subspace of dimension p
satisfying that (i) AE® C E® and AE™ = E", and (ii) there is C > 1 and
w € (0,1) such that

o for everyx € E® andt € N, ||Alz| < /Cput v'||z||;

1 t
Y|l

Proof. See Appendix A.2.2. O

o for everyx € E" andt € N, | Alz| >

Condition 2 in Proposition 2.3 implies that for any z; € E® and x5 €

E"\ {0},

t
IIAtxlll < Izl
[Afz|| o

Therefore, the pair (E®, E") in Condition 2 in Proposition 2.3 is called a

Cu' for all t € N. (2.2)

dominated splitting as it ensures a decomposition of the dynamics of the sys-
tem into a p-dimensional dominant component and a complementary (n — p)-
dimensional dominated component. In the case of LTI systems, £® and E" are
the eigenspaces associated to the n — p eigenvalues with modulus < v, and the
p eigenvalues with modulus > v respectively. Moreover, by Proposition 2.3, the
rate v gives a maximal and minimal rate of growth of the trajectories starting

in E® and E", respectively.

Remark 2.1. Let us mention that the notion of p-dominance considered in
Forni and Sepulchre (2019) assumes that the dominated dynamics is stable. In
this case, the asymptotic behavior of the system is dictated by the dominant
dynamics only; this allows to derive even stronger results on the properties of
the system. In this thesis, we consider a more general notion of p-dominance,

requiring only that the dominant dynamics grows exponentially faster than the
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dominated dynamics; the goal being to capture a larger class of systems. But
we also discuss and characterize the case where the dominated dynamics is
stable (see Theorem 2.15 in Subsection 2.2.2; in the case of LTT systems, this
is equivalent to requiring that 4 < 1 in Definition 2.2), which is instrumental
for instance for the characterization of hyperbolicity and for applications in

quantized control.

Letting V : R™ — R be defined by V(z) = z" Pz, the dissipation inequality
(2.1) can be read as follows: for every trajectory £ : N — R”™ of Sys, it holds
that V(£(t + 1)) <2V (E(t)) — €]|&(t)]|? for all t € N and for some € > 0. This
implies that the quadratic p-cone defined as the nonpositive sublevel set of V' is
contracted by the system. This property is formalized in Proposition 2.5 below;
first, let us introduce the notion of quadratic cone associated to a symmetric

matrix.

Definition 2.4 (Quadratic p-cone). Let P € Sp*". The quadratic p-cone
(or cone) associated to P, denoted by K(P), is defined as K(P) = {x € R :
z" Pz < 0}.

See Figure 2.3 for an illustration. It is easily seen that IC(P) is a cone,
meaning that for any a € R>q, al(P) C K(P). The prefix “p” accounts for
the fact that the largest dimension of a linear subspace contained in IC(P) is
p. The above allows to formulate the following geometric characterization of

p-dominant LTT systems, equivalent to (2.1).

Figure 2.3: a: Level sets of V:R2 - R: 2+ z' Piz. K(Py) is the quadratic 1-cone
(Pi € S7*?) represented by the region in blue. b: Level sets of V : R® — R : x
z' Pz K(P2) is the quadratic 2-cone (P; € S5*3) consisting in the nonconvex region
that contains the negative level sets of V, i.e., K(P,) is the whole space except the

two “ice-cream cones” delimited by the surface in blue.
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Proposition 2.5. A LTI system Sys = (R™, A) is p-dominant if and only if
there is P € Sp*™ such that the associated quadratic p-cone KC(P) is contracted
into itself by Sys, that is,

A(K(P) \ {0}) Cint £(P). (2.3)

Proof. See Appendix A.2.3. O

The above concepts and results are illustrated in the example below. In
particular, the eigenvalue plots, depicted in Figure 2.4-a, will be instrumental
in the analysis and computation of p-dominance for switched linear systems
(see Subsections 2.2.3 and 2.2.4).

Ezample 2.1. Consider the LTI system Sys = (R?, A) with A = [ *7!] and
a = 0.2. The eigenvalues of A satisfy |[A1| > v > |A2| with v = 0.6; see Figure
2.4-a. Thus, Sys is 1-dominant with rate v (Proposition 2.3). It follows that
(2.1) holds with some P € S?*2. The quadratic 1-cone K(P) associated to such
a P is represented in Figure 2.4-b. We observe that IC(P) is contracted into
itself by A, as predicted by Proposition 2.5.

Figure 2.4: a: Eigenvalues a o] - y=06 b Lo
of A (see Example 2.1). b: os o s
Quadratic 1-cone K(P) and  _ A \
. . < o0 1 1 o > 00
its image by A. E \ T i

-0.5 1 \\__f/’ -0.5

_1.0 -1.0

-1.0 -0.5 0.0 0.5 10 -1.0 -05 0.0 0.5 10
Re(A) X

Remark 2.2. For related results to the geometric characterization of p-dominance
(Proposition 2.5), see, e.g., Stern and Wolkowicz (1991) where it is shown that
a LTI system admits a pointed invariant ellipsoidal cone if and only if it has
a positive eigenvalue strictly larger in modulus than any other eigenvalue; this
is thus a particular case of 1-dominance where the dominant eigenvector is
positive, translated by the fact that the associated cone is pointed (unlike
quadratic 1-cones which consist in two “ice-cream cones”). Important classes
of LTT systems satisfying the eigenvalue separation property of p-dominance in-
clude relazation systems (see, e.g., Willems, 1976, and Pates et al., 2019), and
totally positive systems (see, e.g., Margaliot and Sontag, 2019, Grussler and
Sepulchre, 2020, and Grussler et al., 2021); indeed, for these systems, it holds
that Ay > Ao > ... > A, > 0, where A1,..., A, are the eigenvalues of A (see,
e.g., Willems, 1976, Theorem 4, and Margaliot and Sontag, 2019, Theorem 1).
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In the next subsection, we extend the notion of p-dominance to switched lin-
ear systems. Our goal is to characterize such systems that have a p-dimensional
asymptotic behavior; a property formalized with a condition similar to the dom-
ination relation (2.2) (see Theorem 2.11 in the next subsection). Unlike LTI
systems, this property cannot be deduced from an eigenvalue decomposition of
the system. For this reason, the definition of p-dominant switched linear sys-

tems relies on dissipation inequalities involving symmetric matrices, like (2.1).

2.2.2 p-dominant switched linear systems

In this subsection, we extend the property of p-dominance to switched lin-
ear systems. Therefore, let us consider a switched linear system? SwS ~
(R™,{A;}iex). For a reminder, the trajectories (£,0) : N - R™ x ¥ of SwS
satisfy {(t 4+ 1) = A,)§(t) for all t € N, where £ : N — R" is the continuous
variable and o : N — ¥ is the switching signal of the trajectory, which specifies
the mode i € ¥ of SwS at each time ¢ € N. In applications, it is sometimes
useful to restrict the set of admissible switching signals (see, e.g., Section 2.1).
The set of admissible complete switching signals of SwS is denoted by S(SwS),

or § if SwS is clear from the context (see Definition 1.34 in Subsection 1.3.1).

Definition of path-complete p-dominance

In Subsection 1.3.3, we introduced the concept of path-complete Lyapunov
functions for the stability analysis of continuous-time and discrete-time switched
systems (see Definition 1.53). The definition of a path-complete Lyapunov func-
tion relies on a timed automaton accepting every switching signal of the system
and on a set of “energy” functions whose decrease properties with respect to the
system are dictated by the timed automaton. We will use a similar approach
for the definition of the property of path-complete p-dominance for switched
linear systems.

Since we restrict our attention to discrete-time systems, we will use timed
automata whose time set is equal {1} and thus refer to them simply as “au-
tomata”. For the sake of completeness, we remind below the relevant notions

related to timed automata, in this specific case.

Definition 2.6 (Automaton). An automaton is a triplet (Q, %, ©) where Q is
a finite set, called the set of states, 3 is a finite set, called the alphabet, and
O C QXX xQ is a finite set of transitions.

4We refer the reader to Section 1.3 for the notation and definitions related to switched

systems.
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For a transition 8 = (q1, 1, ¢2) € O, we denote its source g1 by s(8), its target
g2 by t(0), and its mode i by i(6). A path of length T, where T' € NU{c0}, in an
automaton (Q, X, ©) is any sequence (6;)7," C © satisfying that t(6;) = s(611)
forall t € {0,...,T —2}.

Definition 2.7 (Admissible signal for an automaton). Consider an automaton
Aut = (Q,X,0). A function 0 : N — X is said to be admissible for Aut (or
accepted by Aut) if there is a path (0:)52, in Aut satisfying that for all t € N,
o(t) =i(6:).

The notions of automaton and accepted signals are illustrated in Figure 2.5.
{12} 1 ) 2
Auty % e‘ Auts
1
1 ) 2 .
Nomolcsor
2

2
Figure 2.5: Four automata with ¥ = {1,2}, and Q = {a} (for Aut;) or Q = {a,b}
(for Auta, Auts and Auts). The transitions are represented by the edges (i.e., g1 % g2
if and only if (¢1,i,q2) € ©). Auti, Auty and Auts accept every switching signal

o : N — X, while Aut4 accepts only the switching signals o : N — X that are a strict
alternation of “1” and “2”.

The property of path-complete p-dominance, introduced below, extends the
approach of cone invariance, used in the analysis of p-dominant LTI systems, by
considering a set of quadratic p-cones whose contraction properties are driven
by an automaton accepting every switching signal of the system. As for the
LTI case, the quadratic p-cones are represented by symmetric matrices P, with
fixed inertia and the contraction properties are captured by matrix inequalities,
similar to (2.1), depending on the transitions of the automaton and on a set of

positive rates (one rate per transition).

Definition 2.8 (p-dominant switched linear system). Consider a switched
linear system SwS ~ (R™,{A;}ies). We say that SwS is path-complete p-
dominant (or p-dominant) if there is an automaton Aut = (Q, X, ©) accepting
every switching signal o € S, a set of rates {v9}oco C Rso and a set of matri-
ces {Py}qeq C Sp*™ such that for every 0 € ©,

A;I—(G)Pt(g)Ai(e) — ’yg Ps(g) < 0. (2.4)

See Examples 2.2 and 2.3 below for illustrations.
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Remark 2.3. Note that for a given automaton and a given set of rates, there
is at most one value of p for which the system is p-dominant; see Proposition
2.19 in Subsection 2.2.3. However, depending on the automaton and the set of

rates, the system can be p-dominant for different values of p.

As mentioned above, the dissipation inequalities (2.4) capture the fact that
the quadratic p-cones {IC(Py)}4ecq are contracted by the system along the tran-
sitions of Aut; see Figure 2.6 for an illustration. This leads to the following

equivalent characterization of p-dominant switched linear systems.

Proposition 2.9. A switched linear system SwS = (R™, {4, }iex) s p-dominant
if and only if there is an automaton Aut = (Q, X, ©) accepting every switching
signal o € S and a set of matrices {P;}qeq C Sp*™ such that the associated
quadratic p-cones {KC(Py)}qeq are contracted into each other by SWS along the
transitions of Aut, that is, for all 0 € O,

Aio) (K(Pyay) \ {0}) C int K(Pyg))- (2.5)

Proof. Same as for Proposition 2.5. O

The examples below illustrate the concept of p-dominant switched linear

systems and the contraction property of Proposition 2.9.

Example 2.2. Consider the switched linear system SwS = (R?, {4, };ex) under
arbitrary switching, with ¥ = {1,2}, 4y = [}, %], A2 = [§°7!] and o =
0.1; which may occur for instance in the modeling of opinion dynamics with
antagonistic interactions and switching topologies (see, e.g., Meng et al., 2016).
This system is 1-dominant with the automaton Auty presented in Figure 2.5
and with the set of rates {vp}oco given by 79 = 0.32 for all § € ©. This means
that there are P,, P, € ST satisfying (2.4) with this automaton and this set of
rates. The quadratic 1-cones associated to P, and P, are represented in Figure

2.6. We observe that the cones satisfy the cone contraction property (2.5).

The selection of the value of the rates in Example 2.2 will be discussed in
Example 2.5, after we have presented a set of constraints that must be satisfied
by the set of rates (see Proposition 2.19 in Subsection 2.2.3). The verification
of p-dominance of the system with this set of rates was achieved by using the
algorithm described in Corollary 2.18; see Subsection 2.2.3 on the algorithmic

aspects of p-dominance analysis for details.

Ezample 2.3. Consider the switched linear system SwS ~ (R?,{4;}iex) with
Y ={1,2}, A =[?,] and Ay = [1 %] Assume that the switching signals
of SwS are constrained to be a strict alternation of “1” and “2”. Then, the

automaton Auty in Figure 2.5 accepts every switching signal o € S. We show
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Figure 2.6: Quadratic 1-cones IC(Pa) 101 = (P,
and K(F) and their images by A: and K(Po)
05 AP,
A2 (See Example 22) . A (K(P))
- oo Ay (K(Pa))
' . A (K(Py))

that the system is 1-dominant with this automaton and some set of rates.
Indeed, consider the symmetric matrices P, = [_1 8] and P, = [_% %], which
both belong to S2*?, and the set of rates {yp}oco given by vy = 1 for all
6 € ©. Then, the matrix inequality (2.4) is satisfied for every 6 € ©. Indeed,
for = (a,1,b), we get AP, A, — P, = ["2,] = ['¢] = [ _4], and for

0 = (b,2,2), we get AJP, A, — P, = [*1 } _ {—% %] _ {_%

1
8

1
8
Asymptotic behavior of p-dominant switched linear systems

In this subsection, we show that p-dominant switched linear systems inherit
the dynamical properties of p-dominant LTI systems, in the sense that their
dynamics can be split into a dominant component and a dominated compo-
nent. The difference with the LTI case is that for switched linear systems,
the subspaces describing the decomposition of the dynamics are not fixed any-
more, but may vary with time. To formalize this, we introduce the notion of

time-varying splitting.

Definition 2.10 (Time-varying splitting of R™). A time-varying splitting (or
splitting) of R™ is an ordered pair (E%, E*), where B : N = R™ and E* : N =
R™ are set-valued functions such that for oll t € N, E5(t) and E"(t) are linear
subspaces satisfying R™ = E5(t) @ E“(t). We say that (E®, E") is a p-splitting
if E(t) has dimension p (< E*(t) has dimension n — p) for all t € N.

The following theorem is the first main result of this section. It generalizes
the dominated splitting feature (2.2) to p-dominant switched linear systems,
and also states the converse result, i.e., that any switched linear system admit-

ting a dominated p-splitting is p-dominant.

Theorem 2.11. Consider a switched linear system SwS ~ (R™,{A;}iex). The

following are equivalent:

1. SwS is p-dominant;
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2. There is C > 1, p € (0,1), and for every switching signal o € S,
there is a p-splitting (E5, EY) satisfying (i) Ag)E3(t) € E5(t 4+ 1) and
Ay E3(t) = E}(t+1) for allt € N, and (ii) for every to,t1 € N, t; > 1o,
x1 € E5(tg) and zo € EX(to) \ {0},

t1,t
Ix(t1, to, 1,0)|] < HfﬁHC#tﬁto, (2.6)
Ix(t1,t0, z2,0)l| [zl
where x(+, -, -,0) is the generator® of the trajectories of SWS with switch-
ing signal o.
Proof. See Appendix A.2.4. O

The ordered pair (E£, EY) in Item 2 in Theorem 2.11 is called a dominated
p-splitting for SwS with switching signal o. The interpretation of (2.6) is that
for every trajectory (§,0) : N = R™ x ¥ of SwS, the component of £(¢) in ES (¢)
becomes negligible compared to the component of £(¢) in E¥(t) as t — oo.

The dominated splitting property is particularly relevant when we look at
the system as a switched linear system acting on the Grassmannian manifold;
that is, instead of looking at the action of the system on points in the state
space, we consider its action on subspaces of a fixed dimension in the state
space (with an appropriate metric to measure the distance between subspaces).
Indeed, in this case, the existence of a dominated p-splitting translates as the
incremental stability of the system on the Grassmannian manifold, meaning
that for every switching signal of the system and for any two p-dimensional
subspaces U; and Us that are close enough to each other, the images of U; and
U, by the system are also p-dimensional subspaces and the distance between
them converges exponentially to zero. We refer the reader to Colonius and
Kliemann (2014) for a discussion of linear systems acting on the Grassmannian
manifold; see also Ghosh and Martin (2002) for the particular case where the
subspaces have dimension 1, referred to as dynamical systems in the projective
or homogeneous space. See also Riiffer et al. (2013) for the notion of incremental
stability.

The incremental stability property is illustrated in Figure 2.7 with the
1-dominant switched linear system of Example 2.2 and with a 2-dominant

switched linear system, whose trajectories are radially scaled to the unit sphere:

e The 1-dominant behavior of the first system is captured by the conver-
gence of the normalized trajectories of the system, for any given switching
signal o € S and for different initial conditions, to two opposite “attract-
ing trajectories” as time goes to co.

5For a reminder, see Definition 1.36 in Section 1.3.
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e The 2-dominant behavior of the second system is captured by the conver-
gence of the normalized trajectories of the system, for any given switch-
ing signal ¢ € S and for different initial conditions, to a time-varying

2-dimensional subspace as time goes to co.

Unlike stable switched linear systems, which all converge to a unique equilib-

rium, p-dominant switched linear systems allow for richer behaviors.

[

— 5(1) —— 612)

f”)(t)

Figure 2.7: a: Normalized trajectories of the 1-dominant switched linear system from
Example 2.2, starting from different initial conditions and for a random switching
signal o. b: Normalized trajectories of a 2-dominant switched linear system starting
from different initial conditions and for a random switching signal o. Each dot rep-
resents the projection on the unit sphere of a trajectory £ : N — R® with switching

signal o at times t =0, 1,...,5.

A straightforward consequence of the equivalence of Items 1 and 2 in Theo-
rem 2.11 is that the property of having a dominated invariant splitting (ES, EZ)
for all o € S is robust to small system perturbations. The robustness property is
instrumental for numerical analysis, and also shows that the property of having
a low-dimensional dominant behavior does not occur with probability zero for

switched linear systems.
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Corollary 2.12. The property of Item 2 in Theorem 2.11 is robust to small

perturbations of the matrices {A; }ies.

Proof. The property of being p-dominant is clearly robust to system pertur-
bations, as for any small enough perturbation of the matrices {4;};cx, the
dissipation inequalities (2.4) will still be satisfied, with the same automaton,
the same set of rates {7y }gco and the same matrices { P, },cq. Hence, from the
equivalence of Items 1 and 2 in Theorem 2.11, we get the desired result. O

An interesting situation is when the system has a stable dominated behavior.
This means that the system converges to zero on the dominated component of
the splitting, so that the asymptotic behavior of the system is dictated by the
dominant component only. In order to characterize switched linear systems
with such a property, we first introduce the notion of cycle-stable automaton.

For that, let us remind the notion of cycle in an automaton.

Definition 2.13. A cycle in an automaton Aut = (Q,%,0) is a finite path
(0)]=," € © in Aut such that t(r—1) = s(6) and for all to,t; € {0,...,T—1},
to ?é t1, S(eto) # S(atl)'

A cycle-stable automaton is then defined as an automaton for which all cy-
cles have an average rate product smaller than one (see Definition 2.14 below).
This notion appears for instance in the mazimum cycle mean problem in graph
theory; see, e.g., Karp (1978); see also Ahmadi and Parrilo (2012) for applica-
tions in switched systems analysis, or Tomar et al. (2020) for applications in

quantized control.

Definition 2.14 (Cycle-stable automaton). Consider an automaton Aut =
(Q,%,0) and a set of rates {vp}toco C Rsg. We say that Aut is cycle-stable

with respect to {ve }eco if every cycle (9,5)?:_01 in Aut satisfies vo, - - - Yor_, < 1.

Using the above, we obtain the following characterization of p-dominant

switched linear systems with stable dominated behavior.

Theorem 2.15. Consider a switched linear system SwS ~ (R"™,{4;}iex). The

following are equivalent:

1. SwS is p-dominant with some automaton Aut = (Q, X2, ©) and some set of

rates {vp }oco C Rsg such that Aut is cycle-stable with respect to {s }oco-

2. SwS satisfies the property of Item 2 in Theorem 2.11 and there is D > 1
and p € (0,1) such that for every switching signal o € S, to,t1 € N,
t1 > to, and every x1 € ES(tg),

Ix(t1,to, x1,0)| < ||| Dp'~"o.
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where x(+, -, -, 0) is the generator of the trajectories of SWS with switching
stgnal o.
Proof. See Appendix A.2.5. O

The property of a stable dominated behavior will be instrumental for in-
stance in the study of p-dominant smooth dynamical systems (see Section 2.3).
It will also be useful to perform dimensionality reduction in the computation
of the topological entropy of switched linear systems (see Subsection 2.2.4, and
Corollary 3.26 in Subsection 3.3.2).

Summarizing, we introduced the concept of path-complete p-dominance for
switched linear systems, and we showed that this concept was key for the the-
oretical analysis of switched linear systems with a low-dimensional dominant
behavior, a property made precise thanks to the notion of dominated splitting
(see Theorems 2.11 and 2.15). In Subsection 2.2.3, we will address the question
of the algorithmic verification of the property of path-complete p-dominance.
Before this, in the next subsubsection, we discuss the connections of our ap-

proach with other works in the literature.

Discussion and connections with the literature

Our work connects with several other concepts in control and systems theory.
For instance, the use of a family of quadratic forms whose decay properties are
dictated by an automaton is inspired from path-complete Lyapunov functions
introduced in the context of stability analysis of switched systems (see, e.g.,
Ahmadi et al., 2014, Angeli et al., 2017, and Philippe et al., 2019), and from
path-complete positivity which extends the property of positivity by moving
from a single cone to a family of convex cones whose contraction properties are
driven by an automaton (see, e.g., Forni et al., 2017). Another important con-
cept in our analysis is the one of dominated splitting, which was first introduced
in the context of partial hyperbolicity and exponential dichotomy theory (a gen-
eralization of the celebrated works of Smale and Anosov on the horseshoe map;
see, e.g., Brin and Pesin, 1974, Hirsch et al., 1977, Pesin, 2004, and Barreira
and Valls, 2008). Dominated splittings also received attention in the study of
some classes of switched linear systems (see, e.g., Bochi and Gourmelon, 2009,
Barreira and Valls, 2009, Avila et al., 2010, and Brundu and Zennaro, 2019).
An important tool in these works is the one of invariant multicone. In fact,
the proof of the converse theorem for p-dominance (2 = 1 in Theorem 2.11) is
partially grounded in the proof of Bochi and Gourmelon (2009, Theorem B),

which shows that a switched linear system under arbitrary switching and with
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invertible matrices admits a dominated splitting for every switching signal if
and only if it admits a contracting multicone. Our work extends this result to
switched linear systems with constrained switching signal and involving singu-
lar matrices and to sets of quadratic p-cones whose contraction properties are
driven by an automaton. Another difference with these references is that little
attention is given to the algorithmic decidability of the geometric property,
whereas our approach is meant to be translated into a practical algorithm for

the computation of the quadratic p-cones, as explained in the next subsection.

2.2.3 Algorithmic verification of p-dominance of switched
linear systems

In this subsection, we consider the following computational problem: “for a
given dominance degree p and a given switched linear system, how can we
compute an automaton, a set of rates and a set of symmetric matrices allowing
to certify that the system is p-dominant, or conclude that the system is not
p-dominant?”

The subsection is organized as follows. First, we describe an algorithm to
compute a set of symmetric matrices satisfying the conditions of p-dominance
when the automaton and the set of rates are given, or conclude that the system
is not p-dominant with this automaton and this set of rates. Then, we address
the problem of finding a suitable automaton and a suitable set of rates. Finally,
we discuss the use and the complexity of the overall algorithmic framework.

Computation of the symmetric matrices

Consider a switched linear system SwS ~ (R",{4;}iex) and an automaton
Aut = (Q,X,0) accepting every switching signal of SwS. Let {yg}oco be a
set of positive rates. Then, according to Definition 2.8, verifying that SwS is
p-dominant with Aut and {7yp}sco can be addressed by solving the following
optimization problem: with variables {P,},eq € S™*™ and € € R,

max € (2.7a)
s.t. Allg)Peo) Aioy — 7 Pooy = —€l Vo eo, (2.7b)
—I=<P, <1 VgeQ, (2.7¢)
P, e sy VqeQ. (2.7d)

The subproblem (2.7a)—(2.7c) is a semidefinite optimization problem. Semidef-
inite programming has become a standard tool in control theory (see, e.g., Boyd

et al., 1994) and many different solvers are available to solve these problems in
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polynomial time; see, e.g., Nesterov and Nemirovskii (1994), Ben-Tal and Ne-
mirovski (2001) and Boyd and Vandenberghe (2004). On the other hand, the
constraints (2.7d) on the inertia of the matrices {P,}4eco are not semidefinite
constraints (they are actually nonconvex). However, as we will see below, this
set of constraints can in fact be dropped without any impact on the outcome
of the decision problem “is SwS p-dominant with Aut and {vp}pco?” This
statement is formalized in Corollary 2.18 below; to simplify its presentation,

let us make the following standing assumption on the automaton Aut.

Assumption 2.16. We assume that Aut = (Q, X, ©) is essential, meaning that
for every q € Q there is (¢7,iT) € Q x X such that (q,i",q") € © and there is
(g7,i7) € Q X X such that (¢~,i",q) € O.

Remark 2.4. The notion of essential automaton extends the one of essential
graph introduced in the context of abstraction of dynamical systems (see Defi-
nition 1.66 in Subsection 1.4.3). Assumption 2.16 can be made without loss of
generality (see, e.g., Lind and Marcus, 1995, Proposition 2.2.10), provided that
the set of admissible switching signals of the system is backward shift-invariant,
meaning that for any o € S and tg € N, there is ¢/ € S such that for all ¢t € N,
o(t) = o'(t + tp). The shift-invariance property reflects the fact that the set of
admissible switching signals does not depend on the specific instant at which

the system starts, and thus is generally satisfied in applications.

The following theorem is the second main result of this section. It states
that either there is no solution of (2.7a)—(2.7¢) with € > 0 and with matrices
{P;}qcq having the same inertia, or all solutions of (2.7a)-(2.7¢c) with e > 0
satisfy that all matrices {P,},cq have the same inertia.

Theorem 2.17. Consider a set of matrices {A;}ies € R™*™, an automaton
(Q,%,0) and a set of rates {vo}oco € Rso. Let Assumption 2.16 hold. Assume
there is a feasible solution ({Py}qeq,€) of (2.7b)—(2.7c) satisfying e > 0 and
{P,}geo C SP*™ for some k € {0,...,n}. Then, it holds that every feasible
solution ({Py}qeq.€’) of (2.7b)—~(2.7c) with ¢ > 0 satisfies that {P}}seq C
Spx™.

Proof. See Appendix A.2.6. O

Hence, to verify that SwS is p-dominant with Aut and the rates {yg}oco, it
suffices to solve the semidefinite optimization problem (2.7a)—(2.7c).

Corollary 2.18. Consider a switched linear system SwS ~ (R™, {A;}iex), an
automaton Aut = (Q, X, ©) accepting every o € S, and a set of rates {vp}opco C
Rso. Let Assumption 2.16 hold. Then, any optimal solution ({P;j},€*) of
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2.7a)—(2.7c) satisfies that € > 0 and {P}},co C SI*™ if and only if SwS is
q JqeqQ p
p-dominant with Aut and {vp}oco-

Proof. The “only if” direction is clear: if the optimal solution ({P,}, €*) sat-
isfies the assertions of the corollary, then (2.4) holds with {P;},co and thus
the system is p-dominant with Aut and {7y }sco.

The “if” direction is also straightforward: if the system is p-dominant with
Aut and {yp}eco, then (2.7a)—(2.7c) has a feasible solution with ¢ > 0 and
with {P,},eq € S;*". Tt follows that any optimal solution ({ P}, ¢*) satisfies
€* >0, and by Theorem 2.17, it holds that { P },eq € Sp*™. O

Corollary 2.18 shows that, if the automaton and the set of rates are given,
then the verification of p-dominance for a given switched linear system can be
reduced to a semidefinite optimization problem, given by (2.7a)—(2.7¢c), and
thus can be solved efficiently (see the after-next subsubsection for a discussion
of the complexity). However, nothing is said about the way of finding this
automaton and the associated rates. This question is discussed in the next
subsubsection.

Constraints on the automaton and the set of rates

The determination of an automaton and a set of rates satisfying the conditions
of p-dominance can be challenging in general. We discuss the complexity of
finding them and propose heuristics for this problem in the next subsubsection.
Before that, in the present subsubsection, we present necessary conditions (or
constraints) that must be satisfied by the automaton and the set of rates so
that they can possibly satisfy the conditions of p-dominance. The advantage of
these constraints is that they are easy to compute, while their utility is twofold:
(i) they can be used to reduce the “search space” for the automaton and the
set of rates, by restricting our attention to those that satisfy the constraints,
and (ii) they can be used to conclude that a system is not p-dominant if we
can show that no automaton or set of rates satisfies the constraints.

The constraints on the automaton and the set of rates are described in the
following proposition.

Proposition 2.19. Consider a switched linear system SwS ~ (R™, {A;}iex)
and assume that SwS is p-dominant with an automaton Aut = (@, %, 0), a set
of rates {yp}oco € Rso and a set of matrices {Py}qeq € Sp*™. Let (01)71="
be a cycle in Aut, and let A = Aigr_y) Aigy) and ¥ = g, -+ Yor_,- Then,
it holds that

1. The matriz A has p eigenvalues with modulus [Ai] >4 and n — p eigen-
values with modulus |\;| < 7;
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2. The eigenspace associated to the p eigenvalues of A with modulus [Ai] >
7 is contained in K(Pyqg,)), and the eigenspace associated to the n — p

eigenvalues of A with modulus |\;| < 7 is contained in R™ \ int K(Py(q,)).

Proof. These constraints follow in fact from the observation that any cycle in
Aut defines a p-dominant LTI system (see also Proposition 2.3 in Subsection
2.2.1). See Appendix A.2.7 for details. O

Condition 1 above is particularly useful to reduce the search space for the
rates if the automaton is given. Condition 2 is useful to exclude automata that
cannot satisfy the dissipation inequalities (2.4) for any set of rates.

This is illustrated in the two examples below. In particular, Example 2.4
explains how the rates were selected in Example 2.2, and Example 2.5 shows
that the switched linear system of Example 2.2 cannot be 1-dominant with
respect to a single quadratic 1-cone, i.e., with an automaton with a single
node.

Ezample 2.4. In Example 2.2, we used the set of rates {vp}pco defined by
Y9 = 0.32 for all § € © to show that SwS is 1-dominant with the automaton
Auts in Figure 2.5. These values of the rates were somehow the most natural
choice regarding the constraints obtained from Condition 1 in Proposition 2.19

when p is fixed to 1:

o The rate 7a1a, associated to the loop a_ a, must satisfy A\;(4;) =1 >
Yala > A2(A471) = 0.1. In the example, we have used the geometric mean
of the bounds: Ya1a = 7 := V/0.1. Similarly, we have used Yy, = 7 for
the rate associated to b 4 b.

« By looking at the cycle a % b1 a, we get that the associated rates must
satisfy |[A1(A142)| & 0.6 > YaopVo2a > |A2(A1A2)| =~ 0.017. In the exam-
ple, we have used Yaop = Yo1a = v0.6-0.017 (which in this example can
be shown to be equal to %).

See also Figure 2.8-a for a representation of the above quantities. Note that
these rates are not the only ones satisfying the constraints of Proposition 2.19
and that the 1-dominance of the system with this automaton and this set of
rates was not guaranteed a priori, but it happened to be the case for this
example.

When « increases, the eigenvalues of A1 Ay (and AsA;) get closer to each
other; see Figure 2.8-c. For a < 3—2v/2 ~ 0.1716, SwS is still 1-dominant with
the same automaton as above and with the rates chosen in the same way as

above. However, the contraction property (2.5) gets more “fragile”, in the sense
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that the images of K(P,) and IC(B,) get closer to the boundary of the cones; see
Figure 2.8-d. In fact, when o > 3 —2+/2, SwS is not path-complete 1-dominant
anymore since the matrix A; As has two complex conjugated eigenvalues (hence
with the same modulus), and thus it does not satisfy Condition 1 in Proposition
2.19, for any set of rates.

Ezample 2.5. From Condition 2 in Proposition 2.19, it follows that the system
of Example 2.2 cannot be 1-dominant with the automaton Aut; in Figure 2.5
(for any set of rates). Indeed, if it was the case, then the cone K(P,) would
contain the dominant eigenvectors of A; and As. Because IC(P,) consists of two
convex components, this would imply that IC(P,) also contains the eigenvectors
associated to A2 = « of A; or Ay (indeed, one can readily check in Figure 2.8-
b that any quadratic 1-cone containing the two dominant eigenspaces (solid
lines) will also contain one of the dominated eigenspaces (dashed lines)), a
contradiction with Condition 2 in Proposition 2.19.

a 10 b 10 - oo . B
— 7 e anm Figure 2.8: a: Eigenval
osl 70 A AA osd ues of A1, Az, A1 Az and
RN Az A; (see Example 2.2).
ol 4
S oo o L OI | Q@ > 00 b: Eigenvectors of A; and
E /
Seg? As, associated to A; = 1
—05 -05
and A2 = a. c—d: A;
-1.0 -1.0 and A, are as in Example
-1.0 -0.5 0.0 0.5 1.0 -1.0 .
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1o 0 in Figure 2.6).
-1.0 -0.5 0.0 0.5 1.0 -1.0 —0.5 0.0 0.5 1.0
Re(A) X

Complexity and comparison with the literature

For a given automaton and a given set of rates, the verification of p-
dominance with this automaton and this set of rates can be computed effi-
ciently by using Corollary 2.18 and interior-point algorithms to solve the associ-
ated semidefinite optimization problem; the complexity is in O(|Q|?|©|*-5n55),
where |@Q| and |©| are the number of nodes and the number of transitions in
the automaton, and n is the dimension of the system (see, e.g., Ben-Tal and

Nemirovski, 2001, Section 6.6.3).
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On the other hand, finding a suitable automaton, or concluding that none
exists, can be challenging in general. The following systematic approach for
finding a suitable automaton (if one exists) can be used:

1. Consider an automaton capturing the sequences of modes of length T" of

the system (using for instance De Bruijn automata; see, e.g., Gross et al.,
2014);

2. For such an automaton, try to find a set of rates and symmetric matri-
ces satisfying the conditions of p-dominance (using for instance Bilinear

Matrix Inequalities solvers);

3. If no such set of rates and symmetric matrices can be found, then increase
the value of T" and go back to step 1.

The proof of 2 = 1 in Theorem 2.11 (see Appendix A.2.4) ensures that if the
system is p-dominant, then the above approach will always find an automaton
and a set of rates with which the system is p-dominant. However, this approach
is highly inefficient; the reason is that the size of the automata constructed in
this way increases very rapidly in general, and Bilinear Matrix Inequalities
solvers are known to scale very poorly with the dimension of the problem
(which depends on the size of the automaton). Consequently, this approach
was not used in the numerical examples we considered (see Subsection 2.2.4),
due to its lack of practical applicability. Another comment is also in order:
the above approach is guaranteed (thanks to Theorem 2.11) to find a suitable
automaton and a suitable set of rates if the system is p-dominant, however
there is no criterion for deciding when to stop to looking for an automaton,
so that if the system is not p-dominant, then the above procedure will never
stop. The above algorithm is thus semi-complete, meaning that it finds a
suitable automaton in finite time for systems that are p-dominant, but never
terminates for systems that are not p-dominant. If one wants to show that
a system is not p-dominant, they may use the constraints described in the
previous subsubsection, but those are not guaranteed in general to be able to
show that the system is not p-dominant.

Remark 2.5. Heuristics and more sophisticated optimization approaches can
be used to search for a suitable automaton for p-dominance verification. We
think for instance to Counter-Example Guided Abstraction Refinement (CE-
GAR) techniques, which are used for instance to find Lyapunov functions and
automata for the stability analysis of switched linear systems; see e.g., Mitra
(2021, Section 8.7) and the references therein. In a nutshell, the idea of CE-
GAR is to used a candidate automaton, set of rates and/or set of matrices,

and to check whether p-dominance can be proved with this automaton/set of
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rates/set of matrices. If this is not the case, there should be a witness (called
a counter-example) of the infeasibility. The idea is then to used this counter-
example to improve the automaton/set of rates/set of matrices in order to be
able to show that the system is p-dominant.

These rather deceptive results must be contrasted with the following two
observations. The first one is that the problem of p-dominance verification is a
difficult problem in itself, as it supersedes the problem of stability of switched
linear systems (corresponding to 0-dominance with rates smaller than one),
which is known to be undecidable (see, e.g., Jungers, 2009, Section 2.2). Thus,
one may not hope to have a complete, let alone efficient, algorithm for the
verification of p-dominance of switched linear systems in general.

The second one is that, despite these negative theoretical results, it appears
that in many practical situations, a suitable automaton can be easily guessed
from the structure of the problem and from Condition 2 in Proposition 2.19.
Similarly, the search space for the rates can be considerably reduced by using
the symmetry of the problem (present in many applications) and Condition 1
in Proposition 2.19. As a consequence, finding the automaton and the rates
was not a serious limitation in the various numerical examples presented in the
thesis.

Finally, for some specific applications, the rates and the automaton can be
assumed to be fixed or can be obtained in an easier way. This is the case for
instance for the study of the property of hyperbolicity for smooth dynamical
systems (see Subsection 2.3.3). Indeed, for this application, the rates can be
assumed to be equal to one and the automaton can be obtained by computing
abstractions of the system (the latter is not necessarily easy—especially when
the dimension grows—, but at least it has the advantage of having several
toolboxes available for this problem). Another situation where finding the
automaton and the set of rates can be simplified is for applications in quantized
control. Indeed, if one wants to obtain upper bounds on the topological entropy
of a switched linear system, then at the cost of possibly adding conservatism
to the obtained bounds, they can fix the automaton and assume that the rates
are uniform (i.e., all have the same value). Indeed, by tuning the common
value of the rates and using the algorithm for the verification of p-dominance
when the automaton and the rates are given, one can find values of p for
which the system is p-dominant with this automaton and these rates, and from
that, derive bounds on the topological entropy of the system; see the second
subsubsection of Subsection 2.2.4 and the second subsubsection of Subsection
2.3.3 for details on how these bounds are obtained.

In the next subsection, we present numerical examples and examples of ap-
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plications of the theory of p-dominance and the associated algorithmic frame-
work. Before that, we would like to briefly review the literature on computa-

tional questions related to dominance analysis.

The verification of the property of having a dominated 1-splitting has been
studied by Forni et al. (2017) and Brundu and Zennaro (2019). The first one
presents an algorithm for constructing a common convex cone that is contracted
by the system. However, the restriction to a single common cone adds conser-
vatism to the approach, so that it is not possible to capture every switched
linear system with a dominated 1-splitting. The second one describes an algo-
rithm for computing an invariant multicone for switched linear systems, with
invertible matrices, that have a dominated 1-splitting. However, the computed
multicone is not strictly invariant, so that it does not allow to deduce that the
system admits a dominated 1-splitting.® Closer to our work, the question of
algorithmic verification of the property of p-dominance (with general p) was ad-
dressed by Forni and Sepulchre (2019), for continuous-time dynamical systems
that have a common quadratic p-cone contracted by the prolonged system. The
concept of path-complete p-dominance introduced above extends this property
to discrete-time switched linear systems and to families of quadratic p-cones

whose contraction properties are dictated by an automaton.

2.2.4 Numerical examples and applications

In this subsection, we present some examples of application of the theory of
path-complete p-dominance for switched linear systems developed in the pre-
vious subsections. Further examples, involving nonlinear dynamical systems,
will be presented in Subsection 2.3.3 after we presented how this theory can be
used for the analysis of “p-dominant nonlinear dynamical systems” (see Section
2.3).

6Let us also mention that the approach used in Forni et al. (2017) and Brundu and
Zennaro (2019) for the computation of the cone/multicone—which relies on polyhedral set
methods, thriving on the fact that the involved sets can be described as the finite union of
disjoint convex polyhedral cones—is hardly generalizable to the verification of p-dominance
with p > 2. Indeed, cones that are compatible with p-dimensional dominant behavior are in

general not representable as the finite union of convex cones.
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1-dominance and population dynamics

Consider the switched linear system SwS ~ (RS {A;};ex) under arbitrary
switching, with ¥ = {1,2} and

[ 01 02 02 0 0 0
095 0 0 027 O 0
A = 0 09 0 0 0255 0 7
0 0 0 021 063 049
0 0 0 063 0 0
| 0 0 0 0 0595 0
[ 007 014 014 0 0 0 |
0.665 0 0o 0 0 0
4 = 0 063 0 0 0 0
0 0 0 03 09 07
0.285 0 0 09 0 0
0 027 0 0 08 0

This system, adapted from Schmidbauer et al. (2012, Eq. 4), may appear for
instance in the study of aged-structured populations with migration between
the populations. In this example, the 15¢, 274 and 3¢ (resp. 4*%, 5" and 6'h)
components of the trajectories of the system, represent the number of individu-
als in each of the three age classes of some urban (resp. rural) population. Each
population evolves according to the Leslie model (see, e.g., Farina and Rinaldi,
2000, Chapter 13, and Schmidbauer et al., 2012), and there is migration either
from villages to cities (A7) or from cities to villages (Az).”

A central question in the study of population dynamics is whether the
asymptotic composition of the population depends on the initial condition; see,
e.g., Farina and Rinaldi (2000), Golubitsky et al. (1975), Tuljapurkar (1982),
Schmidbauer and Résch (1995) or Schmidbauer et al. (2012). The population
composition at time ¢ € N is represented by the normalized vector £(¢)/]|£(2)]]1,
where £ : N — R is the trajectory of SwS for some switching signal o, and ||-||;
is the 1-norm. Using dominance analysis, we will show that for any switching
signal 0 € S, the population composition is ultimately independent of its initial

condition, meaning that for any two z1,zs € (R>0)¢ \ {0},

X(t,xl,U) _ X(taanO_) -0
t=oo | [Ix(t,z1,0)lln lIx(t22,0)[1

"This is where our model differs from Schmidbauer et al. (2012): instead of having a single
matrix that encodes at the same time the migrations from villages to cities and from cities to
villages, we have decomposed this matrix in two matrices, A; and Aa, to get a switched linear
system, and we assume that system switches between the two modes (e.g., as a consequence
of external factors, like climate, conjuncture, etc.).
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To do this, we consider the automaton Aut; in Figure 2.5 (which accepts
every o € §), together with the set of rates 7a1a = 0.79 and a2, = 0.95 (these
rates were selected with the same technique as in Example 2.4). Using the
algorithm described in Subsection 2.2.3, we can show that the system is 1-
dominant with this automaton and this set of rates. Thus, from Theorem 2.11,
we may conclude that the normalized trajectories of the system converge to
the same normalized trajectory. In other words, for any switching signal, the
asymptotic composition of the population is independent of its initial condition;
this is illustrated in Figure 2.9, where a random switching signal was chosen,
and we observe that the trajectories, starting from different initial conditions,

have ultimately the same population composition.

Remark 2.6. Note that the automaton Aut; and the above set of rates are
not the only ones satisfying the constraints (2.4) of p-dominance and, even if
the system has a 1-dimensional asymptotic behavior, it was not guaranteed
a priori that the system is 1-dominant with this automaton and this set of
rates. If it had not been the case, then one would have needed to search for
more complex automata (such as Aute or Autg in Figure 2.5 for instance). This
would have increased the complexity of the problem, but not the conclusion on

the asymptotic behavior of the system.

0.5 . Etl) — E(ZJ — E(S) . EM) * E(SJ . E(G)

0.4

- =

T 031 NI Fi
E oA
0.2 e o S

0.1+

0.0

Figure 2.9: Normalized trajectories of SwS, starting from different initial conditions
and for a random switching signal o € S. The trajectories are normalized such that
Zi @ (t) = 1. We observe that all normalized trajectories converge to the same

normalized trajectory as t goes to oo.

The property that the normalized trajectories, for a same switching signal,
converge to each other independently of their initial condition is known as the
property of incremental stability of the normalized system T = A &/||As€|
(see also the discussion below Theorem 2.11). Different approaches have been

proposed in the literature to verify the incremental stability property of dy-
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namical and switched systems; see, e.g., Lohmiller and Slotine (1998), Angeli
(2002) and Forni and Sepulchre (2014). These approaches, also called con-
traction analysis, generally amount to construct a Lyapunov function for the
prolonged system (see Definition 1.29 in Subsection 1.2.3), which describes the
evolution of the sensitivity of the system to the initial condition (see Propo-
sition 1.30 in Subsection 1.2.3). For the above system, the sensitivity matrix,
denoted here by §£(t), of the trajectory at time ¢ with respect to the initial
condition satisfies 66T = [ 4 (A°§)(A"§)T]5§. It thus amounts to find a

TA€] ~ = A"
Lyapunov function for a linear system whose transition matrix depends on x

(the state of the trajectory), so that there is an infinite number of such matri-
ces. By contrast, the approach proposed above, relying on dominance analysis,

uses the switched linear system as it is, so that the number of matrices is finite.

p-dominance and bounds on the topological entropy

In Subsection 1.5.2, we introduced the concept of topological entropy for hybrid
systems. In Chapter 3, we will see that this quantity is instrumental for the
study of networked switched linear systems. In this subsubsection, we show
that the theory of p-dominance can be used to derive bounds on the topological
entropy of switched linear systems.

To illustrate this, consider the switched linear system SwS ~ (R3, {4;};ex)
under arbitrary switching, with ¥ = {1, 2, 3},

2 =03 -03 07 0 O 07 0 O
Ai=1|0 07 0 , Ay=1]-03 2 03|, A= 0 07 0
0 0 0.7 0 0 07 -03 03 2

This system can be shown to be 1-dominant with the automaton Aut = (Q, %, ©)
and the set of rates {7s}9co depicted in Figure 2.10-a. The automaton was ob-
tained by using the symmetry of the system,® and the set of rates was derived
by making several guesses and using Condition 1 in Proposition 2.19 to reduce
the “search space” for the rates. The 1-dominance of SwS with this automaton
and set of rates was verified thanks to Corollary 2.18; for the interested reader,
the associated quadratic 1-cones are depicted in Figure 2.10-b,c,d.

Let 0 : N — ¥ be a switching signal for SwS and let (6;)2, C © be a
path in Aut such that o(t) = i(6;) for all ¢ € N. We will see in Subsection
3.2.3 (Theorem 3.11) that the topological entropy, denoted by hiop(SWS; o), of

8However, by using Condition 2 in Proposition 2.19, it can be shown that SwS is not
1-dominant with the trivial automaton (that is, the automaton with only one node), for any
set of rates. SwS is thus another example of switched linear system under arbitrary switching

that requires a non-trivial automaton to be 1-dominant (see also Example 2.5).
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Figure 2.10: a: Automaton a — =12 b

and set of rates for which SwS
is 1-dominant. b—d: Quadratic Aut 8‘

1-cones associated to the ma- 3,,",1 RS
trices {Pg}qeq € ST*" com- v ; )
puted thanks to Corollary 3@‘\“ ':@2
2.18 to show 1-dominance of b2

SwS with the automaton and

the set of rates in a.

the linear time-varying system associated to SwS with switching signal o is
bounded by

1
lim sup T max {0,logs (Yo, - - - Yor_1 )} < hiop(SWS;0) <

T—o0

. 1 .
2 lim sup T max {0,1og5 (70, - - Yor_,)} + logy(e) 6(SWS),

T—o0

where 9(SwS) is the joint spectral radius of SwS (see Definition 1.50 in Subsec-
tion 1.3.2). This gives the following interval for the value of hiop(SWS; 0):

hiop(SWS; o) € [logy(1.1),21ogy(1.2) 4 log,y(2)] ~ [0.138, 1.526].

These bounds can be compared for instance with the bounds in Yang et al.
(2020, Theorem 1) which provide hyop(SWS; o) € [0, 3].

2.3 Dominance analysis of smooth dynamical

systems

In the previous section, we introduced the concept of p-dominance for discrete-
time switched linear systems. In this section, we leverage this approach for
the study of discrete-time smooth dynamical systems whose linearized dynam-
ics can be decomposed into a p-dimensional dominant component and a com-
plementary (n — p) dominated component (with n the dimension of the sys-
tem). Thriving on the algorithmic framework for the analysis of p-dominance
of discrete-time switched linear systems and on the technique of abstraction

of dynamical systems, we provide an algorithmic framework for the study of
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p-dominance for discrete-time smooth dynamical systems. Finally, we discuss
two applications of the theory of p-dominance for discrete-time smooth dynam-
ical systems, namely regarding the verification of the property of hyperbolicity
and the estimation of the topological entropy of these systems.

The section is organized as follows. In Subsection 2.3.1, we introduce the
notion of p-dominance for discrete-time smooth dynamical systems. In Subsec-
tion 2.3.2, we present the algorithmic framework for the study of the property
of p-dominance for these systems. Finally, in Subsection 2.3.3, we discuss some
applications, supported by numerical examples, of the above theory and algo-
rithmic framework.

Notation. In this section, all considered dynamical systems are discrete-
time smooth dynamical systems, and thus for the sake of brievety, we will refer
to them simply as dynamical systems. If A and B are sets, we write A € B if
A C 2B, The Minkowski sum of A C R? and B C R? (or {z} C R%) is denoted
by A+ B (or A+ z), and the convex hull of A is denoted by conv A. The set
of symmetric matrices in R"*™ is denoted by S"*". For P,Q € S"*", we write
P>~ Q (P> Q)if P—Q is positive (semi)definite.

2.3.1 p-dominant smooth dynamical systems

The notion of p-dominant dynamical system draws on the one of path-complete
p-dominant switched linear system, introduced in the previous section. For a
reminder, the trajectories £ : N — R™ of a dynamical system Sys = (R", f)
satisfy £(t + 1) = f(&(t)) for all t € N; the generator® of Sys is denoted by
X(+,+;Sys) (or x if Sys is clear from the context); and the derivative of f is
denoted by %. The sensitivity of the trajectories to the initial condition,

defined by %, satisfies the linear system

Ix of Ix
—=t+1,z)= —(x(t,z))=(t,x for all t € N and z € R"
X+ 1,0) = 2 (x(t2) 55 (1,2)
(see Proposition 1.30 in Subsection 1.2.3). The system describing the evolution
of % can thus be seen as a switched linear system with an infinite number of
matrices, given by {%(x)}zew, and with switching signal given by the trajec-
tory of the system; in other words, “A, ;" is replaced by “%(X(t,x))”. The
idea is to apply the tools developed within the framework of dominance analy-
sis for switched linear systems, to study the existence of dominated splittings
for the linearized dynamics of Sys, that is, for the dynamics of the sensitivity
matrix g—x.
X
Since we are now considering switched linear systems with an infinite num-

ber of matrices, we resort to automata whose transitions are associated to sets

9For a reminder, see Definition 1.20 in Subsection 1.2.1.
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of matrices instead of single matrices. Therefore, we define the notion of ad-
missible sequences of matrices with respect to an automaton and an associated

set of sets of matrices.

Definition 2.20 (Admissible sequence of matrices for an automaton and sets
of matrices). Consider an automaton Aut = (Q,X%,0), and for each i € X, let
A; CR™" A function A : N — R™ " is said to be admissible for Aut and
{A;}iex (or accepted by Aut and {A;}iex) if there is a path (8,)52, in Aut
satisfying that for all t € N, A(t) € Aio,)-

This allows us to define the notion of p-dominant dynamical system. As in
Section 2.2, p is a fixed integer between 0 and n, called the degree of dominance.

Snxn

Let us remind that a matrix P € is said to have inertia (k,0,n — k) if it

has k negative eigenvalues and n — k positive eigenvalues. The set of matrices
of S"*" with inertia (k,0,n — k) is denoted by S;*" (see Definition 2.1 in
Subsection 2.2.1).

Definition 2.21 (p-dominant dynamical system). Consider a dynamical sys-
tem Sys = (R™, f) and a set A C R"™ forward invariant for Sys. We say that Sys
is p-dominant on A if there is an automaton Aut = (Q,%,0), a set of sets of
matrices {A;}iex € R™ ™, a set of rates {vs}oco C Rso and a set of matrices
{Py}qeq € Sp*™ such that

1. for every x € A, the matriz sequence A, : N = Rxn, defined by Am(t) =
%(X(t,x)), is admissible for Aut and {A;}iex;

2. for every 6 € © and A € Ay,

ATR(Q)A - ’)/92 Ps(9) < 0. (28)

We present below a numerical example of a 2-dominant dynamical system

to illustrate the above concepts.

Ezample 2.6 (2-dominant dynamical system). Consider the nonlinear dynami-
cal system!® Sys = (R3, f) defined by

Wt +1) =W (1) + 03¢ (1),
ED(t+1) = 0.3sin(€M (£)) — 0.156M (£) + 0.7 () + 0.03¢3)(2),
€t +1) = —1.56W (1) +0.925¢3) ().

10This system is a discrete-time version of the Duffing oscillator actuated by a DC motor;
adapted from Forni and Sepulchre (2019, Subsection 4.C).
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We will show that Sys is 2-dominant on R3. Therefore, note that the derivative
of f at x € R™, which satisfies

1.0 0.3 0.0

of )

a—x(x)z 0.3cos(z(V) —0.15 0.7 0.03 |,
1.5 0.0 0.925

depends on z only via cos(z(1)). Thus, we consider the following four sets of

madtrices:

A = {%(m) : z € R3and cos(z) € I;} C R3*3, for each i € ¥ = {1,2, 3,4},

where I} = [-1,—3], I, = [-3,0], I5 = [0, 3], I = [3,1]. By construction, it
holds that for every z € R3, 2L (2) € |J,.5; Ai. Now, consider the automaton

Aut = (Q,%,0) depicted in Figure 2.11-a. It is readily checked that this
automaton accepts every switching signal ¢ : N — . Thus, it holds that any
sex Ai is admissible for Aut and {A;}iex, so that
Aut and {A;};cx satisfy Condition 1 in the definition of p-dominance for Sys
(Definition 2.21).

To show that Sys is 2-dominant with Aut and {A;}icx, we use the set of
rates {vp}oco given by 79 = 5 := 0.83 for all § € ©. This set of rates was

matrix sequence A : N — |

derived by making several guesses and using a condition similar to the one in
Proposition 2.19 (see Proposition 2.26 in the next subsection); see also Figure
2.11-b for an illustration. It can be shown that Condition 2 in Definition 2.21
holds with Aut, {A;};cx, the above set of rates {79 }oco and some set of matrices
{P,}4ec0 C S3%3. In other words the system is 2-dominant. For the interested
reader, let us mention that the set of matrices {P,},cq was computed using
the algorithm described in the next subsection (see Theorems 2.23 and 2.24);
the quadratic 2-cones associated to the matrices {P;},cq are represented in

Figure 2.11-c.

Ezample 2.7 (Example 2.6 continued). The 2-dominance of Sys in Example
2.6 translates by the fact that the asymptotic behavior of Sys is at most 2-
dimensional, in the sense that the w-limit set (see Definition 1.24 in Subsection
1.2.1) of any bounded trajectory of Sys is contained in a 2-dimensional manifold.

In fact, this follows from the following observation.

Proposition 2.22. With Sys and {P,}qeq as above, if x1,x2 are two points in
the w-limit set of some bounded trajectory € : N — R3 of Sys, then x; — o
belongs to |J,cq K(Py)-

Proof. The proof relies on the fact that the automaton is cycle-stable (see

Definition 2.14 in Subsection 2.2.2) and on the fact that there is a common 2-
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Figure 2.11: a: Automaton used to analyze the 2-dominance of Sys (the transitions
are labeled according to the legend on the right). b: The blue dots represent the
eigenvalues of g—ﬁ(:c) for 6 randomly selected points & € R®. By Proposition 2.26,
the value of 4 must lie in the green strip. The dashed circle corresponds to the
value 4 = 0.83. ¢ Quadratic 2-cones associated to the matrices {P,}qecq. d: Two
trajectories of Sys (in blue and orange). The quadratic 2-cone associated to P (in
green) centered at 2 different points of the w-limit set of the trajectory in blue does

not intersect this w-limit set, as predicted by Proposition 2.22.

dimensional subspace included in IC(P,) for all ¢ € Q. See Berger and Jungers
(2021b, Proposition 17) for details. O

To illustrate the above, we have represented in Figure 2.11-d two trajectories
of Sys, starting from different initial conditions. We verify that the w-limit set
of each trajectory is at most 2-dimensional.

Remark 2.7. The result presented in Example 2.7 is quite specific to the case
of a system being (n — 1)-dominant with a cycle-stable automaton (implying
that the dominated component of the linearized dynamics is stable; see also
Theorem 2.15 in Subsection 2.2.2). A similar result can be obtained for p-
dominant systems using the celebrated formula of Ledrappier (1981), stating
that the Haussdorff dimension of any compact invariant set of a dynamical
system Sys = (R", f) is bounded by m where m € N is any integer such that
the product of the m largest singular values of %(T, z) is smaller than 1 for

all x € R™ and for some T' € N5g. The theory of dominance, by studying



2.3. DOMINANCE ANALYSIS OF SMOOTH DYNAMICAL SYSTEMS103

dominated splittings of the dynamics, provides algorithmic tools to answer this
kind of questions; for the sake of brievety, the details are omitted here (see also
the proof of Proposition 2.28 in Appendix A.2.10).

This concludes the example illustrating the concept of p-dominance for non-
linear dynamical systems. In the next subsection, we discuss the algorithmic
aspects of the verification of p-dominance. Then, in Subsection 2.3.3, we present
two applications of the theory of p-dominance for dynamical systems, namely
regarding the verification of the property of hyperbolicity (see also Subsection
1.2.3) and the estimation of the topological entropy (see also Subsection 1.5.2)
of these systems.

2.3.2 Algorithmic verification of p-dominance of smooth
dynamical systems

In this subsection, we describe an algorithmic framework for the verification of
p-dominance of dynamical systems. This framework draws on the algorithm
for the verification of p-dominance for switched linear systems, described in
Subsection 2.2.3, and on the technique of abstraction of dynamical systems,
introduced in Section 1.4. The subsection is organized as follows. First, we
present an algorithm to compute, if it exists, a set of symmetric matrices sat-
isfying the second condition in the definition of p-dominance for dynamical
systems (Definition 2.21) when the automaton Aut, the set of sets of matrices
{A;}iex and the set of rates {79 }oco are given. This algorithm extends the one
presented in Subsection 2.2.3 for the verification of p-dominance of switched
linear systems by considering automata whose edges are associated to sets of
matrices instead of single matrices. Then, we explain how to build an automa-
ton Aut and a set of sets of matrices {A4; }iex satisfying the first condition in
the definition of p-dominance for dynamical systems. For this step, we use
the approach of abstraction of dynamical systems introduced in Section 1.4.

Finally, we discuss the complexity of the overall algorithmic framework.

Computation of the symmetric matrices

Consider an automaton Aut = (Q,X,0), a set of sets of matrices {A;}iex €
R"™*™ and a set of rates {79 }oco C Rs. Computing a set of matrices { P }qeq C
S ™ satisfying Condition 2 in Definition 2.21 can be addressed by solving the



104 CHAPTER 2. DOMINANCE ANALYSIS OF HYBRID SYSTEMS

following optimization problem: with variables {F;}qcq C S™*" and € € R,

max € (2.9a)
st.  ATPygA—; Py = —€l Vo €O, Ac Ay, (2.9b)
—-I1<P,=1I VqeQ, (2.9¢)
P, e Sp" VqeQ. (2.9d)

The constraint (2.9b) contains an infinite number of semidefinite constraints;
we explain below how the problem can be modified to have a finite number of
constraints. But, before that, let us mention that as for the case of switched
linear systems, the constraints (2.9d) on the inertia of the matrices {P,}qecq
can be dropped without any impact on the outcome of the decision problem
“is there a set of matrices { P },eq C Sp*" satisfying the second condition in

Definition 2.217” This statement is formalized in the theorem below.

Theorem 2.23. Consider an automaton Aut = (Q,X,0), a set of sets of
matrices {A; }iexs €@ R™*™ and a set of rates {yg}oco C Rsp. Let Assumption
2.16 hold (Aut is essential). Then, any optimal solution ({P;},€*) of (2.9a)-
(2.9¢) satisfies that € > 0 and { Py }qeq € Sp*™ if and only if there is a set of
matrices {Py}qeq € Sp*" satisfying Condition 2 in Definition 2.21 with Aut,
{Ai}iex and {vp}oco-

Proof. The proof is identical to the proof of Corollary 2.18. O

Based on the above, we now restrict our attention to the subproblem (2.9a)—
(2.9¢). This problem is a semidefinite optimization problem, but (2.9b) contains
an infinite number of semidefinite constraints. However, we will see that the
problem can be tightened (i.e., modified with stronger constraints) to obtain a
semidefinite optimization problem with a finite number of constraints. To do
this, we assume that for each i € 3, the matrix set A; can be enclosed in a

convex set of the form
A; C A + conv {A]Z[-"l, ce A?,Ni} + B, foreachieX, (2.10)

where AS, A}y, ..., APy € R™ ™ and r; > Oforalli € ¥, and B = {A € R™*" :
IAl <1}

Using these convex enclosures (2.10), we define the following semidefinite
optimization problem: with variables {P,},eq € S™*", {E;}qeq € S™*7,
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{6¢}qeq € [0,1], n € R>p and € € R,
max € (2.11a)
8.t A'C(G)TR(Q)A‘IS(G) + AF(G)TPt(G)ARQ)J + AI}EQ)JTR(Q)AIC(G)
+ Ai}ze),jTEt(G)Aih(Q),j — Y5 Pugy+nl 2 —el VO€O,je{l,....Np}

(2.11b)

1> riig0x0) + 2ri0) | Peco) (Ag) + Altgy ;) Voe®,je{l,....Nio},
(2.11c)

[ < P, <6,0, Py < E,, E; =0 Ve Q. (2.11d)

Note that the constraints (2.11c) can be expressed as semidefinite constraints,
using the Schur complement: for any z € R and B € R™*", it holds that
z > ||B]| if and only if [;IT 3] = 0 (see, e.g., Ben-Tal and Nemirovski, 2001, p.
152). The following theorem states that any feasible solution of (2.11) provides
a feasible solution of (2.9a)—(2.9¢). (See also the paragraph below this theorem

for an explanation of the derivation of this tightened optimization problem.)

Theorem 2.24. Consider an automaton Aut = (Q,%,0), a set of sets of
matrices {A;}ies @ R™™ and a set of rates {vp}oco C Rsg. Let {AS}ties,
{A?,j}iez,je{l,...,Ni} and{ri}iex be asin (2.10). Let ({Fy}qeq: {Eqteeq: {d¢}tqeq: m:€)
be a feasible solution of (2.11b)—~(2.11d). Then, it holds that ({Py}qecq,€) is a
feasible solution of (2.9b)—(2.9¢c).

Proof. See Appendix A.2.8. O

The idea behind the derivation of (2.11) as a tightening of (2.9a)—(2.9¢c)
is the following. For any 6 € ©, by replacing the matrix Py by the matrix
Ei9) = 0, the constraint

Afig) Puoy Afg) + Affg) Pr(o) B+ B Pro) Afjg) + B Ev() B — 7j Pya) = —el

(2.11b")
provides a convex enclosure of the constraint (2.9b) with this 6, in the sense
that, for fixed Pyg), Pys), Et9) and ¢, the set of matrices B that satisfy the
constraint (2.11b’), shifted by Af,), is a convex set containing the set of matri-
ces A that satisfy (2.9b) with this §. Hence, it suffices to impose that this set
contains the vertices of the convex enclosure (2.10) of Aj¢p). This is achieved
by imposing that the matrix inequality (2.11b’) is satisfied at B = Ailze),j for
all j € {1,..., Njpy} with a margin taking into account the deviation of norm
Ti(g) around AE}EQ),j (see (2.10)). This margin is captured by the term nI where
n satisfies (2.11c). See also the proof of Theorem 2.24 (Appendix A.2.8) for
details.
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Summarizing, Theorems 2.23 and 2.24 show that if the automaton, the
set of sets of matrices and the set of rates are given, then the verification of
p-dominance for a given dynamical system can be reduced to a semidefinite
optimization problem, and thus can be solved efficiently using classical convex
optimization algorithms. In the next subsubsection, we explain how to compute
an automaton and a set of sets of matrices satisfying the first condition in the
definition of p-dominance for dynamical systems. We also discuss the choice of

the set of rates.

Computation of the automaton, the sets of matrices and the rates

The computation of the automaton can be achieved by using the technique
of abstraction introduced in Section 1.4 and which amounts to compute a fi-
nite representation, called a symbolic model, of the dynamical system. For a
reminder, given a dynamical system Sys = (R™, f) and a subset A C R", a
symbolic model of Sys on A (with time step T' = 1) consists of a finite set of
regions {Og}qeq € R satisfying A C |J,cq Oq, and a set of edges £ C Q x Q
representing the possible transitions of the system among the different regions,
meaning that (q1,¢2) € Eif {f(z) : 2 € Og, } N Oy, # 0 (see Definition 1.57 in
Subsection 1.4.1). All symbolic models considered in this section are assumed
to have time step equal to one, and thus we refer to them simply as symbolic
models. See Figure 2.12 for an illustration of a symbolic model built with the
method presented in Subsection 1.4.2.
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Figure 2.12: Symbolic model for the Ikeda dynamical system (see Example 2.8 in
Subsection 2.3.3) on the set A = [—1.1,3.4] x [-1.5,1.8]. a: Discretization of A into
16 rectangular regions Og4, indexed by @ = {1,...,16}. The image of the region O11
(in red) is represented in dark blue. The different regions that intersect the image
of O11 are represented in light blue. b: Graph representing the transitions (edges)
between the different regions of the symbolic model. The outgoing edges from the
node 11 are highlighted in red.
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Given a symbolic model ({O4}qecq, E) of Sys = (R™, f) on A C R”, we
first build an automaton as follows. We let Aut be the automaton defined by
(Q,%,0) where ¥ = @ and © = {(q1,¢1,¢2) : (¢1,92) € E} CQ x ¥ x Q (in
other words, the transitions of Aut are given by the edges of E labeled with
the source node of the edge in question). Then, we define the sets of matrices
{A;}icx as follows. For each ¢ € Q = X, we let A; C R"*" be a set of matrices
such that for every x € O, %(m) € A,. This set of matrices can be defined
for instance by using the Lipschitz continuity of % (which was assumed in
the construction of the symbolic model; see Assumption 1.63 in Subsection
1.4.2) or by identifying the variables that influence the value of % and how
these variables vary in the region in question (as in the example at the end of
Subsection 2.3.1). By construction, Aut and {A4;};cx defined as above satisfy
the first condition in the definition of p-dominance of Sys.

Proposition 2.25. Consider a dynamical system Sys = (R™, f) and a set
A CR™ Let ({Og}qecq, E) be a symbolic model of Sys on A, and let Aut =
(R,%,0) and {A;}iex € R™ ™ be defined as above. Then, Aut and {A;}iex
satisfy Condition 1 in Definition 2.21.

Proof. Straightforward from the definition of a symbolic model and from the
construction of Aut and {A;}iex. O

Remark 2.8. In practice, the definition of the sets of matrices {A4;};cx often
directly provides convex enclosures in the form of (2.10); but this is not required
and can be achieved in a second time if one wants to use Theorem 2.24 to verify
that the second condition in Definition 2.21 holds.

Now that we have seen how to construct an automaton and a set of sets
of matrices satisfying the first condition in the definition of p-dominance, it
remains to discuss how to find, if it exists, a set of rates satisfying the second
condition in the definition of p-dominance with a given automaton and a given
set of sets of matrices. As in the case of switched linear systems, there is in
general no systematic way to find such a set of rates, but we can nevertheless
reduce the search space for the rates by using constraints similar to the ones

in Proposition 2.19.

Proposition 2.26. Consider an automaton Aut = (Q,%,0), a set of sets of
matrices {A; }iex €@ R™ "™, a set of rates {vo}oco C Rso and a set of matrices
{Pytqeq € Sp*" satisfying the second condition in Definition 2.21. Let (01)1="
be a cycle in Aut, and for each t € {0,...,T — 1}, let Ay € Ajq,). Define
A=Ap_ 1Ay and 7y = Yoo -+ Vor_,- Then, it holds that A has p eigenvalues

with modulus |A\;| > 7 and n — p eigenvalues with modulus |X\;| < 7.
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Proof. The proof is identical to the proof of Condition 1 in Proposition 2.19. [

In all generality, the rates can be different for each transition of the automa-
ton. However, when the size of the automaton increases, it becomes rapidly
intractable to explore the space of all sets of rates having a different value for
each transition of the automaton. Therefore, in the numerical experiments,
we often search a suitable set of rates with the additional requirement that
all rates are the same and we use Proposition 2.26 to derive bounds on the
common value of the rates (see also the example at the end of Subsection 2.3.1
for an illustration); the price to pay is to increase the conservatism of the al-
gorithmic framework for the verification of p-dominance of dynamical systems.
However, for some applications, assuming that all rates are equal, or even fixing
the value of the rates, does not add any conservatism for the numerical analysis
of the application in question. This is the case for instance for the verification
of hyperbolicity of dynamical systems, for which we may assume that all rates

are equal to one, as we will see in Subsection 2.3.3.

Complexity of the overall algorithmic framework

The complexity of the overall algorithmic framework is mainly driven by the
complexity of computing a symbolic model of the system. For a given diameter
of the regions, this grows in the worst case as a power of the dimension of
the system (this is the curse of dimensionality of the abstraction approach;
see, e.g., Reiflig, 2011, p. 2588). Omnce a symbolic model is computed, one
can construct an automaton and a set of sets of matrices—or more precisely
convex enclosures of these sets of matrices—with the approach described in the
previous subsubsection. If for instance the Lipschitz continuity assumption is
used to construct the sets of matrices, this step can be performed in linear time
with respect to the number of regions in the symbolic model.

Regarding the selection of the rates, there is no clear complexity for this
step as we do not have a systematic methodology for it (see the previous sub-
subsection). If we assume that all rates are equal and assume some robustness
of the property of p-dominance of the dynamical system, then the rates can be
selected by trying equally spaced values within the confidence interval defined
by the constraints in Proposition 2.26.

Finally, for a given automaton Aut = (@, X, 0), a given set of convex sets
of matrices in the form of (2.10) and a given set of rates, the optimization
problem (2.11) can be solved efficiently using any polynomial-time semidefinite
optimization algorithm. The optimization problem involves 2|Q| matrix vari-

ables of dimension n x n and roughly |Q| scalar variables, and 4|Q| + 2|©|N
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semidefinite constraints of size n X n or 2n X 2n, where N = max;cx;, N;.

2.3.3 Numerical examples and applications

In this subsection, we present two applications of the theory of p-dominance
for dynamical systems. The first application deals with the verification of the
property of hyperbolicity of dynamical systems and the second one with the
estimation of the topological entropy of dynamical systems. Both applications

are illustrated with numerical examples.

p-dominance and hyperbolicity of dynamical systems

In Subsection 1.2.3, we introduced the concept of hyperbolicity for invertible
dynamical systems and discussed its applications regarding the structural sta-
bility of its invariant sets. For a reminder, an invariant set of an invertible
dynamical system is hyperbolic if for any point in the set there are two com-
plementary subspaces, one being stable for the linearized dynamics in forward
time and one being stable for the linearized dynamics in backward time (see
Definition 1.31).

It turns out that the property of hyperbolicity can be verified algorithmi-
cally using the framework of p-dominance for dynamical systems. Moreover,
in that case, the rates of p-dominance can be fixed to be equal to one, which
reduces considerably the complexity of the overall algorithmic framework for
the verification of p-dominance. The connection between hyperbolicity and

p-dominance is explained in the following proposition.

Proposition 2.27. Consider an invertible dynamical system Sys = (R™, f)

and a set A C R™ invariant for Sys. Consider the following propositions:

1. There is p € {0,...,n} such that Sys is p-dominant on A with some
automaton (Q,X,0) and with set of rates {yg}toco uniformly equal to
one (i.e., v9 =1 for all§ € ©).

2. A is a hyperbolic invariant set for Sys.
It holds that 1 = 2. Moreover, if A is bounded and connected, then 1 < 2.

Proof. See Appendix A.2.9. O

The numerical example below illustrates the use of the theory of p-dominance
for the identification of hyperbolic invariant sets of invertible dynamical sys-

tems.



110 CHAPTER 2. DOMINANCE ANALYSIS OF HYBRID SYSTEMS

Example 2.8. Consider the dynamical system Sys = (R?, f) where f : R? — R?
is the modified Ikeda map, defined by

/()

where r =2, C7, = 0.4, C3 =6, a = 0.9, b = —0.9. The modified Tkeda map is
known to be invertible and to have a nonempty hyperbolic invariant set inside
QO =[-1.1,3.4] x [-1.5, 1.8]; see, e.g., Osipenko (2007, Example 152).

We use the framework described in Subsection 2.3.2 to show that the max-

r+a(z™ cosT — 2 sin7) Ci —Csg
T p—
| T+ @OP + @)

b(z™M sinT 4 23 cos )

imal invariant set A of Sys included in €2 is hyperbolic. To do that, first, we
compute symbolic models of Sys on € using the method described in Subsection
1.4.2. From these symbolic models and by using Proposition 1.67 in Subsection
1.4.3, we obtain over-approximations of A; see Figure 2.13-a (the finer the ab-
straction the more accurate is the over-approximation of the maximal invariant
set).

Then, we show that A is a hyperbolic invariant set for Sys. Therefore, we
use Proposition 2.27 and show that Sys is 1-dominant, with rates uniformly
equal to one, on a subset A’ containing A. More precisely, we use the over-
approximation of A provided by the abstraction with A = [0.015,0.014]" in
Figure 2.13-a (which has 1744 nodes and 7048 edges). From this abstraction,
we build an automaton Aut = (@, %, ©) and a set of sets of matrices {A;}iex
satisfying the first condition in Definition 2.21 with the approach presented in
Subsection 2.3.2. Then, we solve the optimization problem (2.11) with Aut and
{A;}ies, and with rates {7y }gco uniformly equal to one. This provides a set
of symmetric matrices {P, },e0 C S2*? satisfying the second condition in Defi-
nition 2.21, thereby showing that Sys is 1-dominant on A, with rates uniformly
equal to one. For the interested reader, the quadratic 1-cones associated to the
matrices { P, }q4eq, along a trajectory of the system, are represented in Figure
2.13-b. We observe that the cones are contracted by the prolonged system
0Sys, as predicted by Proposition 2.9 in Subsection 2.2.2.

Related works. The problem of algorithmic verification of hyperbolicity of
dynamical systems was addressed by Osipenko (2007); this is the only other
work on this problem we are aware of. Osipenko’s approach relies on construct-
ing an abstraction of the prolonged system. The Morse spectrum of the system
can then be over-approximated by bounding the minimal and maximal growth
rate of the derivative along cycles in the graph of the abstraction. A certifi-
cate of hyperbolicity of the system is then obtained if the over-approximation
of the Morse spectrum keeps away from zero. Regarding the computational

complexity, this approach also suffers from the curse of dimensionality since it
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Figure 2.13: Computation of a hyperbolic invariant set for the Ikeda map inside
Q =[-1.1,34] x [-1.5,1.8] (see Example 2.8). a: Four abstractions of the system on
€2, constructed with the method presented in Subsection 1.4.2. The step size of the
rectangular discretizations are indicated above the plots. The regions in red provide
over-approximations A’ of the maximal invariant set A of the system inside 2. The
finer the discretization, the closer is the over-approximation to A. b: Quadratic 1-
cones (in blue) computed with the algorithm presented in Subsection 2.3.2 for the
verification of 1-dominance of the system on A’. The cones have been represented
along a trajectory of the system (in black). The images of the cones by the derivative
of the system are represented in green. We observe that the images are contained in

the cone at the next point of the trajectory, as predicted by Proposition 2.9.

requires to compute an abstraction of a system with dimension 2n — 1 (where
n is the dimension of the original system). It is difficult to have a further
comparison between the two methods because their respective complexity will
depend on the size of the abstraction of the system on its maximal invariant
set A, which can be smaller than O(||h||~™) if A is low-dimensional, where h is

the discretization step of the abstraction.

p-dominance and topological entropy of dynamical systems

In Subsection 1.5.2, we introduced the concept of topological entropy for hybrid
systems, and in Subsection 2.2.4, we showed that the theory of p-dominance
for discrete-time switched linear systems can be useful to obtain bounds on the
topological entropy of these systems. In this subsubsection, we show that the

latter approach can be generalized to dynamical systems.

Proposition 2.28. Consider a dynamical system Sys = (R™, f) and let A C R™
be a bounded forward invariant set for Sys. Let hyop(Sys, A) be the topological
entropy of Sys restricted to A with cost function (x1,z2) — ||z1 — x2||. Let
Ply---,Pn €N be such that pp, <k —1 for all k € {1,...,n}, and assume that
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for each k € {1,...,n}, Sys is pr-dominant on A with automaton Aut®) =
QW) x®) @) and set of rates {'y(gk)}9€9<k> C Rsg. Then, it holds that

n

hiop (Sys, A) Z max {0, log, 5 1,

where ’yr(mzx = max { (y(gf) e ’Yé?,l)l/T : (0)]2) is a cycle in Aut®™ ). Simi-

larly, if'' p1,...,pm € N are such that p; > k for all k € {1,...,m}, and
for each k € {1,...,m}, Sys is pp-dominant on A with automaton Aut® =

QW 2k 0k and set of rates {vék)}%@(k) C Rsg. Then, it holds that

m
heop(Sys, A) > Y max {0, log, 4051,
k=1

(k)

where A = min { (’yék) ’yé];) 1)1/T (0:)1=" is a cycle in Aut® 1.
Proof. See Appendix A.2.10. O

For practical use of the upper bound in Proposition 2.28, it should be noted
that a dynamical system is always 0-dominant on any bounded forward invari-
ant set, with respect to some sufficiently large set of rates. For instance, if A C
R™ is a bounded forward invariant set for a dynamical system Sys = (R", f),
then we can take the set of rates being larger than supxeAH%(x)H. In this
case, the upper bound in Proposition 2.28, with p;, = 0 for each k € {1,...,n},
coincides with the classical upper bound hop(Sys, A) < n sup,cy log, H%(x)”
(see, e.g., Liberzon and Mitra, 2018, Proposition 2). The upper bound in
Proposition 2.28 refines this bound when Sys is p-dominant with p < n. Sim-
ilarly, the lower bound in Proposition 2.28 refines the classical lower bound
hiop(Sys, A) > sup,cp log, |det %(m)\ (see, e.g., Liberzon and Mitra, 2018,
Proposition 3) when Sys is p-dominant with p < n.

Also, let us mention that the bounds on the topological entropy in Propo-
sition 2.28 are tight in the case of LTI systems. Indeed, on the one hand,
the topological entropy of a LTI system (R™, A), with A € R"*", is equal to
ZIM>1 log,|A;| where A1,..., A\, are the eigenvalues of A (see, e.g., Matveev
and Savkin, 2009, Theorem 2.4.2). On the other hand, from the characteriza-
tion of p-dominant LTI systems (see Proposition 2.3 in Subsection 2.2.1), the
values of the rate of dominance, for £k = 1,...,n, can be taken arbitrarily close
to the modulus of the eigenvalues Ax of A, so that the bounds in Proposition
2.28 provide tight estimates of the topological entropy of the system.

The numerical example below illustrates the use of the theory of p-dominance

for the estimation of the topological entropy of dynamical systems.

1INote that m may be smaller than n here.



2.3. DOMINANCE ANALYSIS OF SMOOTH DYNAMICAL SYSTEMS113

Example 2.9. Consider the dynamical system Sys = (R?, f) where f : R? — R?
is defined by

21 1 (x(l))2 — (x(2))2
f ([x@)b - ((z(M)2 + (2(2))2)3/4 l 221 4(2) ] ‘

It is easily seen that any set of the form {x € R™ : vy < ||z|] < ro}, with

0 <7 <1 < re, is forward invariant for Sys. Hence, for definiteness, let
A={z eR": 3 <[] <2}. Using the theory of p-dominance, we will show
that 0.88 < hyop(Sys, A) < 1.11.

Indeed, it can be shown that Sys is 1-dominant on A with set of rates
uniformly equal to 1 and also with set of rates uniformly equal to 1.85. Also,
Sys can be shown to be 0-dominant on A with set of rates uniformly equal to
2.15. These results were obtained by using the method described in Subsection
2.3.2 (the resulting automaton has 724 states and 4080 transitions). Hence, by
Proposition 2.28, we get the claimed bounds on the topological entropy of Sys
restricted to A:

0.88 < logy 1.85 < hiop(Sys, A) <log, 1 +log, 2.15 < 1.11,

concluding the example.

Related works. The approach of Proposition 2.28 for the estimation of the
topological entropy of dynamical systems connects with the upper bound in
Matveev and Pogromsky (2019, Theorem 11) for the topological entropy of
a dynamical systems Sys = (R™, f) on a bounded forward invariant subset
A CR™:

htop (Sys, A) < liqm_fip % (SungeA Z:;l max {0, log, pi(%(T, ac))}), (2.12)
where p1(A),..., pn(A) denote the singular values of A € R"*". In fact, the
proof of the upper bound in Proposition 2.28 (see Appendix A.2.10) relies on
the observation that, if Sys is p-dominant with Aut = (Q, X, 0) and {vs}eco,
then for T large enough, an upper bound on the n — p smallest singular values
of %(T, x) can be derived from the set of rates: namely, this upper bound is
given by Ymax.r = max{ g, - Yor_, : (0:)ig" is a cycle in Aut}. The upper
bound in Proposition 2.28 is less sharp than (2.12) because Ymax, 7 only provides
an upper bound on the singular values of %(T, x), but it has the advantage
of providing a way of computing such upper bounds via the framework of p-

dominance.
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2.4 Conclusions

In this chapter, we studied the property of having a dominated p-splitting
for discrete-time switched linear systems and discrete-time smooth dynamical
systems, that is, the property that their linearized dynamics can be decom-
posed into a p-dimensional dominant dynamics and a complementary (n — p)-
dimensional dominated dynamics (with n the dimension of the system). The
asset of this separation feature is that it allows to refine the analysis of the
dynamics on each component. For instance, in quantized control, it allows to
use a different level of quantization for each component, thereby providing re-
fined bounds on the topological entropy of the system compared to the ones
that are generally obtained by analyzing the dynamics as a single “isotropic”
component. Another example is for the study of the convergence of the nor-
malized trajectories of switched linear systems. From the normalization, it
holds that only the dominant component of the dynamics will be relevant for
the asymptotic behavior of the system, so that the normalized trajectories con-
verge toward a subspace of dimension at most p, independently of their initial
condition. In the case of 1-dominance, this translates as the incremental sta-
bility of the normalized trajectories, and thus allows to study the properties of
incremental stability using a switched systems approach instead of the classi-
cal differential Lyapunov approaches based on the normalized system (which
would require to find a Lyapunov function for the nonlinear prolonged system).
Finally, another application discussed in this chapter is for the verification of
the property of hyperbolicity, a ubiquitous concept in systems theory allowing
for instance to study the structural stability of attractors of dynamical systems
or the quantized control of these systems.

We also provided an algorithmic framework for the verification of the prop-
erty of having a dominated p-splitting, drawing on a geometric characterization
of this property. This characterization is formulated in terms of the contrac-
tion properties, by the linearized dynamics, of a set of quadratic p-cones; the
contraction relations of the cones being driven by the transitions of an automa-
ton representing the admissible “traces” of the system (either the switching
signals in the case of switched linear systems, or the trajectories of the system
in the case of dynamical systems). The use of quadratic p-cones allows to en-
code the satisfiability of the geometric condition as the feasibility of a set of
matrix inequalities, which results in a tractable criterion for the verification
of the property of domination (thanks to the well-established theory of conic
optimization).

The concept of p-dominance was initially introduced by Forni and Sepul-

chre (2019) for the study of continuous-time smooth dynamical systems whose
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linearized dynamics can be decomposed into p “slow” modes and n — p “fast”
modes (with n the dimension of the system). Our work draws on this seminal
work, but differs in that the geometric characterization in Forni and Sepulchre
(2019) relies on a single quadratic p-cones that is contracted by the linearized
dynamics while our characterization involves several quadratic p-cones. The
conclusions in Forni and Sepulchre (2019) on the asymptotic behavior of sys-
tems satisfying the condition of p-dominance with a single quadratic p-cone
are also stronger; in particular, it holds that the asymptotic dynamics of these
systems is essentially the one of a p-dimensional system. The notion of p-
dominance considered in this thesis does not allow to derive such a property
(for instance there are examples of hyperbolic dynamical systems having a
complex asymptotic dynamics); however, it allows to capture a larger class of
systems.

An interesting direction for further research is to investigate potential ap-
plications of the property of a dominated splitting for the symbolic control
of dynamical systems. Indeed, the technique of abstraction is known to suffer
from the curse of dimensionality, which means that the complexity of construct-
ing and analyzing symbolic models of dynamical systems grows exponentially
with the dimension of the system. We believe that the theory of dominance
can be useful to fight the curse of dimensionality when the linearized dynam-
ics of the system has a low-dimensional dominant behavior. For instance, the
property of hyperbolicity has already proved useful for the symbolic analysis of
dynamical systems, namely via the notion of “Markov partition”, which allows
one to define a discretization of the state space that is adapted to the system
(see, e.g., Robinson, 1999, Chapter 10). However, as we have seen, the ques-
tion of algorithmic verification of the property of hyperbolicity has not received
much attention so far. Hence, it could be worth investigating the possibility of
combining the algorithmic framework for the verification of hyperbolicity with
the above observations to systematize the use of the property of hyperbolicity
in symbolic control algorithms, as well as in other computational problems in
control. Another interesting direction for further research is to investigate pos-
sible extensions to other classes of hybrid systems, like switched linear systems
with state-dependent switching and nonlinear hybrid systems. Notions related
to dominated splittings, like incremental stability or positivity, are known to
present subtleties when extended to hybrid systems (see, e.g., Postoyan et al.,
2015, and Lanotte and Maggiolo-Schettini, 2005). However, the cases studied
in this chapter provide proofs-of-concept that an algorithmic approach is pos-
sible to study these questions for some classes of hybrid systems, and it would

be interesting to see how it can be extended to other classes of such systems.






Chapter 3

Quantized control of hybrid

systems

In this chapter, we present the second part of our contributions, which deals
with the observation and control of switched linear systems under communi-
cation constraints. As we will see, these questions connect with several other
concepts in systems and control theory and in mathematics, such as topolog-
ical entropy (introduced in Subsection 1.5.2 and touched on in the previous
chapter), joint spectral radius (introduced in Subsection 1.3.2), and exterior

algebra.

3.1 Introduction and literature review

This chapter addresses two important and challenging aspects of modern con-
trol systems, namely quantization and switching. Indeed, many modern control
systems (such as IoT, networked systems, etc.) involve spatially distributed
components that communicate through a shared, digital communication net-
work, which can carry only a limited amount of information per unit of time.
The limitation on the information flow can have large negative effects on the
performance of the control loop. This has motivated a considerable amount
of research to study control problems subject to data-rate constraints; see,
e.g., Hespanha et al. (2007), Matveev and Savkin (2009) and Zhong-Ping and
Teng-Fei (2013) for surveys. Furthermore, many systems and phenomenons
encountered in modern applications involve switching among different opera-
tion modes (for instance cyber-physical systems, physical systems with impact,

etc.). The presence of switching dynamics turns out to considerably complexify
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the analysis of these systems, even for simple models (see, e.g., Jungers, 2009).
This has motivated the development of a new chapter in control theory, ad-
dressing switching phenomenons in control problems; see, e.g., van der Schaft
and Schumacher (2000), Liberzon (2003) and Lin and Antsaklis (2009).

Although switched systems and control with data-rate constraints have been
two active areas of research for some time now, the combination of these two
aspects in control problems has started to receive attention in the literature
only recently (some specific references are cited below). Combining these two
aspects in a unified framework is however essential to tackle control problems
encountered in a wide range of modern applications. For the main part, the
works on networked switched systems can be split into two settings, depending
on the assumption on the knowledge of the operating mode of the system by the
different elements of the network: in the first setting, called mode-dependent
quantized control, it is assumed that the current mode of the switched system
is known by every element of the network, and in the second setting, called
mode-oblivious quantized control, it is assumed that the mode of the system is
not known by every elements of the network and is thus part of the information
to be quantized and transmitted over the network.

In this thesis, we study control problems involving switching and data-rate
constraints in the case of switched linear systems. In particular, we study
the questions of state estimation and stabilization of switched linear systems
under data-rate constraints, for the two settings discussed above. We detail

our contributions and review the relevant literature in the paragraphs below.

Mode-dependent quantized control

First, we study the problem of quantized observation of linear time-varying
(LTV) systems. In particular, we are interested in determining the minimal
data rate required for state estimation of LTV systems, that is, the smallest
data rate at which information needs to be sent by a coder to a decoder to
estimate the state of the system with arbitrary finite accuracy; see also Figure
3.1 for an illustration. LTV systems can be seen as switched linear systems
whose switching signal is fixed. We are thus in the mode-dependent setting
since the mode of the system is known at all times by all elements of the

network.

e(k) e(k) 2
é (t) = App)§ (1) 0 Coder Decoder _{’Et)

digital network

Figure 3.1: Mode-dependent quantized observation of LTV systems.
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Inspired by the works of Shannon on information entropy and data rate
requirements for reliable communication, it was soon realized that the ques-
tion of the minimal data rate for state estimation of dynamical systems has
strong connections with the notion of topological entropy. For a reminder, the
topological entropy is a quantity that measures the growth rate of the smallest
number of functions necessary to approximate the trajectories of a dynamical
system with arbitrary finite accuracy (see Subsection 1.5.2). The study of the
topological entropy and its link with the minimal data rate for state estima-
tion has attracted a lot of attention from the control community in the last
decades; see, e.g., Savkin (2006), Matveev and Pogromsky (2016) and Kawan
(2018). A large part of these works focus on linear time-invariant systems
or time-invariant dynamical systems with compact state space. For these sys-
tems, it is known that the topological entropy is equal to the minimal data rate
for state estimation (see, e.g., Matveev and Pogromsky, 2016, or Proposition
1.80 in Subsection 1.5.2). These results are sometimes referred to as data-rate
theorems (see, e.g., Kawan et al., 2021, p. 1). On the other hand, beyond
these classes of systems, the situation is unfortunately much more elusive. The
topological entropy is only known to be a lower bound on the minimal data
rate for state estimation. In particular, it seems an open question whether the
topological entropy is also an upper bound on to the minimal data rate for
state estimation. As an evidence of this, we refer to Matveev and Pogromsky
(2016) and Kawan (2018), where the lower bound is discussed but no proof, or
counter-example, for the upper bound is presented.

Our main contribution regarding the quantized observation of LTV systems
is to show that the equivalence of topological entropy and minimal data rate
for state estimation extends to LTV systems. The relevance of this result is
first theoretical, as it extends the data-rates theorems of linear time-invariant
systems to LTV systems. Moreover, the proof of the theorem is constructive, as
it provides a coder—decoder that observes the state of the system with arbitrary
accuracy, and whose data rate can be as close as desired to the topological
entropy of the system. The implementation of the coder—decoder with optimal
data rate may however require unbounded memory, which can limit its practical
usability. The result and its proof can nevertheless be useful for practical
applications. For instance, it shows that the topological entropy can be used
as a benchmark to evaluate the performance of different implementations of
coders—decoders. Furthermore, the ideas presented in the proof of the theorem
can be used to obtain efficient coders—decoders satisfying memory limitations,
though possibly operating at suboptimal data rates.

We are also interested in the computation of the topological entropy of LTV
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systems. In general, the computation of the topological entropy of dynamical
systems is known to be a difficult problem (see, e.g., Koiran, 2001, and Delvenne
and Blondel, 2004). In fact, the exact value of the topological entropy of most
widely-used systems (such as the Hénon map, the van Der Pol oscillator, etc.)
is still unknown (see, e.g., Matveev and Pogromsky, 2016). On the other hand,
many constructive ways of deriving lower bounds and upper bounds on the
topological entropy of dynamical systems have been proposed in the literature
(see, e.g., Liberzon and Mitra, 2018, Matveev and Pogromsky, 2016, and Kawan
et al., 2021). In the case of switched linear systems with fixed switching signal,
this question is thoroughly studied in Vicinansa and Liberzon (2019) and Yang
et al. (2020), which provide lower bounds and upper bounds on the topological
entropy of switched systems, depending on the matrices of the system and on
the switching signal. In this thesis, we show how these bounds can sometimes
be refined, using the framework of p-dominant switched linear systems.

In a second time, we study the question of the quantized observation and
stabilization of switched linear systems under arbitrary switching, in the mode-
dependent setting. In particular, we are interested in determining the minimal
data rate required for state estimation and stabilization of switched linear sys-
tems (with affine control input), when the switching signal of the system is not
fixed beforehand but is known at all times by all elements of the network; see

also Figure 3.2 for an illustration.

a(t)
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Figure 3.2: Mode-dependent quantized stabilization of switched linear systems.

This setting is motivated, for instance, by quantized control problems in-
volving switched systems with exogenous switching signal that can be observed
by all elements of the network, or switched systems with deterministic switch-
ing mechanism but for which the switching signal is not known at the time of
communication infrastructure’s design. This setting is also relevant for quan-
tized control of switched linear systems with controlled switching signal, as the
decoder controls both the mode and the affine input to achieve a given control
objective; see also Example 3.6 in Subsection 3.3.4. Finally, this setting pro-
vides fundamental lower bounds and upper bounds on the data rate required

in other settings, like mode-oblivious quantized control, or quantized control
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based on event-triggered communication strategies (see, e.g., Tallapragada and
Cortés, 2016, and Pearson et al., 2017).

Mode-dependent quantized control of switched systems has been studied
mainly in the context of Markov Jump Linear Systems (discrete-time control-
affine switched linear systems whose sequence of modes is dictated by a Markov
chain). Constructive data rate bounds for their Mean Square Stabilization have
been proposed, e.g., in Zhang et al. (2009), Ling and Lin (2010) and Xiao et al.
(2010), and an expression for the minimal data rate for Mean Square Stabiliza-
tion, thought not computable in general, is derived in Nair et al. (2003).

Our contribution regarding the quantized control of switched linear systems
in the mode-dependent setting is as follows. First, we introduce the concept of
worst-case topological entropy, accounting for the maximal topological entropy
that can be reached by the system among all its switching signals. We demon-
strate the relevance of this concept by showing that the minimal data rate
for state estimation or stabilization of a switched linear system corresponds
to the worst-case topological entropy of the open-loop switched linear system.
Moreover, we show that this optimal data rate bound can be approached by
practical (i.e., implementable) coders—decoders. In particular, we describe the
implementation of a practical coder—decoder that observes or stabilizes the
system and whose data rate can be as close as desired to the worst-case topo-
logical entropy of the open-loop system. Secondly, we present a computable
closed-form expression for the worst-case topological entropy of switched linear
systems. The worst-case topological entropy is expressed as the joint spectral
radius (see Definition 1.50 in Subsection 1.3.2) of some “lifted” system that rep-
resents the action of the original system on elements of volume (captured by
algebraic constructions called exterior algebras). The main asset of this closed-
form expression is that it can be computed numerically via well-established
algorithms for the computation of the joint spectral radius (see, e.g., Jungers,
2009, and Sun and Ge, 2011); thereby allowing for practical computation of
the minimal data rate for state estimation and stabilization of switched linear

systems in the mode-dependent setting.

Mode-oblivious quantized control

Finally, we study the problem of quantized control of switched linear systems
in the mode-oblivious setting. That is, we are interested in the state estimation
and stabilization of switched linear systems (with affine control input), when
both state and mode observation are subject to data-rate constraints; see also
Figure 3.3 for an illustration.

When the mode of the system is only partially known by the decoder, state
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Figure 3.3: Mode-oblivious quantized stabilization of switched linear systems.

encoding and input actuating strategies must take into account the fact that
unobserved switching may occur during the transmission interval. One way to
limit the uncertainty on the switching signal between the transmission times
is to impose slow-switching conditions on the switching signal to reduce its
expressiveness. This technique was used in Liberzon (2014), Wakaiki and Ya-
mamoto (2014) and Yang and Liberzon (2018), for the quantized stabilization
of switched linear systems with dwell-time assumptions on the switching signal
(see Definition 1.40 in Subsection 1.3.1). In particular, sufficient lower bounds
on the data rate of the coder—decoder and on the absolute and average dwell
time of the system are derived to ensure stabilization of the system. Entropy-
related notions for non-autonomous dynamical systems with slow-varying in-
puts are also studied in the recent preprint by Sibai and Mitra (2020); in
particular, a result (similar to Theorem 3.35 in this thesis) stating that these

systems have in general a infinite topological entropy is presented.

Our main contribution regarding this setting is to push further the ap-
proach used in the above references and to study the necessity and sufficiency
of the slow-switching conditions for the quantized stabilization of switched lin-
ear systems with mode-oblivious coder—decoder. More precisely, we show that
switched linear systems under arbitrary switching are in general not stabiliz-
able with a finite data rate. In particular, we present an example of switched
linear system that is stabilizable for any switching signal in the absence of
data-rate constraints, but cannot be stabilized with a finite data rate. This
motivates the introduction of slow-switching assumptions in order to make the
problem of quantized mode-oblivious stabilization of switched linear systems
tractable. Then, we show that any stabilizable (without data-rate constraints)
switched linear system with average dwell time bounded away from zero can
be stabilized with a finite data rate. We present a sufficient upper bound on
the data rate depending on the system and the average dwell time, and we de-
scribe the implementation of a coder—decoder that stabilizes the system. The
difference with the above references is that the average dwell time can be ar-

bitrarily close to zero, whereas in Liberzon (2014), Wakaiki and Yamamoto
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(2014) and Yang and Liberzon (2018), the lower bound on the data rate does
not converge to zero, even if the transmission frequency and the data rate tend
to infinity. Finally, we also show that switched linear systems have in general
an infinite topological entropy. This implies that these systems are in general
not observable with arbitrary accuracy with a finite data rate, regardless of the
slow-switching assumptions on the switching signal. This contrasts with the
above result that switched linear systems with nonzero average dwell time are

stabilizable with a finite data rate.
The results presented in this chapter have been reported in

e Guillaume O Berger and Raphaél M Jungers. Worst-case topological
entropy and minimal data rate for state observation of switched linear
systems. In Proceedings of the 23rd International Conference on Hybrid
Systems: Computation and Control, pages 1-11. ACM, 2020e. doi: 10.
1145/3365365.3382195.

e Guillaume O Berger and Raphaél M Jungers. Topological entropy and
minimal data rate for state observation of LTV systems. IFAC-PapersOnLine,
53(2):3060-3065, 2020d. doi: 10.1016/j.ifacol.2020.12.1007.

e Guillaume O Berger and Raphaél M Jungers. Finite data-rate feedback
stabilization of continuous-time switched linear systems with unknown
switching signal. In 2020 59th IEEE Conference on Decision and Control
(CDC), pages 3823-3828. IEEE, 2020a. doi: 10.1109/CDC42340.2020.
9304214.

e Guillaume O Berger and Raphaél M Jungers. Quantized stabilization of
continuous-time switched linear systems. IEEFE Control Systems Letters,
5(1):319-324, 2021c. doi: 10.1109/LCSYS.2020.3002068.

3.2 Quantized observation of linear time-varying

systems

In this section, we study the minimal data rate for state estimation of linear
time-varying systems. We show that this quantity coincides with the topo-
logical entropy of these systems, thereby extending the well-known “data rate
theorems” for linear time-invariant systems and time-invariant nonlinear dy-
namical systems with compact domain. This result is relevant for the problem
of observing linear time-varying systems over communication networks, as it
provides a tight lower bound on the channel capacity required for the state es-

timation of these systems. This bound can be used for instance as a benchmark
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for the comparison of different implementations of coders—decoders observing

the system.

Compared to time-invariant dynamical systems, the following difficulty arises
when one seeks to relate the topological entropy with the minimal data rate for
state estimation of time-varying systems. Since the coder—-decoder communi-
cates at periodic times, data rate requirements are mainly driven by the amount
of information generated by the system between two transmission times. By
contrast, the topological entropy gives the growth rate of information neces-
sary to approximate the trajectories of the system since the beginning of time.
For time-invariant systems, this problem is overcome by using the fact that the
amount of information generated on each transmission interval is the same, and
thus it is possible to relate the minimal data rate with the topological entropy.
However, this is not true in general for time-varying systems. Therefore, in
our analysis of linear time-varying systems, we have used a different approach
exploiting the fact that from the growth rate of information generated by the
system, i.e., the topological entropy, we can derive an upper bound on the
amount of information generated during the sampling intervals. This requires
that the trajectories of the system are spatially distributed in a “uniform way”
(see Subsection 3.2.2 for details), and which is ensured by the linearity of the
system; in particular, it seems that the proof argument presented in this paper

does not extend straightforwardly to nonlinear time-varying systems.

The section is organized as follows. In Subsection 3.2.1, we remind the
notions of linear time-varying systems, topological entropy and minimal data
rate for state estimation of these systems, and we introduce the problem of
interest. In Subsection 3.2.2, we present and prove the main result of this
section, namely the equivalence of the topological entropy and the minimal data
rate for state estimation of linear time-varying systems. Finally, in Subsection
3.2.3, we discuss the applications of the framework of p-dominance of switched
linear systems (introduced in Section 2.2) for the computation of the topological

entropy of linear time-varying systems.

Notation. We will consider both continuous-time systems and discrete-time
systems, and we will use the symbol T to denote the time domain of the system,
as it should be clear from the context whether T = R (continuous-time systems)
or T = Z (discrete-time systems). The restriction of a function f : A — B to
a set A" C A is denoted by f|a. The Minkowski sum of A C R™ and B C R"”
(or {x} C R™) is denoted by A+ B (or A+ ). [-] and |-| are the ceil and
floor functions.
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3.2.1 Problem setting

We consider Linear Time-Varying (LTV) systems, which are time-varying dy-
namical systems! of the form (R”, f) where f(t,z) = A(t)z for all t € Txg
and z € R?, and A : Tso — R™ " is continuous. Let Sys = (R™, A) be a
LTV system. For a reminder, the trajectories £ : T>g — R™ of Sys satisfy that
£(t) = A(t)E(t) for all t € R (if Sys is continuous-time) and £(t41) = A(t)&(t)
for all t € N (if Sys is discrete-time). Following the notation of switched linear
systems, we let x(-, -, -; Sys) (or simply x when Sys is clear from the context) be
the generator? and X(-, -;Sys) (or simply ¥ when Sys is clear from the context)

be the fundamental matriz solution® of Sys.

Topological entropy of LTV systems

The following definition of topological entropy particularizes the one for hybrid
systems (see Definition 1.78 in Subsection 1.5.2) to LTV systems.

Definition 3.1 (Topological entropy of a LTV system). Consider a LTV sys-
tem Sys = (R™, A) and a bounded set X, C R™. The topological entropy of Sys
starting from X, denoted by hiop(Sys, Xo), is defined as the topological entropy
of the hybrid system associated to Sys, with initial set Xo for the variable “x”,
and with respect to the cost function € : (R x R™) x (R x R") — R defined
by €(t1, x1,t2,x2) = ||x1 — 22|.

In other words, hyop(Sys, Xo) in Definition 3.1 is defined as

1
hiop(Sys, Xo) = sup limsup = logs Sspan (€, T; Xo), (3.1)
>0 Tooo 1

where Sspan (€, T; Xo) is the smallest cardinality of an (e, T')-spanning set for
Sys starting from Xy, that is, the minimal number of functions necessary to
approximate, with accuracy € on the interval [0,7) N'T, all trajectories of Sys
starting in X (see Definition 1.76 in Subsection 1.5.2 for details). Equivalently,
htop(Sys, Xo) can be defined as

1
htop(Sys, Xo) = sup limsup — logy Ssep (€, T; Xo), (3.2)
e>0 T—oo T

where sgep(€,T; Xo) is the largest cardinality of an (e, T')-separated set for Sys

starting from X, that is, the maximal number of trajectories of Sys starting in

IWe refer the reader to Subsection 1.1.2 for the definition of time-varying dynamical
systems.

2See Definition 1.36 in Subsection 1.3 for the definition in the case of switched linear
systems.

3See Definition 1.47 in Subsection 1.3 for the definition in the case of switched linear

systems.
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Xy that are e-distinguishable on [0,7) N'T (see Definition 1.77 and Proposition
1.79 in Subsection 1.5.2 for details).

It follows from the linearity of LTV systems that the topological entropy of
these systems is independent of the initial set Xy, as long as it is bounded with
nonempty interior; the reason is that the quantity Sspan (or Ssep) is invariant
by spatial translation of the initial set (so that we can assume that 0 is in the
interior of Xj), and from the scaling invariance of linear systems, it holds that
for any ¢ > 0, Sgpan(ce, T;¢Xo) = Sspan(€, T5 X0) (see, e.g., Yang et al., 2020,
Proposition 2 for details). For this reason, in the following, we will omit the
initial set in the notation, and simply use hiop(Sys) to denote the topological
entropy of the LTV system Sys starting from any bounded initial set with

nonempty interior.

The example below illustrates the notions of spanning sets, separated sets,

and topological entropy, with a simple LTV system.

Ezxample 3.1. Consider the discrete-time LTV system Sys = (Rﬂfl) where
A N = R™! is defined by A(t) = 1 if ¢ is even and A(t) = 2 if ¢ is odd.
The generator of Sys is thus given by x(t,z) = 2142z for all t € N. We will
show that hiop(Sys) = 1/2. As explained above, the topological entropy of LTV

systems does not depend on the initial set; hence, we set Xy = [0, 1].

Step 1: We show that hop(Sys) < 1/2, by using (3.1). Therefore, fix e > 0
and T € N, and let N = [ 12(T=3)/2], Define E = {0,1/N,2/N,...,1} and
let £ = {x(-,2)lf0,....7-1} }eer. We show that &£ is (¢,T)-spanning for Sys
starting from Xy. Therefore, fix x € Xy, and let £ € E minimize the distance
to z. Then, by definition of E, it holds that |z — 2| < 1/(2N) < €2(1=1)/2,
This implies that |x(t,x) —x(t,2)| = 2#/2)|z — 2| < eforall t € {0,...,T —1}.
Thus, € is (¢, T)-spanning for Sys starting from Xy, so that sgpan(€, T; Xo) <
|E| = [e12(T=3)/2] 4 1. Since € and T were arbitrary, it follows that Aoy (Sys)
is upper-bounded by sup,., imsup;_, ., & logy([e 12(7=3/2] +1) = 1/2.

Step 2: We show that hiop(Sys) > 1/2, by using (3.2). Therefore, fix
e >0and T € N odd. Let N = [¢12(T-1/2] — 1. We assume that
N > 0 since in (3.2) we take the limit when ¢ — 0 and T — oco. De-
fine F = {0,1/N,2/N,...,1}. Then, any distinct z1,22 € F satisfy that
|z1 — @o| > €20=1)/2 5o that |x(T — 1,z1) — x(T — 1,22)| > €. Thus, the set
{Xx(+,0,2)|q0,....7—1} YzeF is (¢, T)-separated for Sys starting from Xy, implying
that ssep(€, T; Xo) > |F| = [e712(T=1/2]. Since € and T were arbitrary, and
by injecting in (3.2), we get that hyop(Sys) > 1/2. This concludes the example.
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Minimal data rate for state estimation of LTV systems

The following definition of minimal data rate for state estimation of LTV sys-
tems particularizes the one for hybrid systems (see Definition 1.74 in Subsection
1.5.2) in the case of LTV systems.

Definition 3.2 (Minimal data rate for state estimation of a LTV system).
Consider a LTV system Sys = (R", A) and a bounded set X, C R™. The
minimal data rate for state estimation of Sys starting from X, denoted by
Rest(Sys, Xo), is defined as the minimal data rate for state estimation of the
hybrid system associated to Sys, with initial set Xy for the variable “x”, and
with respect to the cost function € : (R x R™) x (R x R™) — R>( defined by
C(t1, 21, t2,22) = |21 — 22|

In other words, Rest(Sys, Xo) in Definition 3.2 is defined as

Rest (Sys, Xo) = sup inf R(CoDec),
e>0 CoDec
where the infimum is over all coders—decoders CoDec that e-observe Sys starting
from Xy, and where R(CoDec) is the data rate of CoDec (see Definitions 1.71
and 1.73 in Subsection 1.5.1). Following the definitions in Subsection 1.5.1,
a coder—decoder for Sys starting from Xy, with transmission period T}, can
be described as an ordered pair ((¥$)ren, (¥§)ken) where for every k € N,
V¢ . Xo — Y; is the coder function at step k and W¢ : (Y;)*+1 x [kTy, (k +
DT) NT — X is the decoder function at step k. At each time t = kT,
k € N, the coder outputs a symbol e(k) defined by e(k) = U (x) where z is the
initial condition of the system. The symbols are transmitted to the decoder,
which produces at each time ¢t € [kTi, (kK + 1)T3) N'T, k € N, an estimate
£(t) = T(e(0),...,e(k),t) of the current state of the system. The coder—
decoder CoDec = ((¥§)ken, (¥{)ren) is said to e-observe Sys starting from X
if for every trajectory £ : T>o — R™ of Sys with £(0) € Xy and every ¢ € T,
[€(t) — £(t)|| < € where £(t) is defined as above, with 2 = £(0). Finally, the

data rate of CoDec is defined as the maximal number of bits per unit of time

— [log, Y31

necessary to encode the symbols: R(CoDec) =

For linear time-invariant systems and hybrid systems whose initial set is
forward invariant, it is well known that the topological entropy and the mini-
mal data rate for state estimation coincide (see Proposition 1.80 in Subsection
1.5.2). This result—sometimes referred to as a data-rate theorem (see, e.g.,
Kawan et al., 2021, p. 1)—does not apply in general to time-varying dynamical
systems because the initial set of these systems is not forward invariant (see

Definitions 1.9 and 1.10 in Subsection 1.1.2 for the definitions of time-varying
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dynamical systems as hybrid systems). However, we will see in the next sub-
section that, for the special case of LTV systems, the data-rate theorem does
hold.

3.2.2 Equivalence of topological entropy and minimal data
rate for LTV systems

The following theorem is the main result of this section. It extends the data-
rate theorem (Proposition 1.80 in Subsection 1.5.2) to LTV systems.

Theorem 3.3. Consider a LTV system Sys = (R",A) and a bounded set
Xo C R™ with nonempty interior. It holds that hiop(Sys) = Rest (Sys, Xo).

The proof of Theorem 3.3 is presented in the subsubsection below. Then,
in the afternext subsubsection, we discuss the consequences and the practical

applicability of the theorem.

Proof of Theorem 3.3

The fact that Rest(Sys, Xo) > hiop(Sys) in Theorem 3.3 was already proved in
Proposition 1.80. The rest of this subsubsection is thus devoted to the proof of
Rest (Sys, Xo) < hiop(Sys). Therefore, we first introduce a few definitions and
notation.

Consider a LTV system Sys = (R”, A) and T € Tso U {oo}. We define the
function ||-||sys, 7 : R™ — R>¢ by

lzl|sys,r = sup  ||x(¢,0)z| for all z € R"™,
te[0,T)NT
where x is the fundamental matrix solution of Sys. It holds that ||-||sysr
is a morm on R"™; indeed, it satisfies that the axioms of positive definiteness
(since ||z||sys, > ||z|]), triangular inequality and positive homogeneity (as the
supremum of a set of functions satisfying each the triangular inequality and
the positive homogeneity). Note that by the definition of ||-||sys 7, it holds that
if x1,x9 € R™ satisfy ||x1 — x2||sys, 7 > €, then there is ¢t € [0,7) N T such that
lIx(t,0,21) — x(t,0,22)|| > €, so that the trajectories of Sys starting from xz;
and xo respectively are (e,T')-separated. Hence, the norm ||-||sys 7 allows us
to provide an equivalent definition of (e, T)-separated sets in the case of LTV
systems; this will be used in Lemma 3.5 below. Finally, for every a € R™ and
r >0, we let Bsysr(a,7) = {z € R" : ||z — allsys,7 < r}. Note that, by the
positive homogeneity of norms and the definition of Bsys 7, it holds that for

any ¢ > 0, Bsys 7(a, cr) = a+ Bsys 7(0,7).
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Definition 3.4. Let ¢ > 0, A C R"” and E C R*. We say that E C R"
is an (e, T;Sys)-cover (or (e,T)-cover if Sys is clear from the context) of A if
A C U,cpBsysr(a,€). The smallest cardinality of an (e, T; Sys)-cover of A is
denoted by Scov(€,T;Sys, A) (or scov(€,T; A) if Sys is clear from the context).
An (e, T; Sys)-cover of A with cardinality equal to seov(€,T;Sys, A) is said to be
minimal.

Idea of the proof: The idea behind the proof of Res(Sys, Xo) < hiop(Sys)
in Theorem 3.3 is that for a LTV system Sys = (R™, A) and a set A C R™, any
minimal (e, T')-cover of A must be “uniformly distributed” over A. From the

uniform distribution, we get that if E; is a minimal (e, T} )-cover of A and FEj is
an (e, Ty)-cover of A, with T, > T, then there is an (e, Ty)-cover of Bsys 1, (0, €)
with cardinality of the order of |E2|/|F1|. These claims are encapsulated in the
following lemmas.?

Lemma 3.5. Consider a LTV system Sys = (R™, A) and a bounded set A C R™.
Let e >0 and T € Tsq, and let F C A be a set with mazximal cardinality such
that {x(-,2)|jo,ryn1}ecr is (¢,T)-separated for Sys starting from A. Then, it
holds that F is an (¢,T)-cover of A.

Proof. For every y € A, there is & € F such that ||y — &||sys 7 < €, as otherwise
FU{y} € A would satisfy that {x(-,7)|j0,r)nT}seFu{y} IS an (¢, T)-separated
set for Sys, contradicting the maximality of F. This implies that F' is an
(e, T)-cover of A, concluding the proof. O

Lemma 3.6. Consider a LTV system Sys = (R™, A), and let ¢ > 0 and
T € Tso. Then, for every a € R™ and ¢ > 0, there is an (¢, T)-cover E of
Bsys 7(a, ce) with |E| < (2¢+1)".

Proof. See Appendix A.3.1. O

Lemma 3.7. Consider a LTV system Sys = (R", A) and a bounded set A C R™.
Let € > 0 and T1,Ts € Tsg, To > T1. Let Ey be a minimal (e,T)-cover of
A and let By be an (e,Ty)-cover of A+ Bsys 1, (0,2¢). Then, there exists an
(€, Ty)-cover E of Bsys 1, (0, €) with cardinality |E| < 11"|Es|/|E|.

Proof. See Appendix A.3.2. O

We are now able to prove that Res(Sys, Xo) < htop(Sys) in Theorem 3.3.

4The proofs of the first two lemmas connect with the concepts of packing and covering
in machine learning; see, e.g., Shalev-Shwartz and Ben-David (2014, Chapter 27). See also,
e.g., Wang et al. (2021) for applications in data-driven control.
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Proof of Rest(Sys, Xo) < htop(Sys) in Theorem 3.3. Since Xy is bounded and
since Rest (Sys, X) is increasing with X, we may assume without loss of general
that Xg is the Euclidean ball centered at 0 € R™ and with radius r > 1. We
will show that hop(Sys) = Rest (Sys, Xo).

From Lemma 3.5, it holds that scov(€,T; Xo) < ssep(€, T5 Xo). Hence, by
(3.2), we get that

sup lim sup 1 logy scov(€, T Xo) < hiop(Sys). (3.3)
>0 T—oo 1
Let R > hyop(Sys) and € € (0,1/2). We build a coder—decoder that e-observes
Sys and whose data rate is smaller than R. For the sake of simplicity, we
assume that Sys is continuous-time; the proof with Sys discrete-time is along
the same lines and can be found in Berger and Jungers (2020d, Section 3).

To build such a coder—decoder, fix & € R such that hp(Sys) < a < R,
and then, using (3.3), let T' € R~ be large enough so that |RT| > oT + 8n,
and for all T € [T, 00), Scov(€,T"; Xo) < 2°T". This T will be the transmission
period of the coder—decoder. The implementation of the coder and the decoder
is given in Figure 3.4.

We prove that the coder—decoder described in Figure 3.4 e-observes Sys.
Therefore, let € be a trajectory of Sys starting in Xy. Fix k£ € N, and let
T, and Ejy be defined as in the implementation of the coder—decoder. By
definition of &y, it holds that {(0) € Bsys 1, (Zk,€), which means that for all
t €10, Tk, [|€(t) — x(t,Zx)|| < e. Moreover, by definition of T and T, it is clear
Ty > (k+1)T. Hence, it follows by definition of £ that for all ¢t € [kT, (k+1)T),
1€(t) — £(t)]| < €. Since k was arbitrary, this shows that the coder-decoder e-
observes Sys.

Finally, it remains to show that the data rate of the coder—decoder is smaller
than R, and this is where we will use the results (Lemmas 3.6 and 3.7) on the
“uniform distribution” of (e, T')-covers of Xy. Therefore, fix k € N, and let T
and Ej be defined as in the implementation of the coder. Using Lemmas 3.6
and 3.7, we will show that |Ey| < 22072%T (see Lemma 3.9 below). First, we

will need the following lemma.

Lemma 3.8. Consider a LTV system Sys = (R", A) and a set A C R™. Let
€ >0and T € Rog. There is T. € R, T, > T, such that Seov(€,Te; A) <
4" Seov (6, T N).

Proof. See Appendix A.3.3. O

Lemma 3.9. Let o, T, {T)}ren and {Ey}ren be as in the implementation of
the coder. It holds that for all k € N, |Ej| < 220727
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Proof. The claim is clear for k = 0, by definition of T}. Now, assume k € Ny .
Since € < r/2, it holds that X + Bsys 7, (0,2¢) € 2Xy. By Lemma 3.6, it is
possible to cover 2X, with 5™ translated copies of Xg, so that scov (€, Tk; 2X0) <
5"Scov (€, Tk; Xo). Thus, by using Lemma 3.7, we get that |Ex| < 55™scov (€, Tk; Xo)/
Scov (€, Ti—1; Xo). Moreover, by definition of Tj_1, it holds that scoy (€, Tx—1; A) >
47120kT (see Lemma 3.8). Hence, we have that |Ey| < (55720(*+1T) /(4=ngakT) —
220m29T O

Since |RT'| > oT + 8n, it is sufficient to have | RT'| bits to give a unique
number to each of the 220"2%T points of E},, since log,(22072°T) < ar + 8n.
Hence, the symbol e(k) in the definition of the coder—decoder can be encoded
with | RT| bits. This shows that the data rate of the coder—decoder is at most
equal to |RT|/T < R, which concludes the proof of Theorem 3.3. O

Discussion of Theorem 3.3

It should be noted that the result of Theorem 3.3 is rather theoretical, since
the practical implementation of the coder—decoder described in Figure 3.4 can
be quite intricate. In fact, the challenging part of the implementation is not so
much the computation of the minimal (¢, Ty )-covers Ej, (for k € N), which can
be achieved by computing minimal-volume ellipsoidal enclosures of the balls
Bsys,7, (see, e.g., Boyd and Vandenberghe, 2004, Section 8.4), but rather the
computation of the times Ty (for k& € N), which supposes that the values of
A are known over a potentially infinite time horizon. This assumption is not
always satisfiable in practice; in particular, it may imply that the memory of
the coder—decoder is infinite. This assumption is however crucial in the proof
of the theorem, as it ensures that Tj can be chosen so that scov(€, Tp—1;A) is
bounded from below (see the proof of Lemma 3.9). We nevertheless believe that
Theorem 3.3 can be useful for practical purposes, as it gives a fundamental lower
bound on the minimal data rate for state estimation of LTV systems, which can
be used as a benchmark to compare the efficiency, in terms of communication
resources, of different coders—decoders observing a given LTV system.

Finally, let us mention that the proof argument used in the proof of The-
orem 3.3 relies on the linearity of the system, which ensures that the minimal
covers of the initial set are “uniformly distributed” (see Lemma 3.7 for a for-
mal statement). In particular, it is not straightforward how to generalize this
argument to nonlinear time-varying dynamical systems, or dynamical systems
whose initial set is not forward invariant. On the other hand, we do not have
a counter-example of such a system for which the topological entropy and the

minimal data rate for state estimation do not coincide. There seems thus to be
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a gap in the theory, which could be an interesting direction for further research.

3.2.3 Computation of the topological entropy of LTV sys-

tems

In this subsection, we show that the theory of p-dominance (introduced in
Section 2.2) can be used to compute bounds on the topological entropy of LTV
systems obtained from p-dominant switched linear systems. More precisely,
given a switched linear system SwS ~ (R™,{A;};exn) and a switching signal
o : Tso = %, we consider the associated LTV system Sys = (R", A) where
A - Tso — X is defined by A(t) = A, for all t € Tso. We denote by
hiop(SWS; o) the topological entropy of Sys. Our goal is to give lower bounds
and upper bounds on hiop(SWS; o) when SwS is p-dominant and the rates of
p-dominance are known (see Definition 2.8 in Subsection 2.2.2).

For the sake of simplicity, we restrict our attention to discrete-time LTV
systems obtained from switched linear systems. However, using the theory of
p-dominance for dynamical systems (introduced in Section 2.3), one can easily
extend the results presented in this subsection to all discrete-time LTV systems,
and to continuous-time LTV systems by using time-discretization.

Before presenting these results, let us mention that the question of esti-
mating the topological entropy of switched linear systems with fixed switching
signal was thoroughly studied in Yang et al. (2020) for general switched linear
systems, and in Vicinansa and Liberzon (2019) for switched linear systems with
a “regular” switching signal. The first reference provides the following lower
bound and upper bound on the topological entropy of switched linear systems
with fixed switching signal (the statement of the theorem has been adapted to

discrete-time systems).

Proposition 3.10 (Yang et al., 2020, Theorem 1). Consider a discrete-time
switched linear system SWS ~ (R™ {A;}icx) and a switching signal o : N — X.
Let |||« be any sub-multiplicative matriz norm. For each T € N and i € X, let
pi(T) = 7|{t € [0,T)NN: o (t) = i}| be the portion of time spent by the system
in mode “i” on the time interval {0,...,T — 1}. Then, it holds that

max {lim supz pi(T) log, |det(A;)|, 0} < hiop(SWS; 0) <

T=o0 jex
max {hmsup TLZPi(T) log, ||A1H*»O}-

T—o0 ies

The above bounds can sometimes be very conservative: for instance, if one
of the matrices of the system has a zero eigenvalue, then the lower bound in
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Proposition 3.10 is equal to zero; on the other hand, if all matrices have a
common eigenvector associated to a very large eigenvalue A\, and have zero
eigenvalues otherwise, then the upper bound will be equal to nlogs A while it
should be equal to log, Ax. It turns out that the above bounds can be refined
when the switched linear system is p-dominant with 0 < p < n and the rates

of p-dominance are known.

Theorem 3.11. Consider a discrete-time switched linear system SwS ~ (R™, {A;}iex)
and a switching signal o : N — Y. Let ||-||« be any sub-multiplicative matriz
norm. Assume that SWS is p-dominant with automaton Aut = (Q, X, ©) and set

of rates {votoco C Rxg. Let (0:)72y C O be a path in Aut such that o(t) = i(6;)

for allt € N. It holds that

max {p%,0} < hiop(SWS;0) <

max {(n —p)3,0} + max { limsup p 3 pi(T) logs 41,0},

0 jexn

where 4 = limsup 7 10gy (Y9, - - * V07— ), and p;(T), fori € ¥ and T € N, is as
T—o0

in Proposition 3.10.

Proof. See Appendix A.3.4. O

Corollary 3.12. Consider a discrete-time switched linear system SwS ~ (R™, {A;}iex)
under arbitrary switching. Assume that SwWS is p-dominant with automaton

Aut = (Q, X, 0) and set of rates {vo}oco C Rso, and assume that Aut is cycle-

stable with respect to {vo}oco. Then, for any switching signal o € S, it holds

that

hiop(SWS; o) < max { po(SwS),0},

where p(SwS) is the joint spectral radius of SWS (see Definition 1.50 in Subsec-
tion 1.3.2).

Proof. Straightforward for Theorem 3.11 and the definition of cycle-stable au-
tomaton (see Definition 2.14 in Subsection 2.2.2). O

An example of application of Theorem 3.11 for the computation of the
topological entropy of a p-dominant discrete-time switched linear system, and
comparison with the bound in Proposition 3.10, is presented in Subsection
2.2.4.
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3.3 Quantized control of switched linear sys-

tems with mode-dependent coder—decoder

In this section, we study the problem of state estimation and stabilization of
switched linear systems with a mode-dependent coder-decoder. We introduce
the concept of worst-case topological entropy of a switched linear system, and
we show that the minimal data rate for state estimation or stabilization of
switched linear systems coincides with the worst-case topological entropy of
the open-loop system. We also derive a closed-form expression for the worst-
case topological entropy, expressed as the joint spectral radius (see Definition
1.50 in Subsection 1.3.2) of some lifted switched linear system obtained from
the original one by using tools from multilinear algebra. Drawing on this ex-
pression, we describe a practical coder—decoder that observes or stabilizes the
system, and whose data rate can be as close as desired to the optimal data
rate.

The section is organized as follows. In Subsection 3.3.1, we introduce the
concept of worst-case topological entropy of a switched linear system. We also
introduce the notions of minimal data rate for state estimation and stabilization
of switched linear systems with a mode-dependent coder—decoder. In Subsec-
tion 3.3.2, we present the closed-form expression for the worst-case topological
entropy and discuss the computability aspects. In Subsection 3.3.3, we demon-
strate the equivalence of the worst-case topological entropy and the minimal
data rate for state estimation and stabilization of switched linear systems, and
we describe a practical coder—decoder that observes or stabilizes such systems
and whose data rate can be as close as desired to the worst-case topological
entropy. Finally, in Subsection 3.3.4, we demonstrate the applicability of our
results on numerical examples.

Notation. We will consider both continuous-time systems and discrete-time
systems, and we will use the symbol T to denote the time domain of the system,
as it should be clear from the context whether T = R (continuous-time systems)
or T = Z (discrete-time systems). The restriction of a function f: A — B to
a set A’ C A is denoted by f|a. The Minkowski sum of A C R™ and B C R"”
(or {x} C R™) is denoted by A+ B (or A+ ). If A C R"” and M € R™*",
then M A is the image of A by M, ie., MA={Mz:x € A}. [-], |-] and [-]

are the ceil, floor and round functions.

3.3.1 Problem setting

We introduce the problem of interest of this section: namely, the study of

the minimal data rate for state estimation and stabilization of switched linear
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systems with a mode-dependent coder—decoder, and its connection with the
concept of worst-case topological entropy for switched linear systems.

Let us consider a switched linear system® SwS ~ (R™,R™, {A; }iex, {Bi }iex)-
For a reminder, the trajectories (§,0) : T>o — R™ x ¥ of SwS with input
u: Tso — R™ satisfy £(t) = Agyé(t) + Byyu(t) for all t € Rxo (if SwS is
continuous-time) and £(t + 1) = A,4)&(t) + Bopyu(t) for all t € N (if SwS is
discrete-time), where £ : T>o — R is the continuous variable and o : T>o — X
is the switching signal of the trajectory, which specifies the mode i € 3 of SwS
at each time ¢t € T>(. For the sake of simplicity, we assume that all switched
linear systems considered in this section are under arbitrary switching, which
means that the set of admissible switching signals of SwS, denoted by S(SwS)
(or § if SwS is clear from the context), is the set of right-continuous, piecewise
constant functions from Tso to ¥ (see also Subsection 1.3.1). Finally, given
a switched linear system SwS ~ (R™,R™ {A;}ies, {Bities), we let SwS® be
the associated autonomous (or open-loop) switched linear system, defined by
SwS° ~ (R™,{A;}iexn) and S(SwS°) = S(SwS).

Worst-case topological entropy of switched linear systems

In Subsection 3.2.1, we introduced the notion of topological entropy for a linear
time-varying (LTV) system Sys = (R™, A), denoted by hiop(Sys) (see Definition
3.1). We also saw, in Subsection 3.2.3, that a switched linear system SwS ~
(R™, {A,;}iex) with a fixed switching signal ¢ : T>g — X can be seen as a LTV
system Sys = (R", fl) where A : T>o — R™™ is defined by fl(t) = Ay for all
t € T>o, and we denoted its topological entropy by hiop(SWS;0) = hiop(Sys).
These notions allow us to define the worst-case topological entropy of a switched

linear system.

Definition 3.13 (Worst-case topological entropy of a switched linear system).
Consider a switched linear system SwWS ~ (R™,{4;}iex) under arbitrary switch-
ing. The worst-case topological entropy of SwS, denoted by hwe-top(SYs), is
defined as

hwe-top (SWS) = sup hiop (SWS; o).
cES

The example below illustrates the notion of worst-case topological entropy
for switched linear systems.

Ezample 3.2. Consider the discrete-time switched linear system SwS ~ (R, {4;}iex)
under arbitrary switching, with ¥ = {1,2}, and A; = 1 and As = 2. Let

5We refer the reader to Section 1.3 for the notation and definitions related to switched

systems.
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o : N — X be the switching signal defined by o(t) = 1 for all ¢ € N even, and
o(t) =2 for all t € N odd. The LTV system associated to SwS with switching
signal o corresponds to the one in Example 3.1, whose topological entropy was
shown to be equal to 1/2. Hence, hiop(SWS;0) = 1/2. As for the worst-case
topological entropy of SwS, it is not difficult to see that the switching signal
o : N — ¥ that maximizes the topological entropy is given by o(t) = 2 for
all t € N. In this case, x(t,0,7,0) = 2!z for all t € N and x € R", where
X is the generator® of SwS. We deduce that h(SwS;o) = log, 2 = 1, so that
Re-top (SWS) = 1.

In Subsection 3.3.2, we give a closed-form expression for the worst-case
topological entropy of a switched linear system, and we discuss the implications
of this expression for the computation of the worst-case topological entropy of
switched linear systems. Then, in Subsection 3.3.3, we explain the connections
between the worst-case topological entropy and the minimal data rate for state
estimation and stabilization of switched linear systems with a mode-dependent

coder—decoder. These notions are reminded in the next subsubsection.

Minimal data rate for state estimation and stabilization of switched

linear systems with a mode-dependent coder—decoder

The following definition of minimal data rate for state estimation of switched
linear systems with a mode-dependent coder—decoder particularizes the defini-
tion of minimal data rate for state estimation of hybrid systems (see Definition
1.74 in Subsection 1.5.2) in the case of switched linear systems, and when the
current mode of the system is known by the decoder via the universal output

map.

Definition 3.14 (Minimal data rate for state estimation of a switched linear
system with a mode-dependent coder—decoder). Consider a switched linear
system SWS ~ (R™, {A; }iex) under arbitrary switching and a bounded set Xo C
R™. The minimal data rate for state estimation of SwS starting from X with
a mode-dependent coder—decoder, denoted by Rest-md(SWS, Xo), is defined as
the minimal data rate for state estimation of the hybrid system associated to
SwS, with initial set Xo x X, and with respect to the cost function € : (R™ x X) x
(R™ x X) = Rx¢ defined by €(x1, i1, T2,192) = ||x1 — x2||, and via the universal
output map ) : R" x ¥ — X defined by H(x, i) = i.

In other words, Rest-md(SwS, Xo) in Definition 3.14 is defined as

Rest-ma (SWS, Xo) = sup inf R(CoDec),
e>0 CoDec

SFor a reminder, see Definition 1.36 in Subsection 1.3.1.
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where the infimum is over all mode-dependent coders—decoders CoDec that e-
observe SwS starting from X, and where R(CoDec) is the data rate of CoDec
(see Definitions 1.71 and 1.73 in Subsection 1.5.1). Following the definitions in
Subsection 1.5.1, a mode-dependent coder—decoder for the observation of SwS
starting from X, with transmission period T}, can be described as an ordered

pair ((U$)ken, (¥{)ren) where for every k € N,
T§ : X x DOFRINT v,
is the coder function at step k and

\Ifg . (}/’t)k+1 % E[O,t]ﬂ'ﬂ' S R"

Ute[th,(k+1)Tt)ﬁ']1‘
is the decoder function at step k. At each time t = kTi, k € N, the coder
outputs a symbol e(k) defined by e(k) = Vi, (x,0|(orm]nT) Where  is the
initial condition of the system and o is the switching signal. The symbols are
transmitted to the decoder, which produces at each time ¢t € [kTy, (k+1)T)NT,
k € N, an estimate £(t) = Ul (e(0), ..., e(k),olp,gnt) of the current state of the
system. The coder—decoder CoDec = ((¥§)ren, (V{)ren) is said to e-observe
SwS starting from X if for every trajectory (£,0) : T>o — R™ x ¥ of SwS
with £(0) € X, and every t € T, ||€(t) — £()|| < € where £(t) is defined
as above, with x = £(0). Finally, the data rate of CoDec is defined as the
maximal number of bits per unit of time necessary to encode the symbols:
R(CoDec) = %.

Similarly, we define the minimal data rate for stabilization of switched linear

systems with a mode-dependent coder—decoder.

Definition 3.15 (Minimal data rate for stabilization of a switched linear sys-
tem with a mode-dependent coder—decoder). Consider a switched linear sys-
tem SWS ~ (R™ R™ {A;}iex, {B;}iex) under arbitrary switching. The mini-
mal data rate for stabilization of SwS with a mode-dependent coder—decoder,
denoted by Rstab-ma(SWS), is defined as the minimal data rate for stabiliza-
tion of the hybrid system associated to SwS, with respect to the cost function
C:R" x ¥ — Ry¢ defined by €(z,i) = ||z||, and via the universal output map
H:R" x X — X defined by H(x,i) = 1.

As for the case of state estimation, a mode-dependent coder—decoder for
the stabilization of SwS, with transmission period T, can be described as an
ordered pair ((¥$)ren, (V{)kren) where for every k € N,

U5 R™ x SOAINT y;

is the coder function at step k and

d. k+1 [0,4)NT m
Td (v x Ute . ) =R
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is the decoder function at step k. At each time t = kT, k € N, the coder
outputs a symbol e(k) defined by e(k) = Vi, (x,0|(0rm)nT) Where  is the
initial condition of the system and o is the switching signal. The symbols are
transmitted to the decoder, which produces at each time ¢t € [kT}, (k+1)T:)NT,
k € N, a control input u(t) = ¥{(e(0),...,e(k),ol,4nT). The coder-decoder
CoDec = ((U{)ren, (V)ren) is said to stabilize SwS if there is a class-KL
function 8 such that for every z € R", 0 € S and t € T>g, ||x(¢,0,z,0,u)| <
B(|lz||,t) where u : T>o — R™ is defined as above, and x is the generator” of
SwS.

3.3.2 Closed-form expression for the worst-case topolog-
ical entropy of switched linear systems

For a continuous-time control-affine LTI system £(t) = AE(t) + Bu(t), with
A € R™"™ and B € R™™_ it is well known that the topological entropy of the

open-loop system is given by
hiop(A) = logy(e) Z max {Re(A;(A)),0} (continuous-time) (3.4)
i=1

where A\ (4),..., A\ (A) are the eigenvalues of A, and it is also well known
that hyop(A) coincides with the minimal data rate for state estimation of the
open-loop system and with the minimal data rate for stabilization (see, e.g.,
Colonius, 2012, Section 4). Similar results hold for a discrete-time control-affine
LTI system &(t + 1) = A&(t) + Bu(t): the topological entropy of the open-loop

system is given by
hiop(A) = Z max {log, [A\;(A)],0} (discrete-time) (3.5)
i=1

where A1(A4),..., A\, (A) are the eigenvalues of A, and hyop(A) coincides with
the minimal data rate for state estimation of the open-loop system and with
the minimal data rate for stabilization (see, e.g., Matveev and Savkin, 2009,
Sections 2.4 and 2.5).

In this subsection, we present a closed-form expression, similar to (3.4)—
(3.5), for the worst-case topological entropy of switched linear systems. The
closed-form expression relies on the concept of joint spectral radius (see Defi-
nition 1.50 in Subsection 1.3.2) and exterior powers of matrices.

The subsection is organized as follows. First, we introduce the notion of

exterior powers of matrices. Then, we present the closed-form expression for

"For a reminder, see Definition 1.36 in Subsection 1.3.1.
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the worst-case topological entropy, and we discuss its consequences for the
computation of the worst-case topological entropy of switched linear systems.
Finally, we discuss the connections with related results in the literature at the
end of this subsection.

Exterior algebras

The exterior algebra of a vector space V is an algebraic construction used
to study the notions of area, volume, and their higher-dimensional analogues
in V (see, e.g., Winitzki, 2010). In finite dimension, exterior algebras can
be constructed from the exterior products of vectors in V, introduced below;
since we restrict our attention to finite-dimensional spaces, and for simplicity

of notation, we assume, without loss of generality, that V' = R™.

Definition 3.16 (Exterior product of vectors). Let vy,...,v; € R™, with k €
Nsg. The exterior product of vy, ..., vk, denoted by vy A---Avg, is the k-linear
map from (R™)¥ to R, defined by

(1A= Avg) (wr, ..., wg) = det ([wjv]]fjkzl) for all (wy, ..., wy) € (R™)".

Definition 3.17 (k'" exterior power of a vector space). Consider a vector
space R™ and let k € {1,...,n}. Let {v1,...,v,} be any basis of R™. The
k™ exterior power of R™, denoted by AFR™, is the vector space spanned by the
exterior products {viy A v, A Awg, + 1 < iy <idp < ... < i <n}. By
convention, we also let A°R™ = R.

In particular, for all k& € {0,...,n}, the dimension of A*R" is equal to
C(k,n) =nl/(k!(n —k)!). In numerical computations, it is convenient to treat
AFR™ as the coordinate space R€(*™)  This can be done by fixing a basis B
for AFR™: e.g., B={ei, Neiy N---Nej, o 1 <iy <iy<...<i,<n}, where
{e1,...,en} is the canonical basis of R™. If the elements of B are ordered with
respect to the lexicographical order of their indices (i1, ..., i), then B is called
the canonical basis of A¥R™.

Using the above, we define the concept of exterior power of a square matrix.

Definition 3.18 (k'® exterior power of a matrix). Let A € R™ " and k €
{1,...,n}. The k' exterior power of A, denoted by A™F, is the unique linear
map from AFR™ to AFR™ satisfying

ANy A Avg) = Avg A=+ A Ay, for all (vy,...,v) € (RM)F,

By convention, we also let AN =1.
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Remark 3.1. The exterior power can be seen as a generalization of the concept
of determinant: in particular, for all A € R**™ it holds that A™" = det(A);
see, e.g., Arnold (1998, Section 3.2.3).

For any k € {0,...,n} and A € R"*", using the canonical basis of A¥R",
AME can be represented by a C(k,n) x C(k,n) matrix. The exterior power of A,
denoted by A", is then defined as the 2" x 2" matrix A" = diag{A"°,... A"}

We also define the concept of reduced exterior power® of a square matrix.

Definition 3.19 (k*® reduced exterior power of a matrix). Let A € R"*" and
ke {1,...,n}. The k'™ reduced exterior power of A, denoted by A°F, is the
unique linear map from AFR™ to AFR™ satisfying

k

ACK (v A Awy) = Z V1A AU 1 ANAV AV 1 A - AV for all (vy,...,v) € (R™).
i=1

By convention, we also let A®° = 0.

Remark 3.2. The reduced exterior power can be seen as a generalization of the
concept of trace: in particular, for all A € R™*" it holds that A®™ = trace(A4);
see, e.g., Arnold (1998, Section 3.2.3).

For any k € {0,...,n} and A € R"*", using the canonical basis of A*R",
A®* can be represented by a C(k,n) x C(k,n) matrix. The reduced exterior
power of A, denoted by A®, is then defined as the 2" x 2" matrix A® =
diag{A®0 ... A®"}.

The following proposition, whose proof can be found in Arnold (1998),

summarizes the properties of exterior algebras that will be needed in this work.

Proposition 3.20 (Arnold, 1998, Lemma 3.2.6). Let k € {0,...,n} and
A, B € R™*™,

1. TNk = I, (AB)/\k — AAkBAk, (AT)/\k — (A/\k)T7 (AT)@k — (A@k’)T'

2. If A is upper-triangular/lower-triangular/diagonal/orthogonal, then so
are AN and A% (in the canonical basis of AFR™).

3. The eigenvalues of A™F are given by { N\, (A)Ni,(A) - N\, (A) 1 1 < iy <
io < ... < i < n}, where \(A),..., A\ (A) are the eigenvalues of A.
In particular, p(A"™) =[], max{|\;(A)],1} where p(A") is the spectral
radius of A™. The eigenvalues of A% are given by {\i,(A) + N\i,(A) +
e A (A) 1 <4y <idg < ... <k <n}.

8This concept, which can be seen as the Lie derivative of the exterior product with respect
to a linear vector field, seems to have no well-defined name in the literature. Therefore, for

the purpose of this work, we chose the name of “reduced exterior power”.
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4. The singular values of AN are given by {pi,(A)pi(A) - pi(A) : 1 <
i1 < i < ...<ir <n}, where p1(A),...,pn(A) are the singular values
of A. In particular, ||A™|| = [[;—, max{p;(A4),1}.

5. eA%) = (e, Thus, eA” = (e4)N.

Finally, we define the exterior power of a switched linear system.

Definition 3.21 (Exterior power of a switched linear system). Consider a
switched linear system SwS ~ (R™, {A;}iex). The exterior power of SwS, de-
noted by SwS", is defined by

o SWS" ~ (R™ {AP}iex) and S(SwWS™) = S(SwS) if SwS is continuous-
time,

o SWS" ~ (R™, {Al}iex) and S(SwS™) = S(SwS) if SWS is discrete-time.
Proposition 3.22. Consider a switched linear system SwS ~ (R™, {A;}iex).
For every o0 € § and to,t1 € T>o, t1 > to, it holds that x(t1,t0, 03 SWS") =

x(t1,to,0;SWS)", where X(+, -, -;00) is the fundamental matriz solution® of O €
{SwS, SwS"}.

Proof. Straightforward from Item 1 (and Item 5 for continuous-time systems) in
Proposition 3.20 and from the definition of the exterior power of SwS (Definition
3.21). O

Main result and consequences

The main contribution of this subsection is the following theorem, which pro-
vides a closed-form expression for the worst-case topological entropy of switched

linear systems.

Theorem 3.23. Consider a switched linear system SWS ~ (R™, {A; }iex) under
arbitrary switching. It holds that

hawe-top(SWS) = logy(e) 2(SwS™)
where 5(SwS™) is the joint spectral radius'® of SwS”.

Proof. See Appendix A.3.5. O

9For a reminder, see Definition 1.47 in Subsection 1.3.

10For a reminder, see Definition 1.50 in Subsection 1.3.2.



142 CHAPTER 3. QUANTIZED CONTROL OF HYBRID SYSTEMS

We discuss below the implications of Theorem 3.23 for the numerical eval-
uation of the worst-case topological entropy of switched linear systems.

First of all, it follows from Theorem 3.23 that the worst-case topological
entropy of a switched linear system depends continuously on its set of matri-
ces. This property is important for numerical analysis as it ensures that small
errors on the system model will not change too much the worst-case topological
entropy of the system.

Corollary 3.24. Consider a switched linear system SwS ~ (R", {A;}iex) un-
der arbitrary switching. For any e > 0, there is § > 0 such that for any switched
linear system SwS' ~ (R™, {A}iex) under arbitrary switching, satisfying that
|A; — ALl <6 for alli € %, |hye-top(SWS) — Awe-top(SWS')| < €.

Proof. The proof follows from the continuity of A" or A® with respect to A €
R™*™ and the continuity of the joint spectral radius with respect to bounded
sets of matrices (straightforward consequence of Proposition 1.52 in Subsection
1.3.2; see also Jungers, 2009, Proposition 1.10). O

Secondly, Theorem 3.23 shows that the computation of the worst-case topo-
logical entropy can benefit from well-established algorithms for the computation
of the joint spectral radius of switched linear systems.'! Indeed, any of these
algorithms can be used to approximate §(SwS”) from SwS”. Furthermore,
the computation of SWS” from SwS is straightforward from its definition (see
Berger and Jungers, 2021¢, Section 3.B). However, it should be noted that the
dimension of SwS” increases exponentially with the dimension of SwS, and thus
so will the complexity of estimating §(SwS”) (this is the curse of dimension-
ality!). In this regard, a simple and algorithm-independent way to speed up
the estimation of p(SwS”"), although not sufficient to fight the curse of dimen-
sionality, is to observe that since the matrices { A/ };ex and {AP};ex are block
diagonal, the computation of 3(SwS”) can be decoupled among the different
diagonal blocks (see, e.g., Jungers, 2009, Proposition 1.5).

Furthermore, there are cases for which the computation of the joint spectral
radius is straightforward; for instance, when {A4;};ex is a set of normal/upper-
triangular /lower-triangular matrices. By combining these results with the

properties of the exterior power of matrices (see Proposition 3.20), we get

11 A wide range of methods, of very different natures, have been proposed in the last decades
to evaluate the joint spectral radius of a set of matrices; see, e.g., Jungers (2009, Section
2.3), Sun and Ge (2011, Section 2.4) and Vankeerberghen et al. (2014). While theoretical
discouraging results exist for the computation of the joint spectral radius in general (see, e.g.,
Jungers, 2009, Section 2.2), these methods turn out to be extremely powerful in practice and

to provide high-accuracy approximation algorithms for the joint spectral radius.
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efficient ways to compute the worst-case topological entropy of normal/upper-

triangular/lower-triangular switched linear systems.

Corollary 3.25. Consider a switched linear system SwS ~ (R", {A;}iex) un-
der arbitrary switching. Assume that for each i € ¥, A; is a normal matriz,
and let A\1(A;), ..., A (A;) be the eigenvalues of A;. Then, it holds that

hye-top (SWS) = max n | max {log,(e) Re(A;(A4;)),0} (continuous-time case)
1€ J=

hwe-top (SWS) = max n | max {logy |X;(A:)],0} (discrete-time case).
1€ J=

The same holds for switched linear systems with upper-triangular/lower-triangular

matrices.

Proof. See Appendix A.3.6. O

Similarly, the theory of p-dominance for switched linear systems (introduced
in Section 2.2) can be helpful to reduce the complexity of computing the worst-

case topological entropy of p-dominant switched linear systems.

Corollary 3.26. Consider a switched linear system SwS ~ (R™, {A; }iex) un-
der arbitrary switching. Assume that SWS is p-dominant (Definition 2.8 in
Subsection 2.2.2) with automaton Aut = (Q,X,0) and set of rates {vo}oco,
and assume that Aut is cycle-stable with respect to {~vp}oco (Definition 2.14 in
Subsection 2.2.2). Then, it holds that
hiop(SWS) = ke?&?.).(,p} log, (e) o(SwS"")

where SWS™ s defined as SwS™ but with {AMYess ({AP*}iex) instead of
{AlYies ({APYiex):

Proof. Straightforward from the characterization of the asymptotic behavior of
switched linear systems that are p-dominant with a cycle-stable automaton (see
Theorem 2.15 in Subsection 2.2.2) and from Item 4 in Proposition 3.20. O

Numerical examples illustrating the computation of the worst-case topolog-
ical entropy of switched linear systems, using Theorem 3.23 and Corollary 3.25,

are presented in Subsection 3.3.4.

Remark 3.3. In view of the closed-form expression of Theorem 3.23, one might
legitimately think that a similar formula holds for the topological entropy of
a switched linear system SwS = (R™,{A;}iex) with a fixed switching signal
o : T>9 — ¥, namely that hiop(SWS;0) = limsupy_,, = log, [|[X(T,0,0)"|.
We present a counter-example in Appendix A.3.7 showing that this is not the

case in general.
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Related works

The worst-case topological entropy of a switched linear system provides an
upper bound on the topological entropy of the system with any fixed switching
signal. The question of estimating the topological entropy of switched linear
systems with a fixed switching signal is studied thoroughly in Yang et al. (2020).
Because it is assumed that the switching signal is fixed, the bounds on the
topological entropy obtained in Yang et al. (2020) are in general better than
the worst-case topological entropy. However, in some “ill-conditioned” cases
(e.g., triangular systems with large differences among the diagonal entries),
the bounds available in Yang et al. (2020) can be more conservative than the
worst-case topological entropy (which can be computed efficiently, e.g., for
triangular systems; see Corollary 3.25).

Exterior algebras have also received attention in systems and control theory;
namely, in the study of the Lyapunov exponents (see, e.g., Arnold, 1998, and
Barreira, 2017) and entropy-related properties of dynamical systems (see, e.g.,
Kozlovski, 1998, and Kawan, 2013). For instance, we note the formula by
Kozlovski for the topological entropy of a discrete-time autonomous dynamical
system Sys = (R™, f), with C* map f : R® — R", over a compact forward

invariant set X C R™:

1
hiop(Sys, X) = lim —log, [ | % ()" | de.

Theorem 3.23 shows, among others things, that the integral can be replaced by
a maximum over all switching signals in the case of the worst-case topological
entropy of switched linear systems, and enables practical computation using
the stability theory of switched linear systems.

3.3.3 Minimal data rate for state estimation and stabi-
lization of switched linear systems with a mode-
dependent coder—decoder

In this subsection, we show that the minimal data rate for state estimation of
an autonomous switched linear system with a mode-dependent coder—decoder
coincides with its worst-case topological entropy. Similarly, the minimal data
rate for stabilization of a feedback stabilizable switched linear system with a
mode-dependent coder—decoder coincides with the worst-case topological en-
tropy of the open-loop switched linear system. Moreover, we describe the im-
plementation of a practical (i.e., implementable) coder—decoder that observes,

or stabilizes, the system and whose data rate can be arbitrarily close to the
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optimal data rate (equal to the worst-case topological entropy). These results

are encapsulated in the following two theorems.

Theorem 3.27. Consider a switched linear system SwS ~ (R™,{A4; }iex) under
arbitrary switching, and a bounded set Xg C R™ with nonempty interior. It
holds that Rest-md (SWS, Xo) = Awe-top(SWS).

Moreover, for any R > hyetop(SWS) and € > 0, there is a practical mode-
dependent coder—decoder with data rate smaller than or equal to R, that e-

observes SwS.

Theorem 3.28. Consider a switched linear system SwS ~ (R™ R™ {A;}iex, {Bi}ties)
under arbitrary switching. Assume that SwS is feedback stabilizable with a static
controller'? (see Definitions 1.17 and 1.19 in Subsection 1.1.3). Then, it holds

that Rstab—md(SWS) = hwc—top (SWSO),

Moreover, for any R > hyctop(SWS), there is a practical mode-dependent
coder—decoder CoDec with data rate smaller than or equal to R, that stabi-

lizes SWS with exponential asymptotic rate of convergence, meaning that there

is p > 0 and a class-K function g such that for any x € R", 0 € S andt € Ty,
Ix(t,0, 2,05 SwS||CoDec)|| < g([|z]|)e™"", (3.6)

where SwS||CoDec is the closed-loop system obtained from the feedback compo-
sition of SWS and CoDec (see Definition 1.70 in Subsection 1.5.1).

We present the proof of Theorem 3.28 only, as the proof of Theorem 3.27
is identical. The proof that Rgtab-md (SWS) > hAwe-top(SWS?) in Theorem 3.28 is
presented in Appendix A.3.8. The proof that Rgtab-md(SWS) < hye-top(SWS®)
in Theorem 3.28 will follow from the next subsubsection, where we describe a

practical coder—decoder satisfying the assertions of the theorem.

Practical coder—decoder

Consider a switched linear system SwS ~ (R™,R™,{A;}iex, {Bi}iex) under
arbitrary switching, and assume that SwS is feedback stabilizable with a static
controller, denoted by x : R" x ¥ — R™. Let R > hyc-top(SWS®). We describe
the implementation of a practical coder—decoder satisfying (3.6), and whose
data rate is smaller than or equal to R.

In the following, we let B be the centered unit Euclidean ball. First, we de-
scribe for any matrix A € R™*™ and resolution a > 0, a finite-points quantizer
for the reachable set of A from B; see the algorithm in Figure 3.5.

12In applications, static feedback stabilizing controllers for switched linear systems are
generally linear, meaning that for each ¢ € X, there is F; € R™*"™ such that the switched
linear system SwS’ ~ (R",{A!};cx), defined by A, = A, + B, F, for each i € ¥ and S(SwS’) =
S(SwS), is stable; but this is not required for this theorem.
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Definition 3.29 (Quantizer associated to a matrix). For any A € R™*™ and
a > 0, the quantizer implemented by the algorithm in Figure 3.5 is called the
quantizer with resolution o associated to A and is denoted by Qq 4 : R" —
EHa,a. The set 24 4 is called the range of Qn, 4, and we denote its cardinality
by m(a, A) = |Eq, 4l

The following result follows directly from the definition of @, 4 in Definition
3.29.

Lemma 3.30. For every A € R™*" and o > 0, the quantizer Qa4 : R —
Ea,a satisfies that

o forallz €B, ||Az — Qa,a(A2)|| <, and Qu, a(z) =0 if ||| < 725

o (o, A) =TI, (2 [[%O/ézpl(A)]] + 1) where p1(A), ..., pn(A) are the sin-

gular values of A.

Proof. Straightforward from the definition of Qq, a. O

By combining the second item of the above lemma with the closed-form ex-
pression for the worst-case topological entropy, we obtain the following bound
on the cardinality of the quantizer associated to the fundamental matrix solu-

tion of a switched linear system.

Lemma 3.31. Consider a switched linear system SwS ~ (R™,{A;}iex) under
arbitrary switching, and a resolution a > 0. Let R > hyctop(SWS). There
is T € Tso such that for every 0 € S and T € T, T > T, it holds that
e, X(T7,0,0)) < 2LBT']

Proof. See Appendix A.3.9. O

Now, let us define a coder—decoder satisfying (3.6), and whose data rate is
smaller than or equal to R. First, we define some parameters, depending on
the system SwS and its stabilizing controller k. Then, we describe the imple-
mentation of the coder and the decoder. Finally, we discuss the correctness of
the implementation.

Parameters: Fix a € (0,1) and let T3 € T be such that for every x € B,
o€ Sand T/ € T, T > Ty, it holds that ||x(7",0,z,0;SwS||k)|| < «, where
SwS||x is the closed-loop system obtained from the composition with the static
controller k. Fix R > hyetop(SWS®) and let T5 € T>( be such that for every
ceSand T' € T, T' > Ty, it holds that (e, Y(T",0,0)) < 28] (Lemma
3.31). Finally, let T = max{T},T2} be the period of the coder—decoder.
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Remark 3.4. We assume here, for the sake of simplicity of presentation, that
the quantity T, above is computed a priori, but this quantity can in fact be

computed on the fly; see Berger and Jungers (2021c, Section 3.D).

Coder and decoder implementations: For the parameters defined above, the

associated coder and decoder are implemented by the algorithms in Figure 3.7
(the reader may find useful to refer to Figure 3.6, where the different quantities
involved in the algorithms are represented). For the sake of simplicity of presen-
tation, we assume that the trajectories of the system start in B, as the general
case can be handled by adding a “capturing phase” (via a “zooming-out” pro-
cedure) at the beginning of the stabilization process, as explained in Liberzon
(2014, Section 4.3). Also, we assume that the coder—decoder is without trans-
mission delay. Again, this assumption is made for simplicity of presentation,
but is not necessary; see Berger and Jungers (2021c, Section 3.D).
Correctness of the coder—decoder: The proof that the coder—decoder de-

scribed in Figure 3.7 has a data rate smaller than or equal to R and that
it satisfies (3.6) is presented in Appendix A.3.10.

3.3.4 Numerical experiments

In this subsection, we illustrate the application of the results of Subsections

3.3.2 and 3.3.3 on several numerical examples.

Worst-case topological entropy

We use the results of Subsection 3.3.2 to compute the worst-case topological

entropy of switched linear systems with general and triangular matrices.

Example 3.3. Consider the continuous-time switched linear system SwS ~

(R%, {A;}iex) under arbitrary switching, with ¥ = {1,2}, and A; = [8:; g:(l)]

and Ay = [ 72%5 g:ﬂ . The exterior power of SwS is given by SWS" ~ (R*, {A};cx)
where
1 1
12 —0. .
A° — 0 0 and A9 = 0.5 0.5
0.5 0.1 2.0 0.0
0.2 —0.5

We have used the JSR Toolbox (see Vankeerberghen et al., 2014), combined
with Protasov and Jungers (2013, Theorem 3), to estimate the joint spectral
radius of SwS”". This provided the interval 5(SwS") € (1.21,1.22). Hence, by
Theorem 3.23, it follows that Aywetop(SWS) € logy(e)(1.21,1.22) ~ (1.75,1.76)

bits per unit of time.



148 CHAPTER 3. QUANTIZED CONTROL OF HYBRID SYSTEMS

Ezample 3.4. Consider the discrete-time switched linear system SwS ~ (R?, {4;}iex)
under arbitrary switching, with ¥ = {1,2}, and 4; = [3 0%1] and Ay = [1'1 é]
Since A; and As are upper-triangular, we may apply Corollary 3.25. We de-
duce that the worst-case topological entropy of the SwS is equal to log, 3 =
1.5850. The reader will check that the same result can be obtained by ap-
plying directly Theorem 3.23; indeed the exterior powers of SwS is given by

SwS™ ~ (R*, {A2}iex) where

1 1
3 1 1.1 1
0.1 2

0.3 2.2

and the joint spectral radius of a discrete-time upper-triangular switched linear
system is given by the largest absolute value of the diagonal entries of its

matrices (see, e.g., Jungers, 2009, Proposition 2.3).

Stabilization with a mode-dependent coder—decoder

In this subsubsection, we illustrate the use of the coder—decoder described in

Figure 3.7 for the stabilization of a continuous-time switched linear system.

Ezample 3.5. Consider the continuous-time switched linear system SwS ~
(R%, R, {A;}iex, {Bi}ties) under arbitrary switching, with ¥ = {1,2}, and
Ay = [8% 3:?]7 Ay = {_2%5 gjg}, By = H] and By = [(1)] This system
is stabilizable with the linear static controller £ : R? x ¥ — R! defined by
k(x,i) = K;x where K1 = [-1.261 —1.261] and Ky = [-2.5 —0.823].

Note that the open-loop system SwS® is the switched linear system studied
in Example 3.3, which was shown to satisfy Awc-top(SWS®) € logy(e)(1.21,1.22)
bits per unit of time (see Example 3.3). Hence, by Theorem 3.28, it follows
that for any R > 1.22log,(e), the coder—decoder described in Figure 3.7, with
data rate R, stabilizes the system. A sample execution of SwS controlled by
the coder—decoder with data rate R = 3log,(e) is represented in Figure 3.8-a.
A comparison of the rate of convergence for different values of the data rate
of the coder—decoder is presented in Figure 3.8-b. As intuitively expected, we

observe that the norm of £ decreases more rapidly when the data rate is higher.

Stabilization with a coder—decoder and controlled switching signal

In this subsubsection, we illustrate the application of the mode-dependent set-
ting for the stabilization of a continuous-time switched linear system with con-
trolled switching signal and when the observation of the state is subject to

data-rate constraints.
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Example 3.6. Consider the continuous-time switched linear system SwS ~
(R2, {Ai}ien) with = = {1,2}, and Ay = [ %0 10] and 45 = [0 00
(inspired from Jungers and Mason, 2017, Example 2.3). Assume that we want
to stabilize this system by controlling the switching signal; that is, at each time
instant, the controller can choose the mode of the system, and the objective
is to drive the state of the system to zero. The effect of each matrix of SwS
is represented in Figure 3.9-a,b. A switching control strategy to stabilize the

system is the following (see also Figure 3.9-c for an illustration):

+ Rotation mode: While the angle between £(t) and the horizontal axis
is not small enough (say > 7/8), apply the matrix A; (“rotation + di-
vergence”) until the angle becomes small enough (< 7/8). When this is
the case, the controller switches to a “convergence mode”;

o Convergence mode: Apply the matrix Ay (“horizontal convergence
+ vertical divergence”) until the angle between £(t) and the horizontal
axis becomes too large (say > 7/6). During this phase, since £(t) is
sufficiently horizontal, the state gets closer to the origin, but at the same
time it becomes less horizontal. Once the angle between £(¢) and the
horizontal axis is too large (> 7/6), the controller switches back the the

“rotation mode”.

Our goal is to design a coder—decoder that stabilizes the system using quan-
tized measurements of the state and using the switching signal as control input.
For that, we use the mode-dependent coder—decoder described in Figure 3.7 for
the estimation of the state. Note that, for this application, the assumption that
the current mode is known by the decoder is automatically satisfied since the
decoder chooses the current mode of the system.

In terms of data rate requirement: since one can hardly predict in advance
what will be the sequence of modes of the controlled system, it is natural to
consider the worst-case scenario to deduce the data rate that will allows us to
estimate the state of the system with exponentially decreasing error. There-
fore, we compute the worst-case topological entropy of SWS° ~ (R? {A;}iex)
under arbitrary switching. Using the formula of Theorem 3.23, we find that
htop(SWS?) = logy(e) (one can show that §(SwS®) = 1, by using the Lyapunov
function V() = ||z||, satisfying V (£(t)) < V(&(t))). Thus, for any R > log,(e),
there is a mode—controlling coder—decoder, with data rate R, that stabilizes the
system. A sample execution of SwS controlled by the coder—decoder with data
rate R = 2.5log,(e) is represented in Figure 3.10-a. A comparison of the rate
of convergence for different values of the data rate of the coder—decoder is pre-

sented in Figure 3.10-b. As intuitively expected, we observe that the norm of
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& decreases more rapidly when the data rate is higher.

3.4 Quantized control of switched linear sys-

tems with mode-oblivious coder—decoder

In this section, we study the problem of state estimation and stabilization of
switched linear systems when only limited information about the state and the
mode of the system is available. We restrict our attention to continuous-time
switched linear systems, since the case of discrete-time systems is much easier
to handle. First, we show that switched linear systems, with or without con-
straints on the switching signal, have in general an infinite topological entropy,
implying that they are in general not observable with arbitrary accuracy with
a finite data rate. Then, we show that switched linear systems under arbitrary
switching, i.e., with no constraint on the switching signal, are in general not
stabilizable with a finite data rate. Drawing on this result, we restrict our
attention to switched linear systems satisfying a fairly mild slow-switching as-
sumption, namely that the switching signal has an average dwell time bounded
away from zero. We show that under this assumption, switched linear systems
that are stabilizable in the classical sense remain stabilizable with a finite data
rate.

The section is organized as follows. In Subsection 3.4.1, we remind the
notions of topological entropy and minimal data rate for state estimation and
stabilization of switched linear systems. In Subsection 3.4.2, we present the
negative results regarding the state estimation of switched linear systems and
the stabilization of switched linear systems under arbitrary switching with a
mode-oblivious coder—decoder. In Subsection 3.4.3, we show that switched
linear systems with average dwell time bounded away from zero preserve their
stabilizability properties under data-rate constraints. In particular, we describe
a practical coder—decoder that stabilizes the system when the system is sta-
bilizable in the absence of data-rate constraints and the average dwell time
is bounded away from zero. Finally, in Subsection 3.4.4, we demonstrate the

applicability of our results on numerical examples.

Notation. In this section, all considered switched linear systems are continuous-
time switched linear systems, and thus for the sake of brievety, we will refer to
them simply as switched linear systems. The restriction of a function f : A — B
to aset A’ C A is denoted by f|ar. [-], |-] and [-] are the ceil, floor and round

functions.
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3.4.1 Problem setting

We introduce the problem of interest of this section: namely, the quantized
observation and stabilization of switched linear systems when the switching
signal of the system is not directly observed by the decoder (mode-oblivious
coder—decoder). We also discuss the notion of topological entropy (different
from the worst-case topological entropy introduced in the previous section) for
switched linear systems.

Let us consider a switched linear system!® SwS ~ (R™, R™, {4, }ies, {Bi}ies)-
For a reminder, the trajectories ({,0) : R>g — R™ x X of SwS with input
u : Rsg — R” satisfy £(t) = Asyé(t) + Byyu(t) for all t € Rsg, where
£ : Ryg — R” is the continuous variable and o : Ryo — X is the switching
signal of the trajectory, which specifies the mode i € ¥ of SwS at each time
t € R>g. The set of admissible complete switching signals of SwS is denoted by
S(SwS), or S if SwS is clear from the context (see Definition 1.34 in Subsection
1.3.1). We remind that all switching signals of SwS are right-continuous, piece-
wise constant functions from R>( to X. Given a right-continuous, piecewise
constant function o : R>o — X, and to,t1 € Rsg, t1 > to, we let N, (t1,t0) be
the number of discontinuity points of ¢ in [tg,t1). Given 7, > 0, a switched
linear system SwS is said to have average dwell time T, if all its switching sig-
nals have average dwell time 7, with some parameter N, > 0, meaning that for
all 0 € S, and t1,ty € Rsq, t1 > tp, it holds that N, (t1,%9) < N + % (see
Definition 1.40 in Subsection 1.3.1). Finally, given a switched linear system
SwS ~ (R™,R™, {A4;}iex, {Bi}iex), we let SwS® be the associated autonomous
(or open-loop) switched linear system, defined by SwS°® ~ (R™, {4;};ex) and
S(SwS°) = S(SwS).

Topological entropy of switched linear systems

The following definition of topological entropy particularizes the one for hybrid

systems (see Definition 1.78 in Subsection 1.5.2) to switched linear systems.

Definition 3.32 (Topological entropy of a switched linear system). Consider
a switched linear system SwS ~ (R™ {A;}ies) and a bounded set Xy C R™.
The topological entropy of SWS starting from X, denoted by hiop(SWS, Xo), is
defined as the topological entropy of the hybrid system associated to SwS, with
ingtial set Xox X, and with respect to the cost function € : (R"xX)x (R"x %) —
R>¢ defined by €(z1,11,x2,12) = ||z1 — 22|

13We refer the reader to Section 1.3 for the notation and definitions related to switched

systems.



152 CHAPTER 3. QUANTIZED CONTROL OF HYBRID SYSTEMS
In other words, htop(SWS, Xo) in Definition 3.32 is defined as

htop(SWS, X) = sup lim sup 1 logy Sspan (€, T'; Xo), (3.7
>0 Tooo 1

where Sspan(€,T; Xo) is the smallest cardinality of an (e, T')-spanning set for
SwS starting from X, that is, the minimal number of functions from [0,7") to
R™ necessary to approximate, with accuracy e on the interval [0,7"), the “£”
component of all trajectories (§,0) : R>g — R™ x ¥ of SwS with £(0) € Xy (see
Definition 1.76 in Subsection 1.5.2 for details). Equivalently, hyop(SwS, X() can
be defined as

hiop(SWS, X) = sup lim sup 1 logs Ssep(€,T; X0), (3.8)
>0 T—oo 1

where sgep(€,T; Xp) is the largest cardinality of an (e,T')-separated set for

SwS starting from Xy, that is, the maximal number of trajectories (£,0) :

R>p — R™ x ¥ of SwS satisfying £(0) € X, and whose “£” components are e-

distinguishable on [0, T') (see Definition 1.77 and Proposition 1.79 in Subsection

1.5.2 for details).

Remark 3.5. Consider a switched linear system SwS ~ (R",{A4;}iex) and
a bounded set Xy C R™ with nonempty interior. By contrast to the case
of LTV systems (see Subsection 3.2.1), it seems an open question whether
hiop(SWS, X() depends on Xy or not. It nevertheless holds that hiop(SWS, Xo)
is invariant by positive scaling of the initial set Xy, meaning that for any ¢ > 0,
hiop(SWS, ¢Xo) = hiop(SWS, Xp). It follows that hiop(SWS, Xo) is maximal
(over all bounded Xy C R™) when Xy contains the origin in its interior. For
the sake of brievety, the proof is omitted.

In Subsection 3.4.2, we will see that the topological entropy of switched
linear systems is infinite whenever the system is unstable. We will also see that
a similar result holds for the minimal data rate for state estimation of switched
linear systems, but not for the minimal data rate for stabilization of switched
linear systems, under mild assumptions on the systems. These two notions of
minimal data rate for state estimation and stabilization are reminded in the

subsubsection below.

Minimal data rate for state estimation and stabilization of switched
linear systems

The following definition of minimal data rate for state estimation of switched
linear systems (with a mode-oblivious coder—decoder) particularizes the defini-

tion of minimal data rate for state estimation of hybrid systems (see Definition
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1.74 in Subsection 1.5.2) in the case of switched linear systems, and when the

universal output map is the empty map.

Definition 3.33 (Minimal data rate for state estimation of a switched lin-
ear system). Consider a switched linear system SwS ~ (R",{A;}iex) and a
bounded set Xg C R™. The minimal data rate for state estimation of SwS
starting from Xo, denoted by Rest(SWS, Xo), is defined as the minimal data
rate for state estimation of the hybrid system associated to SwS, with initial set
Xo x X, and with respect to the cost function € : (R” x ) x (R” x ) = Rxg
defined by €(x1,11,T2,12) = ||x1 — 2]

In other words, Rest (SWS, Xo) in Definition 3.33 is defined as

Rest (SWS, Xg) = sup inf R(CoDec),
>0 CoDec
where the infimum is over all coders—decoders CoDec that e-observe SwS start-
ing from X, and where R(CoDec) is the data rate of CoDec (see Definitions
1.71 and 1.73 in Subsection 1.5.1). Following the definitions in Subsection
1.5.1, a (mode-oblivious) coder—decoder for the observation of SwS starting
from X, with transmission period 7Ti, can be described as an ordered pair
(¥ ken, (I)ken) where for every k € N,

TS 2 Xy x BOAT vy
is the coder function at step k and
Ul (V)R < (KT, (K + 1)T) — R™

is the decoder function at step k. At each time ¢t = kT, k € N, the coder outputs
a symbol e(k) defined by e(k) = Vi, (x, o|o x7;]) Where z is the initial condition
of the system and o is the switching signal. The symbols are transmitted to the
decoder, which produces at each time t € [kTy, (k + 1)Tt), k € N, an estimate
£t) = Ud(e(0),...,e(k),t) of the current state of the system. The coder—
decoder CoDec = ((¥§)ken, (¥)ren) is said to e-observe SwS starting from
X if for every trajectory (£,0) : R>g — R”™ x X of SwS with £(0) € X, and
every t € Rxo, [|€(¢) — £(t)|| < e where £(t) is defined as above, with z = £(0).
Finally, the data rate of CoDec is defined as the maximal number of bits per
unit of time necessary to encode the symbols: R(CoDec) = %.

Similarly, we define the minimal data rate for stabilization of switched linear

systems (with a mode-oblivious coder—decoder).

Definition 3.34 (Minimal data rate for stabilization of a switched linear sys-
tem). Consider a switched linear system SwS ~ (R™,R™ {A4;}ies, {Bi}ics)-
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The minimal data rate for stabilization of SwS, denoted by Retan(SWS), is
defined as the minimal data rate for stabilization of the hybrid system associ-
ated to SwS, with respect to the cost function € : R" x ¥ — R>q defined by
&z, i) = ||

As for the case of state estimation, a (mode-oblivious) coder—decoder for
the stabilization of SwS, with transmission period T, can be described as an

ordered pair ((U§)ren, (¥§)ren) where for every k € N,
TS R™ x BOAT vy
is the coder function at step k and
T (V)R < [Ty, (k + 1)T;) — R™

is the decoder function at step k. At each time ¢t = kT;, k € N, the coder outputs
a symbol e(k) defined by e(k) = U¢(z, 0
of the system and o is the switching signal. The symbols are transmitted to the
decoder, which produces at each time t € [kTy, (k+1)Tt), k € N, a control input
u(t) = Ui(e(0),...,e(k),t). The coder—decoder CoDec = ((¥§)ken, (¥{)ren)
is said to stabilize SwS if there is a class-KL function § such that for every
z€R" oceSandte R, [|x(t0,z,0u)| <B(|z],t) where u : R>g — R™

is defined as above, and y is the generator'* of SwS.

(0,k7;]) Where z is the initial condition

3.4.2 Obstacles to state estimation and stabilization of
switched linear systems with a mode-oblivious coder—
decoder

We start with some negative results regarding the topological entropy and the
minimal data rate for state estimation of switched linear systems.

Theorem 3.35. Consider a switched linear system SwS ~ (R™, {A;}iex), a
bounded set Xo C R™ with nonempty interior, and a dwell time 7, > 0. Assume
that S contains all switching signals from R>q to X with absolute dwell time T,
(see Definition 1.40 in Subsection 1.8.1). Also, assume that {A;};ex contains
at least one unstable matriz, and that for every x € R™\ {0}, there are i1,is € X
such that A;,x # A;,x. Then, it holds that hyop(SWS, Xo) = oco.

Proof. See Appendix A.3.11. O

Remark 3.6. Let us mention that a result similar to the one in Theorem 3.35

has been proved in the recent preprint by Sibai and Mitra (2020, Theorem 5).

4For a reminder, see Definition 1.36 in Subsection 1.3.1.



3.4. QUANTIZED MODE-OBLIVIOUS CONTROL OF SLS 155

Corollary 3.36. With the hypothesis of Theorem 3.35, it holds that Rest(SWS, Xo) =
00.

Proof. This follows from Res (SWS, Xo) > hiop(SWS, Xo) (see Proposition 1.80
in Subsection 1.5.2). O

The important feature of switched linear systems responsible for the above
negative results is their non-determinism, which implies that from any state,
there is in general an infinite set of states that can be reached by the system
over a finite horizon. In the case of switched linear systems, the diameter of
the set of states that can be reached from a given state depends on the norm
of the state in question. The assumption that there is at least one unstable
matrix involved in the system implies that this diameter stays bounded away
from zero, at least along some trajectories. In terms of quantized observation,
this implies that, along such trajectories, the uncertainty on the current state of
the system between two transmission times cannot be arbitrarily close to zero,
even if the data rate goes to infinity, resulting in the infeasibility of observing
the system with a finite data rate.

Now, we discuss the question of the minimal data rate for stabilization of
switched linear systems. The situation is quite different from the one of state
estimation. Indeed, in this case, we can control the norm of the trajectories
(this is the goal of stabilization), so that the uncertainty on the state of the
system between the transmission times is not the main issue. However, we
need to take into account the uncertainty on the mode of the system, which
implies that even if the state of the system is known accurately, one does not
know which control input to apply to stabilize the system (since the effect of
the control input will depend on the mode of the system). The example below
illustrates the fact that the uncertainty on the current mode of the system can

prevent the system to be stabilized with a finite data rate.

Example 3.7. Consider the continuous-time switched linear system SwS ~
(RYRY, {A;}ies, {Bi}ies) under arbitrary switching, with ¥ = {1,2}, and
Ay = A, =0, By = —1 and By = 1. In other words, the trajectories of SwS
satisfy £(t) = —u(t) if o(t) = 1 and &(t) = u(t) if o(t) = 2. This system
is somehow the most basic switched control-affine system, and is clearly sta-
bilizable, e.g., with the linear static controller £ : R! x ¥ — R! defined by
k(z,i) = —B;x.

Proposition 3.37. Let SwS be as in Example 3.7. It holds that Rspan(SWS) =
0.

Proof. Let CoDec be a coder—decoder for SwS. Let T € R+ and let Ur be the
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set of all distinct input functions that can be produced by CoDec during the
interval [0,T). By definition of a coder—decoder, Uy is finite.

Now, for each v > 0, let 0, : R>g — X be the switching signal that
oscillates between mode 1 and mode 2 with frequency 2/v: that is, for every
t € Rxg, 0,(t) = 11if 2kv <t < (2k + 1)v for some k € N, and 0, (t) = 2 if
(2k + 1)v <t < 2(k+ 1)v for some k € N. Then, by using an adaptation of
the proof of the Riemann—Lebesgue lemma (see, e.g., Teschl, 2021, Corollary
14.5), one can show that for any integrable function « : [0,7) — R, it holds
that fOT B, tyu(t)dt — 0 when v — 0. Since Uy is finite, this implies that for
any € > 0, there is v > 0 such that \fOT By, (nyu(t)dt| < e for all u € Up. Thus,
for every z € R and u € Uy, it holds that |x(T,0,x,0,,u; SWS)| > |z| — e.
Since T' and e were arbitrary, this implies that CoDec does not stabilize SwS.
Since CoDec was arbitrary, this shows that Res(SWS) = oo, concluding the

proof. O

One way to limit the uncertainty on the mode of the system is to impose
slow-switching conditions on the switching signal of the system. In particular,
in the next subsection, we show that any feedback stabilizable switched linear
system with average dwell time bounded away from zero can be stabilized with
a finite data rate.

3.4.3 Stabilization of switched linear systems with dwell
time with a mode-oblivious coder—decoder

As shown in Example 3.7, switched linear systems under arbitrary switching
are in general not stabilizable with a finite data rate. For this reason, we con-
sider switched linear systems with a positive average dwell time. We make the
following assumption on the system, which accounts for the fact the the system
with average dwell time 7, is stabilizable with a static feedback controller.

Assumption 3.38. Given a switched linear system SwS ~ (R™,R™, {A; }iex, {Bi}iexn)
and a dwell time 7, > 0, we assume that there is a static feedback controller
k:R™ X X = R™, and constants D > 0 and py, pa > 0 such that py/Ta < po

and for every x € R", 0 : R>o — X and t € R>g, it holds that

Ix(t, 0, 2,03 SwS||r) || < Dlf|jer N (-0 =kat (3.9)

where SWS||k is the closed-loop system (assumed to be under arbitrary switch-

ing*®) obtained from the composition with the static controller k.

15This assumption is made only for the well definition of x(-, -, -, 0;SwS||x) for all o :
RZO — 3.
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With SwS and « as in the assumption, (3.9) implies that the closed-loop
system SwS||x is exponentially stable for all switching signal o : R>g — £ with

average dwell time 7,.

Remark 3.7. A controller satisfying Assumption 3.38 can be derived for instance
if SwS admits a multiple control Lyapunov function; see, e.g., Liberzon (2003)
or Lin and Antsaklis (2009). An interesting situation, is when SwS admits a
common control Lyapunov function; in this case, (3.9) is satisfiable with uq = 0,

so that Assumption 3.38 holds for any 7, > 0.

We are now able to present the main result of this subsection, which states
that any switched linear system with positive average dwell time satisfying
Assumption 3.38 is stabilizable with a finite data rate.

Theorem 3.39. Consider a switched linear system SwS ~ (R™ R™ {A;}ies, {Bi}ties)
with average dwell time 7, > 0, and let Assumption 3.38 hold. There is a (mode-
oblivious) coder—decoder CoDec that stabilizes SWS with exponential asymptotic

rate of convergence, meaning that there is p > 0 and a class-KC function g such

that for any x € R", 0 € S and t € T>o,

Ix(t,0,,0; SwS||CoDec) || < g([|=[))e™"", (3.10)
where SwS||CoDec is the closed-loop system obtained from the feedback composi-
tion of SwS and CoDec (see Definition 1.70 in Subsection 1.5.1). In particular,
it holds that Rstap(SWS) < co.

We will provide a constructive proof of Theorem 3.39. More precisely, in
the subsubsection below, we describe the implementation of a coder—decoder
satisfying the assertions of the theorem. A precise upper bound on the minimal
data rate for stabilization of the system will be derived in due course of the
description of the coder—decoder; see (3.12). As for the decay rate p in (3.10), it
will be obtained in the proof of the correctness of the proposed coder—decoder;
see (A.25) in Appendix A.3.12. The gain function g, however, will not be
explicitly defined but its existence will be demonstrated. As a class-KC function,
g satisfies g(r) — 0 when r — 0. However, as it will be clear from the proof of
its existence, g(r) is not Lipschitz continuous at r = 0. This lack of regularity
is not due to a potential sub-optimality of the proposed coder—decoder, or
to the switching nature of the system, but is intrinsic to any finite-data-rate
stabilization scheme for linear systems (including LTT systems); see for instance
Colonius (2012, Proposition 2.2).
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Description of a coder—decoder satisfying Theorem 3.39

Consider a switched linear system SwS ~ (R™, R™, {A;}iex, {Bi}iex) with av-
erage dwell time 7, > 0 Let Assumption 3.38 hold with controller  : R™ x ¥ —
R™ and D > 0 and pq, e > 0. We describe the implementation of a coder—
decoder CoDec that satisfies (3.10) for some g > 0 and some class-K function g.
First, we define some parameters, which depend on SwS, 7., k, D, u1 and us.
Then, we describe the implementation of the coder and the controller. Finally,
we discuss the correctness of the implementation.

Parameters: Let v = %maxieg Amax(A4;+A]), and let Ay = max;, j,ex || Ai, —
A, |l and Ap = max;, j,ex ||Biy, — Bi,||. Also, define L = sup { ||x(x,9)]|/]|z| :
ieX, x e R"\ {0} }. Pick T € Rsg, @ > 0 and p € N5 such that

De #2T 4 ePTa+ (14 L)e(p, T) < fe 0T/ (3.11)

for some 6 € (0, 1), where ¢(p,T) = e”pTT%D(AA + AgL).16 Finally, let Q,
be the quantizer Q,; in Definition 3.29 where I is the n x n identity matrix,
and let =, be the set of quantizing points of @, whose cardinality satisfies
|Za] < Mg = (2[[";;1] +1)" (see Lemma 3.30).

We will build a coder—decoder CoDec with transmission period 7', that

stabilizes the system and operates at data rate
R(CoDec) = & ([Llogy((p + 1)rina)]] + Mlogo(IENT).  (3.12)

Coder and decoder implementations: For the parameters defined above, the

associated coder and decoder are implemented by the algorithms in Figure 3.11.
For the sake of simplicity of presentation, we assume that the trajectories of
the system start in the centered unit Euclidean ball, as the general case can
be handled by adding a “capturing phase” (via a “zooming-out” procedure)
at the beginning of the stabilization process, as explained in Liberzon (2014,
Section 4.3). Also, we assume that the coder—decoder is without transmission
delay. Again, this assumption is made for simplicity of presentation, but can be
alleviated at the cost of increasing slightly the data rate of the coder—decoder.

The implementation deserves the following explanations. If o : R>g — X is
the switching signal of the system, then 6 : R>9 — X is the sample-and-hold
switching signal built for the observations of o by coder at the transmission
times, that is, for all ¢ € Rxg, it holds that 6(t) = o(|t/T|T). Also, for

Josj1 € N, 41 > jo, we let N2¥(T'; jo, j1) be the number of transmission intervals

16A strategy for choosing T,c,p is: first, choose T’ = pT large enough so that
De(#1/Ta=n2)T" < 1. Then, for this 7’, choose a,p such that T o and e(p, T’ /p) are
small enough for (3.11) to be satisfied with § < 1.
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during which o switches at least once, that is,
NG(T3 jo, j1) = {7 € [jo, j1) NN : No((j + DT, jT) > 0}]. (3.13)

By definition, it holds that NZ¥(T,j1,50) < j1 — jo. Finally, for all v €
{0,...,p}, we define

a(v) = Derv=r2PT - and  b(v) = e’PToTe"D(Ax + AgL). (3.14)

Correctness of the coder—decoder: The proof that the coder—decoder de-
scribed in Figure 3.7 has data rate as in (3.12) and that it satisfies (3.6) is
presented in Appendix A.3.12.

3.4.4 Numerical experiments

In this subsubsection, we illustrate the use of the coder—decoder described in

Figure 3.11 for the stabilization of a continuous-time switched linear system.

Example 3.8. Consider the continuous-time switched linear system SwS ~

(R2,Rl,{Ai}i€E,{Bi}i€E), with ¥ = {1,2}, and Al = |:(1); _0110:|, A2 =

{:?Z (2):8}7 B, = [H and By = [(1)] This system satisfies Assumption 3.38
with D =1, 1 = 0, g = 0.15 and with the linear static controller  : R2x ¥ —
R! defined by x(z,i) = K;z where K1 = [~0.43 —0.43] and Ky = [-0.38 —0.52].
First, we have simulated the system with average dwell time 7, = 1.0 s.
We have used the values T' = 0.008, o = 0.05 and p = 100 for the parameters
of the coder—decoder, which satisfy (3.11). With these parameters, the data
rate of the coder—decoder is 145 bits/s. A sample execution of SwS with this
average dwell time, controlled by the coder—decoder, is represented in Figure
3.12-a. We observe that the state of the system converges to zero, as predicted.
Then, we have simulated the system with a smaller average dwell time,
namely 7, = 0.25 s. We have used the values 7, = 0.002, a = 0.05 and n = 400
for the parameters of the coder—decoder, which satisfy (3.11). The data rate of
the coder—decoder is 523 bits/s. A sample execution of SwS with this average
dwell time, controlled by the coder—decoder, is represented in Figure 3.12-b.

Again, we observe that the sampled trajectory converges to zero, as predicted.

3.5 Conclusions

In this chapter, we studied the interaction of switching and quantization in
control problems. Namely, we studied the question of quantized control for

switched linear systems, and considered two different settings for this control
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problem, accounting for different assumptions on the information about the
operating mode of the system available to the decoder. The results obtained
for the different settings are summarized in Table 3.1.

The mode-dependent setting is the one for which we obtained the strongest
positive results. In particular, we related the minimal data rate for state estima-
tion and stabilization with a entropy-based notion, namely the worst-case topo-
logical entropy. We also showed that these quantities could be approximated
numerically with arbitrary accuracy. On the other hand, we demonstrated
several negative results for the quantized control of switched linear systems
in the mode-oblivious setting. This motivated the introduction of additional
assumptions on the switching mechanism of the system to make the problem
of quantized stabilization with mode-oblivious coder—decoder tractable. Sim-
ilar assumptions were already considered in previous works on this topic, but
not necessarily motivated by counter-examples. Under these assumptions, we
provided sufficient data rate bounds for stabilization, and we described the im-
plementation of a practical coder—decoder achieving stabilization whenever the
system is stabilizable in the absence of data-rate constraints. Since the mode-
dependent setting is the one for which we have the most information about the
system, it is not surprising that the strongest positive results were obtained for
this setting, while the strongest negative results were obtained for the setting
with the weakest information structure.

An interesting direction for further research is to investigate further applica-
tions of the mode-dependent setting for the control of switched linear systems.
We think for instance to applications in the context of controlled or constrained
switching (see namely Example 3.6 for a proof-of-concept). Indeed, the worst-
case topological entropy provides an upper bound on the minimal data rate
for stabilization of these systems; it would be worth investigating whether it
is possible to improve this bound or define more efficient coders—decoders for
the stabilization of these systems if the switching signal can be controlled or
constrained in some way by the decoder.

It would also be interesting to investigate improvements of the coder—
decoder described in the mode-oblivious setting. For instance, one could con-
sider the use of Lyapunov functions (as in Liberzon, 2014, Wakaiki and Ya-
mamoto, 2014, and Yang and Liberzon, 2018, for instance), refine the analysis
of the propagation of reachable sets during transmission intervals by using
tools from multilinear algebra (as in the mode-dependent case), or consider

additional assumptions on the system.
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Mode-dependent

Mode-oblivious

Fixed switch-
ing signal
(LTV systems)

Free switch-

ing signal

Free switch-

ing signal

Entropy

Classical definition
of topological
entropy (Def-

inition 3.1)

Worst-case
topological entropy
= maximal
topological
entropy over all
switching signals
(Definition 3.13)

Always finite +
“computable” close-
form expression
(Theorem 3.23)

Classical definition
of topological
entropy for non-
deterministic
systems (Def-
inition 3.32)

Can be infinite
(Theorem 3.35)

State esti-

mation

Minimal data
rate = topo-
logical entropy
(Theorem 3.3)

Implementation
may require

unbounded memory

Minimal data
rate = worst-case
topological entropy
+ can be reached
by a practical
coder—decoder
(Theorem 3.27)

May be not
observable with
finite data rate,

even under
slow-switching

assumptions
(Corollary 3.36)

Stabilization

Minimal data
rate = topological
entropy (straight-
forward extension

of Theorem 3.3)

Implementation
may require

unbounded memory

Minimal data
rate = worst-case
topological entropy
of open-loop system
+ can be reached
by a practical
coder—decoder
(Theorem 3.28)

May be not
stabilizable with
finite data, under

arbitrary switching
(Theorem 3.7)

Stabilizable
with finite data
+ description
of a practical
coder—decoder,
under nonzero
average dwell-
time assumption

(Theorem 3.39)

Table 3.1: Summary of the results regarding the quantized control of switched linear

systems.
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Coder

Input: A LTV system Sys =

(R, A), a bounded set Xy C R™.
An accuracy € > 0, a “data rate”

a > hiop(Sys) and a period T' € Rsq.
Output: Symbols e(k) to be sent to
the decoder at each time t = kT,
keN.

Algorithm.:
Let z = £(0) be the initial condition
of &.

Let 21 =0€R" and E_; = X,.
Loop: at time t = kT for k =
0,1,2,...
Let T}, € RU {cc} be the largest
time such that seoy (€, T; Xo) <
ga(k+1)T
Let Ej be a minimal (e, Ty )-cover
of Ej_.
Let g, € Ey be such that x —
Zr—1 € Bsys 1, (U, €).
Encode g, as a symbol e(k) and
send it to the decoder.
Let & = Zr_1 + Jx.
Let E), = Bsys 1, (1, €).

Decoder
Input: A LTV system Sys =
(R", A), a bounded set X, C R™.
An accuracy € > 0, a “data rate”
a > hiop(Sys) and a period T' € Rso.
Output: A estimate £(t) at each
time ¢ € R satisfying [|£(t)—£(t)]| <
€.
Algorithm:
Let #_1 =0 € R and E_; = X,
Loop: at timet = kT for k =
0,1,2,...
Let T, € RU {oo} be the largest
time such that scoy(€, Tx; Xo) <
2a(k+1)T.
Let g be decoded from the sym-
bol e(k) sent by the coder.t

Let &1, = &5_1 + G-
For each t € [kT, (k + 1)T), let
£(t) = x(t, @)

Let By, = Bsys 1, (&1, €).

Figure 3.4: Implementation of the coder-decoder. & : R>g — R" is the trajectory of

the system and starts in Xo. TFor each k € N, the decoder can compute Ej, and thus

it can compute g from e(k).
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Input: A matrix A € R"*™ and a resolution a > 0.

Output: A finite-points quantizer @ : R® — = C R" with resolution « on
AB.

Algorithm:

Let a = 2a/n'/2.

Let USVT be a SVD of A, with U,V € R™*" orthogonal and S =
diag(p1,...,pn) € R™*™ diagonal.

For each j € {1,...,n}, let S; = {—[p;/a],...,[p;/a]}.

Let E = aU(Sy x --+ x Sp). Let @ : R — = C R" be defined by Q(x) =

arg min = [l — 2.

Figure 3.5: Quantizer associated to a square matrix.

Figure 3.6: The different quantities involved in the implementation of the coder—
decoder described in Figure 3.7. The black points represent the quantized points,
i.e., the set £, 5, scaled by ay and shifted by Zx41.
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Coder
Input: A switched linear system
SwS ~ (R™,R™, {A;}iex, {Bi}ies)
under arbitrary switching, a static
controller x : R™ x ¥ — R™ for SwS.
A resolution @ > 0 and a period
T € Tso.
Output: Symbols e(k) to be sent to
the decoder at each time t = kT,
keN.
Algorithm:
Let 29 = 0 € R™ and ng = ||Zo]| = 0.
Send “empty symbol” and wait until
t="T.
Loop: at time t = kT for k =
1,2,...

Let 2, = np_1x(kT,(k —

DT, &—1/nk—1,0; SWS||x) (or

#p =0 if ng_y = 0).1

Measure {(kT) and let y, =

E(KT) — Ty

Let A, = x(kT, (k—1)T, o; SwS®).t

Let g = Qo 4, (yx/a" ).
Encode ¢, as a symbol e(k) and
send it to the decoder.

Let 2, = 2 + Oék_lﬂk.
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Decoder
Input: A switched linear system
SwS ~ (R™",R™, {A;}iex, {Bi}iex)
under arbitrary switching, a static
controller x : R™ x ¥ — R™ for SwS.
A resolution @ > 0 and a period
T e Tsyp.
Output: A control input u(t) at
each time t € Ty( that is applied
to the system.
Algorithm:
Let 29 = 0 € R™ and ng = ||Zo]| = 0.
Apply the input v = 0 € R™ until
t="T.
Loop: at time t = kT for k =
1,2,...
Let 2 = np_1x(kT,(k —
DT, &k—1/nk—1,0; SWS||x) (or
T =0ifng_1 = O).Jr
Let Ay = (KT, (k—1)T, 0; SwS®).
Let i be decoded from the sym-
bol e(k) sent by the coder.
Let &) = & + o 1, and ng, =
2]l
For eacht € [kT,(k +
DT) N T, let u(t) =

ng k(x(t, kT, &k /nk, 0; SWS|| k), U’(t)).T

Figure 3.7: Implementation of the coder-decoder. (§,0) : T>g — R™ x X is the

trajectory of the controlled system. At each time ¢ € Tso, £(t) and o(t) are known by

the coder, but only o (t) is known by the decoder (mode-dependent setting). TFor each
keNandt e [kT,(k+1)T)NT, the coder and the decoder can compute x (kT (k —
DT, &x—1/nk—1,0; SWS||k), x(kT, (k—1)T, o; SwS®) and x (¢, kT, &1 /n, o; SwS|| k), for

instance by integrating auxiliary systems. *For each k € N, the decoder can compute

Qq, 4, from Ay, and thus it can compute g, from e(k).
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Figure 3.8: a: Evolution of £ and u for a sample execution of the system controlled
by the coder—decoder described in Figure 3.7 with data rate R = 3log,(e). The black
curve below the plot represents the switching signal o. The orange and red diamonds
represent the value of Zj at the transmission times ¢ = kT, kK € N. b: Evolution of
the norm of £ for sample executions of the system controlled by the coder—decoder
described in Figure 3.7 with data rates R € log,(e){1.5,2,3,4}.
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Figure 3.9: Switched linear system of Example 3.6. a: Effect of the matrix A;
(“rotation + divergence”). b: Effect of the matrix A, (“horizontal convergence +
vertical divergence”). c: Switching control strategy for the system, with switching

signal as control input.
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Figure 3.10: a: Evolution of £ and u for a sample execution of the system controlled
by the coder—decoder described in Example 3.6 with data rate R = 2.5log,(e). The
black curve below the plot represents the switching signal . The orange and red
diamonds represent the value of Z; at the transmission times t = k7T, k € N. b:
Evolution of the norm of £ for sample executions of the system controlled by the
coder—decoder described in Example 3.6 with data rates R € log,(e){1.2,1.5,2,2.5}.
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Coder
Input: A switched linear system SwS ~
(R™,R™ {4, }ies, {Bi}icx) with dwell
time 7,, a static controller x : R® x ¥ —
R™ for SwS. A resolution o« > 0, a period
T € Ry, and a subperiod p € N+ .
Output: Symbols e(j) to be sent to the
decoder at each time t = 5T, j € N.
Algorithm:
Let 2 =0€R", rg=s9g=1and vg =0
Loop: at time t = kpT for £k =0,1,...
Measure £(kpT') and let y, = £(kpT) —
k.

Ift>0
Let 1, = e"PTsp_1 + (a(vy) +
b(vp))re—1.t
Let s, = e"PTasp_1 + b(vg)rp_1.1
Let gk = Qa(yr/sk)-
Encode the pair (§x,vx) as p symbols
e(kp),e(kp+1),...;e(kp+p—1).
Loop: at time t = (kp + j)T for
j=01,....,p—1
Send e(kp + j) and o((kp + 5)T') to
the decoder.

Let fi’kJrl = X((k} +
VpT, kpT, &y, &3 SWS||k).*
Let k1 = x((k +

DpT, kpT, ji, 63 SwS®).*
Let Zx41 = Tp41 + SkUk+1-
Let vpr1 = NSV (T; kp, (k + 1)p).T
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Decoder

Input: A switched linear system SwS ~

(R™,R™ {A;}ies, {Bi}ics) with dwell

time 7,, a static controller k : R™ x ¥ —

R™ for SwS. A resolution a > 0, a period

T € R+, and a subperiod p € Nyg.

Output: A control input u(t) at each

time ¢t € R>( that is applied to the sys-

tem.

Algorithm:

Let g =0 € R™, and rg = s¢ = 1.

Loop: at time t = kT for £k =0,1,...
Loop: at time t = (kp + j)T for
j=0,1,....,p—1

Receive e(kp+ j) and o((kp+ 5)T).

Foreacht € [(kp +

DT, (kp + j + 1T, let u(t) =

k(x(t, kpT, T, &3 SWS||K), 6(t)).}
Let g5 and vy be decoded from the

previously received symbols.
Ifk>0
Let 7 = e?Tsp_1 + (a(vy) +
b(vp))re—1.t

Let s, = e’?Tasp_1 + b(vg)rp—1.t

Let Zp1 = x((k +
DT, kpT, &, &; SwS||k).*
Let g1 = x((k +

V)pT, kpT, §i, &5 SwWS°).*

Let 211 = Try1 + Sklrr1-

Figure 3.11: Implementation of the coder—decoder. (£,0) : T>o — R™ X X is the
trajectory of the controlled system. TSee (3.13) for the definition of N5V, and (3.14)

for the definitions of @ and b. *& is the sample-and-hold version of ¢ with period T,

built from the observations of o by the coder at times t = 57T, j € N (see paragraph

“Coder and decoder implementations”).
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Figure 3.12: Evolution of £ and u for a sample execution of the system controlled
by the coder—decoder described in Figure 3.11, for different values of the average
dwell time. The black curve below the plot represents the switching signal o. The
orange and red curves represent the evolution of £ : R>o — R?, defined by £(t) =
x(t, kT, &, 6;SwS||k) for each t € [kpT, (k+ 1)pT), k € N.



Conclusions

The goal of systems and control theory is to study natural phenomenons (e.g.,
biological processes), technological devices (e.g., robots) or combinations of
both (e.g., pacemakers), and to design strategies to control them so that they
behave in some specified way. For that, we rely on mathematical models de-
scribing the evolution of these phenomenons/devices (called systems) and de-
scribing how they react to external inputs. The challenge with modern systems
is that these systems are becoming immensely complex and have many non-
standard characteristics. We think for instance to cyber-physical systems which
involve the interaction of discrete and continuous dynamics (called hybrid be-
havior) and often include spatially distributed components that communicate
through a shared communication network (called networked systems). These
characteristics preclude the use of classical control techniques and thus call for
the development of new mathematical and algorithmic tools to address these
fundamental challenges of modern control systems and to provide workable
solutions for emerging concrete control problems.

In this thesis, we studied these two fundamental and challenging aspects
of modern control systems (hybrid behavior and networked systems) from the
perspective of switched systems (a paradigmatic class of hybrid systems) and
quantized control (control with quantization errors and limited information
flow). For that, we focused on the property that the dynamics of theses systems
can often be divided into several distinct components, which grow at different
speeds (sometimes referred to as slow and fast modes separation).

First, we studied the property of separation of the dynamics, from the the-
oretical and algorithmic points of view, for switched linear systems and for
nonlinear smooth dynamical systems; see Chapter 2. Therefore, we leveraged
several classical tools from systems and control theory, like the concepts of hy-
perbolicity and positivity, and extended them for the study of switched linear
systems. In particular, the concept of hyperbolicity was very useful as it
accounts for the property that the linearized dynamics of a dynamical system

can be decomposed into a “dominant” component that grows exponentially
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fast and a “dominated” component that converges exponentially to zero. We
extended this property to switched linear systems, and we provided an algorith-
mic framework for the verification of this property, drawing on advanced tools
from applied mathematics, like conic optimization and automata theory. We
also considered a more general notion of separation of the dynamics in which
the dominated component grows exponentially slower than the dominant dy-
namics, but does not necessarily converge to zero. Finally, by combining the
results for the analysis of this property for switched linear systems with tools
from symbolic control (allowing to abstract a nonlinear dynamical system as a
collection of “local” linear systems), we provided an algorithmic framework for
the study of the property of separation of the linearized dynamics for smooth
dynamical systems. We also described several applications of this property,
encompassing the convergence of the trajectories of switched linear systems to
a low-dimensional time-varying attractor, the study of the robustness of attrac-
tors of nonlinear dynamical systems, and the computation of the topological
entropy of switched linear systems and nonlinear smooth dynamical systems.
Then, we leveraged the property of separation of the dynamics into compo-
nents with different rates of growth for the quantized control of switched linear
systems; see Chapter 3. Indeed, dynamics with different growth rates generally
requires different levels of quantization and different information rates to be
described accurately. We used this observation to obtain sharp bounds on the
minimal data rate necessary to control or estimate the state of a switched linear
system under several communication structures, and for the implementation of

associated optimal quantizing—controlling strategies. More precisely,

e In Section 3.2, we studied the question of the minimal data rate
for state estimation of linear time-varying systems. We estab-
lished the equivalence between this quantity and the topological entropy
of the system, thereby extending the classical “data rate theorems” of
time-invariant systems to this class of time-varying systems. We also im-
proved some existing results regarding the computation of the topological
entropy of linear time-varying systems, using the theory of p-dominance

developed in the first part of the thesis.

e In Section 3.3, we introduced the concept of worst-case topological
entropy of switched linear systems. We showed that this concept
was key for the theoretical analysis and practical computation of quan-
tized control strategies when the mode of the system is known in real
time by the coder-decoder (mode-dependent setting). Therefore, we
leveraged several tools from applied mathematics, namely the concepts of

exterior algebras and Joint Spectral Radius, and tools developed in the
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first part of the thesis, to study the separation of the growth rate of the

different components of the dynamics.

e In Section 3.4, we provided theoretical and practical insights on what can
and cannot be achieved with respect to the quantized control of switched
linear systems when the mode is not known in real time by the decoder
(mode-oblivious setting). We showed that, in this setting, switched
systems are in general impossible to observe with a finite data rate and
we demonstrated the importance of switching signal’s trackability
for the stabilizability (i.e., control) of these systems under data-rate con-

straints.

Directions for future research

The above suggests several interesting directions for future research.

Firstly, it would be worth studying generalizations of the property of sep-
aration of the dynamics for other classes of hybrid systems, like switched lin-
ear systems with state-dependent switching and nonlinear hybrid systems. It
would also be interesting to investigate further applications of the property of
hyperbolicity in modern control problems, for instance, for the study of the di-
mension of attractors of hybrid systems or to perform dimensionality reduction
in algorithmic control problems (such as abstractions computation, safety anal-
ysis, and controller synthesis), as we did for the computation of the worst-case
topological entropy of switched linear systems.

Secondly, the result on the equivalence of topological entropy and the mini-
mal data rate for state estimation of LTV systems gives rise to several interest-
ing open questions. For instance, it would be worth investigating whether we
can generalize this result to nonlinear time-varying systems, and if yes, under
which assumptions. Also, we saw that the resulting coder—decoder requires in
general an unbounded memory. It would be interesting to inquire variants of
the notion of topological entropy accounting for the minimal data rate for state
estimation of LTV systems with a coder—decoder with finite memory.

Thirdly, a straightforward declination of the mode-dependent setting for
the quantized control of switched linear systems is the quantized control of
these systems when the mode of the system can be controlled by the coder—
decoder. We already provided a proof-of-concept that the notion of worst-case
topological entropy can be used for this kind of problems (Example 3.6 in
Subsection 3.3.4), but it would be interesting to investigate how our results
could be particularized for this specific application; for instance, whether we
can improve the bounds on the minimal data rate for stabilization when the

decoder can choose the mode of the system (e.g., we could use the selection
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of the mode to reduce the necessary data rate), and whether we can derive a
computable closed-form expression for the optimal data rate.

Finally, the results on the quantized stabilizability of switched linear sys-
tems in the mode-oblivious setting call for several further research directions.
Indeed, for the moment, there is still a gap between the sufficient conditions
and the necessary conditions for these systems to be stabilizable with a finite
data rate. More precisely, we provided a sufficient condition on the switching
signal (namely, that it has a nonzero average dwell time) to ensure stabilizabil-
ity of the system with a finite data rate, and we showed with examples that
this condition cannot be removed in general (that is, without adding other as-
sumptions). It would be interesting, from the theoretical and practical points
of view, to derive sufficient and necessary conditions for the stabilizability of
these systems under data-rate constraints, in the mode-oblivious setting. Fur-
thermore, this setting also allows to address the quantized control of other
classes of hybrid systems, like switched linear systems with state-dependent
switching and hybrid linear systems. It would nevertheless be worth investi-
gating whether the coder—decoder and its data rate could be improved for these
other classes of systems, possibly considering other assumptions on the system
(for instance, in the case of state-dependent switching, an abrupt change in
the state can be an evidence that a switching has occured and this information

could be used to improve the data rate of the coder—decoder).

The questions of switching and control under communication constraints are
already fundamental for a wide range of modern control problems, and they
are likely to become even more important in the coming years due the phe-
nomenal outbreak of cyber-physical systems and communication technologies
of all kinds. This will require, among others, formal verification tools where
these two aspects of modern control systems are integrated. In this thesis,
we aimed to lay the basis for the development of such tools, by developing
theoretical and computational frameworks for the analysis of switched linear
systems and for their control under communication constraints. In partic-
ular, we showed that the analysis and control of these systems can benefit
from recent advanced technologies developed within the fields of mathemat-
ics, computer science and optimization. This provides proof-of-concepts that
a multidisciplinary approach is essential for the development of such formal
verification tools for modern control problems, and we hope that the present

work will stimulate the research in that direction for the coming years.




Appendix

A.1 Proofs of Chapter 1

A.1.1 Proof of Proposition 1.16

Let a7 and ap be class-K functions as in Definition 1.14 for the equivalence of €
and €,. Assume that HySys is stable with respect to €; and let 8 : R>oxR>¢ —
R>¢ be a class-KCL function as in Definition 1.15 for the stability of HySys with
respect to €;. Let ¢ be a trajectory of HySys and fix ¢ € R>o. It holds
that €3(6(1)) < a2(€1(6(1))) < az(B(E (6(1)), 1) < as(Blar(€2(6(1)),1)). Tt
is readily checked that the function (r,t) — aa(B(ay(r),t)) is of class KL,
showing that HySys is stable with respect to €5. The proof that HySys is stable
with respect to €; if it is stable with respect to €5 is identical. This concludes

the proof of the proposition. O

A.1.2 Proof of Proposition 1.28

We show that Sys is stable with respect to V. By Proposition 1.16, this will
imply that Sys is stable with respect to €. Let T' € T+ and « : R>g — Rxg
be a class-KC function as in Definition 1.26 for the Lyapunov function V. Let
¢ be a trajectory of Sys and fix t € T>o. By Proposition 1.27, it holds that
0< V() <V(ER)) <V(£0)) for all ' € [0,¢] N'T. Hence, a(V (E(KT))) >
a(V(&(t))) for all k € {0,...,[t/T]}, where |-]| is the floor function. From
the definition of T" and «, it follows that a(V(£(¢)))[t/T| < V(£(0)), so that
V(&®#)) < a™l(min(a(V(£(0))), V(£(0))/|t/T])) where a1 is the inverse of a.
It is readily checked that the function (r,t) — a~!(min(a(r),r/[t/T])) is of
class-ICL, concluding the proof of the proposition. O

A.1.3 Proof of Proposition 1.51

We provide a proof only for the case of continuous-time systems since the case

of discrete-time systems is similar and simpler. We will show that 1 = 4 and
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3 = 1. The implications 1 =4 =2=3=1land1=4=5=3 =1 will
then follow trivially and this will conclude the proof for the continuous-time
case.

In order to prove the implication 1 = 4, assume that 9(SwS) < 0. Then,
there is 7' € Txo such that & log(sup {||X(T,0,0)| : ¢ € S}) < 0. Hence, it
holds that sup {||x(T,0,0)| : 0 € S} < p < 1. By Proposition 1.39, it follows
that any trajectory ¢ : R>o — R™ of HySys satisfies ||¢(jT + T)|| < pllo(GT)||
for all j € N. This implies for all j € N, ||¢(4T)| < p?||¢(0)]|, showing the
HySys is GES.

In order to prove the implication 3 = 1, we proceed by contradiction.
Therefore, assume that g(SwS) > 0 and let M = {x(1,0,0) € R"*" : g €
S}. It holds that limy_oo +log(sup {||[My ... M|l : My,..., M € M}) =
0(SwS) > 0. The first quantity in the previous equation is the joint spectral
radius of a “discrete-time switched system” under arbitrary switching with set
of matrices M (the set M is infinite but the principle is the same). Since M is
bounded, it holds by classical results on the joint spectral radius of discrete-time
switched systems (see, e.g., Jungers, 2009, Theorem 1.2) that there is an infinite
sequence of matrices (M;)7_; C M such that limsup,_, [|M;M;_1--- M| >
0. The sequence (Mj);]:l defines a switching signal ¢ € S satisfying that
M;M;_y---M; =x(j,0,0) for all j € N. It follows that lim sup,_, . x(¢,0,0) >
0, so that there is © € R™ such that x(¢t,z,0) 4 0 as t — oo. This is a
contradiction with Item 3, concluding the proof that 3 = 1. O

A.1.4 Proof of Proposition 1.64

Let zp € R™, r9 > 0 and v € [—rg,70|". From the assumption on Y, it

holds that ||x(T,zo + v) — x(T,zo) — %(T, 20)0)oe < Lfvf|% < £12 (see,
e.g., Berger et al., 2020, Theorem 4.1 with v = 1). Hence, x(T,zo + v) —

X(T, zg) — %(T, Xo)v € %[—7‘8,7‘8}", and thus, since v € [—rg, 7], it follows
that x (T, zo+v)—x(T, zo) € %(T, z0)[—7r0,70]"+ % [—rd, r]™, which concludes

the proof. O

A.1.5 Proof of Corollary 1.65

Let xg, 21 € R™ and rg,7 > 0. By Proposition 1.64, it holds that if {x(7,z) :
T e l‘0—|—[—’/‘077‘0]”}0(5614—[—7“1,7‘1]”) 7& (Da then X(Ta $0)+%(T, xO)[_T07r0]n+

L—rg, 78" N (21 + [-7r1,m1]") # 0. The latter is equivalent to saying that
x1 — x(T,xzp) € %(T, xo)[—70,70|™ + %[—T%,r%}" — [=r1,71]™. The conclusion

then follows from %[—7‘3,7‘8]" —[=ri, " =[-r — %7‘(2)77“1 + %T(Q)]n- O
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A.2 Proofs of Chapter 2

A.2.1 Results from linear algebra

Notation. For P € S"*" we let v(P) be the number of negative eigenvalues of

P, and vy(P) the number of nonpositive eigenvalues of P.

Theorem A.40 (Sylvester inertia theorem, Horn and Johnson, 1985, Section
4.5). Let @ = ATPA where P € S**" and A € R™*"™. Then, v(Q) < v(P) and
w(Q) > w(P).""

Theorem A.41 (Min-max principle, Horn and Johnson, 1985, Section 4.2).
Let P € S™*" and k € {0,...,n}. Then, v(P) > k (resp. vo(P) > k) if and
only if there is a subspace H C R™ with dimension k such that " Pz < 0 (resp.
<0) for all x € H\ {0}.

Theorem A.42 (Main inertia theorem, Lancaster and Tismenetsky, 1985,
Section 13.2). For any matriz A € R"*™ there is a matriz P € S"*™ satisfying
ATPA — P < 0 if and only if A has no eigenvalue with modulus |\;] = 1.
Moreover, in this case, P € S;*™ where p is the number of eigenvalues of A
with modulus | ;| > 1.

A.2.2 Proof of Proposition 2.3

Item 1 follows from Theorem A.42. The equivalence of Items 1 and 2 follows
directly from the eigenvalue decomposition of A. O

A.2.3 Proof of Proposition 2.5

The “only if” direction is straightforward from the definition of K(P) and the
observation that int C(P) = {x € R" : 2" Pz < 0}. For the “if” direction,
observe that (2.3) implies that for every z € R™ \ {0} such that z"Pz < 0,
it holds that 2TATP Az < 0. Therefrom, we deduce the dissipation inequal-
ity (2.1) by applying the S-Lemma (see, e.g., Ben-Tal and Nemirovski, 2001,
Theorem 4.3.3, or Boyd and Vandenberghe, 2004, Section B.2). O

"The proof in Horn and Johnson (1985, Section 4.5) is presented for A invertible with
the conclusion that v(Q) = v(P) and v9(Q) = vo(P). The case of A singular follows by
applying a small perturbation on A and using the continuous dependence of the eigenvalues

of symmetric matrices.
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A.2.4 Proof of Theorem 2.11
Part 1: 1 =2

Assume that SwS is p-dominant with Aut = (Q, %, 0), {ve}eco and {P,}4ec0
and let € > 0 be such that the right-hand side of the dissipation inequalities
(2.4) can be replaced by —el. Fix o € S. We will build a p-splitting (E2, E*)
which satisfies (2.6) for some C' > 1 and p € (0, 1) independent of o.

Therefore, let (6;)52, be a path in Aut such that o(t) =i(6;) for all ¢t € N.
For each ¢ € Q, let V () = 2" P;2z. Remember that (2.4) implies that for all
t € Nand z € R",

Vaoir) Aoy®) <75, Vagon) (z) — ellz|?. (A.15)

The component EY : N =% R™ is defined as follows. Let E2(0) be any p-
dimensional subspace of R™ satisfying x € E2(0) = Vi) (z) < 0 (see Theorem
A.41). Then, define E¥ on Ny as follows: E%(t) = x(¢,0,0)E2(0) for allt € N
where ¥ is the fundamental matrix solution'® of SwS. By (A.15), it holds that
for every t € Nyg and 2 € E}(0)\ {0}, Vig,)(X(¢,0,0)x) < 0. This implies that
for all t € N, Ker x(¢,0,0) N E2(0) = {0}, so that dim E2(¢) = dim E2(0) = p.

The dominated component E : N = R" is defined as follows. For each
to,t1 € N, t1 > to, let B, = {x € R" : V4, )(X(t1,%0,0)x) > 0} and define
5 (to) = Ny, >4, Bty 1o~ We will show that for each tg € N, Ej (to) contains at
least one linear subspace with dimension n — p; the fact that E% () is actually
a linear subspace with dimension n—p will be obtained at the end of this proof.
By Theorem A.40, it holds that y(¢1, to, O')TPS(gtl))z(tl, to, o) has at least n —p
nonnegative eigenvalues; thus by Theorem A.41, Ey; , contains at least one
linear subspace with dimension n — p. Moreover, (A.15) implies that Ej , is
decreasing with respect to t1: for all tg,t1,t2 € N, t5 > t1 > tg, Eémto - Eélyto'
Hence, with a standard compactness argument (see, e.g., Berger et al., 2018,
Lemma 7), it follows that for each to € N, the intersection (1, ., £y, ; also
contains a subspace of dimension n — p.

Now, we show that the pair (E2, EY) defined above satisfies the relation
(2.6) for some C > 1 and p € (0,1). We will need the following lemma (the

proof is presented at the end of this subsection).

Lemma A.43. Let Aut, {yg}oco and {P,}qcq be as above. There is p € (0,1)
such that for every 0 € ©, Vi) (Aigyr) < Y4 - min {u‘/s(g)(z), I%VS(Q) (x)}

Let p be as in Lemma A.43, and let K = maxyeq | Pyll- Let top € N and
x1 € E2(to) \ {0}. Then, by definition of E%(tg), Lemma A.43 and (A.15), it

18For a reminded, see Definition 1.47 in Subsection 1.3.2.
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holds that for every t; € N, t; > ¢,

6|‘X(t1,t0,$€1,0’)”2 < 'Ygtl ‘/S(th)(X(tlat(),zlaO—)) < Fygtl’ygtl_lluvrs(@tlfl)()((tl - 17t0,1’1,0))

< (7o, '"70t1)2ﬂt1_t°‘/;(9t0)($1) < (You, -+ Y0, ) 1 TOK |2 |2
(A.16)

Similarly, if x5 € E2(to) \ {0}, then for all t; € N, 1 > o,

—K||x(t1,to, x2,0)* < Vaio,,) (X(t1, to, 22, 0)) < 7&1,1%‘/5(9“,1)@(751 —1,t0,72,0))

< (Yor 4 "'79t1_1)2ut°7t1+1‘é(0t0+1)(><(t0 +1,t0,72,0))
< _(’79t0+1 o '79“71)QMto_tl—i_leHxQHQ'

Taking the quotient of ||x(¢1,t0,21,0)| and || x(t1,t0,x2,0)], it follows that
(2.6) holds with p as above and with C' = e‘lKﬁ maxgeco Y3. In particular,
w and C are independent of o and ty. Since ¢ is arbitrary, this holds true for
every tg € N.

Finally, we use (2.6) to show that for all ¢ € N, E5(¢) is a linear subspace
with dimension n—p. Therefore, fix ty € N and assume that dim(span E(t9)) >
n — p. Then, span ES(tg) N EX(tg) # {0}, so there is € E%(¢o) \ {0} and
x1,x2 € ES (o) such that x = x1 + 5. It follows that for every ¢t € N, ¢; > to,
lIx(t1,t0,x,0)]] < 2max{||x(t1,t0,xz1,0)|,Ix(t1,t0,z2,0)||}; a contradiction
with (2.6). Hence, E5(to) is a linear subspace with dimension n—p, concluding
the proof that 1 = 2. O

Proof of Lemma A.43. Because {P,}qecq is finite there is o > 0 such that, for
every ¢ € @ and every x € R", —el <X aF, =X el. Hence, the right-hand
side of (2.4) can be replaced by aP,, or —aP,,. This concludes the proof,
since by the finiteness of O, there is u € (0,1) such that for every 6 € O,
g < —a<ypt+a<plyg O

Part 2: 2=1

Assume that SwS satisfies Item 2 with C > 1, 4 € (0,1) and dominated p-
splitting (ES, E2) for each 0 € §. The proof that 2 = 1 relies on the following

technical lemma (see Berger and Jungers, 2019, Lemma 6, for a proof).

Lemma A.44. Let SwS and (ES,EY), for each o € S, be as above. There
is ¢ > 0 such that for every o € S, t € N and © € EX(t), it holds that
[ Aozl = el

In the following, it will be convenient to describe the decompositions of R™

induced by the dominated p-splittings with projection matrices. More precisely,
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for each o € S, we let R, : N — R™*™ be defined by R, (t) is the projection on
E(t) parallel to E%(t). Note that for each 0 € S and ¢t € N, R, (¢) determines
E2(t) and EZ(t) completely since Im R, (t) = EX(t) and Ker R,(t) = E2(t)
(in particular, it follows that rank R,(t) = p). The following proposition,
which is a straightforward consequence of Lemma A.44 (see Berger and Jungers,
2019, Proposition 7, for a proof), states that the matrices R, (t) are uniformly
bounded for all ¢ € S and all ¢t € N.

Proposition A.45. Let SwS and R, for each 0 € S, be as above. There is
M >0 such that for every o € S andt € N, ||[R(t)|| < M.

Using the above definitions and results, we will build an automaton, a set of
rates and a set of symmetric matrices for which SwS is p-dominant. Therefore,
fix T € N5 such that Cpu” < § and fix r € (0,35). Let Ras be the set of all
projection matrices R € R"*™ of rank p and with ||R|| < M, where M is as in
Proposition A.45: ie., Ryy = {R € R"*" : R? = R, rank R = p, | R|| < M}.
Since R s is bounded, there is a finite set {S7,...,S,} C R that is an “r-
cover” of R, meaning that for any R € Ry, thereis g € {1,...,m} such that

|12 = Syl < 7

Now, using this set {Sy, ..., S, }, we build an automaton Aut* = (Q*, X7, ©%)
and a set of matrices {P; },cq- € Sp*™ as follows. The alphabet of Aut® is
ST = {(i1,...,ir) : ix € X} (the set of words of length T over %). The set
of states of Aut is defined by Q* = {1,...,m}. Then, for each ¢ € Q*, we let
Pr=—-518,4+(1-8,)"(I-S,) = I-S,—S;. By construction, for each ¢ € Q*,
Py is symmetric, and moreover, P} is negative definite on Im S, and positive
definite on Ker S;. Hence, by Theorem A.41, Py € Sp*" for all ¢ € Q*. Finally,
we define the set ©* C Q* x T x Q* of admissible transitions in Aut* as follows:
for every w = (iy,...,ir) € X1 and q1,q2 € Q*, we let § = (q1,w,q2) € OF
if and only if there is 77 > 0 such that A} P7 A, — (v;)%P; < 0, where

w™ q2

Ay =4, - Ay

We show that every ¢ € & can be read as the concatenation of words
obtained from a path in Aut™. Therefore, fix 0 € S and decompose ¢ into words
of length T that is, for every t € N, let w; = (o(tT),...,c(tT+T —1)) € ©7T.
Then, for each t € N, let ¢; € Q* be such that |R,(tT) — S,,|| < 7, which
always exists since ||R,(tT)|| < M (Proposition A.45). We claim that for all
t €N, (g, we, qi+1) € OF, which would prove the assertion at the beginning of
the paragraph. To prove this claim, we fix ¢ € N, and we will show that there is
v > 0 such that AT P* A — y2Pr <0, where Ay, = Agtr+1-1) " Ao(tT)-

W™ G417~ "Wt
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Indeed, let v be any positive real satisfying

2 max { | Ay, z| s 2 € ES(tT), |z =1} <~ < 3 min{||Ay,2| : z € EX(tT), ||z]| = 1 }.
(A.17)

The existence of 7 is ensured by (2.6) and Cu? < i. Also, Lemma A.44

ensures that the right-hand side of (A.17) is positive, so that we can always

choose v > 0. To show that Al,tP;tH/LUt — 2P <0, we let z € R™\ {0}

and y = Ay, z, and we will show that y' Py, y < y?2" P} x. Therefore, let

x1 € EX(tT) and x5 € E2(tT) such that © = 21 + 22, and let y; = A, z; and

Y2 = Ay, xo. Then, since |[R,(tT) — Sq,|| < r and |R,(tT +T) — Sq, || < 7,

we get from the definition of {F,}ecq-, the following relations (we use capital

letters, X1, Xs,Y7,Y5, to denote the norm of the related vectors; e.g., X; =
[l []):
e'Plw > —X{+X5-2r(X7+X3), and y'P; y < -Y7P4+YF2r(Y7P4Y5).

t qt+1
We also have the relations Y; > 27X; and Y5 < %'ng from (A.17). Hence,
'yfzyTPq*Hly —z'Prx < (-1+ 2r)(y 1Y) 2+
(1+2r) (v 'Ya) 2 4+ (1 + 2r) X7 + (1 4+ 2r) X3
<A(-142r)X7 + (14 2r) X7 + 21 +2r) X3 + (-1 +2r) X7
= (=3+10r) X7 + 1(-3+10r) X3 <0.

The latter follows from the assumption that r < %. This proves that f_ﬂvt Py flwt -
72Pq*t =< 0, and thus it follows that (g:, we, gr+1) € ©*, proving the claim at the
beginning of the paragraph.

Finally, to conclude the proof of the theorem, it remains to show that, from
Aut™ defined above, we can build an automaton Aut = (Q,%,0) accepting
every o € § such that SwS is p-dominant with Aut. This is done by splitting
each transition (q,w, g2) € ©* of Aut® into T sub-transitions (one per symbol
of w € ¥T). More precisely, for each transition 6 = (q1,w, g2) € ©*, we add
to @* = {1,...,m} the states (0,1),...,(6,T —1). This gives the set of states
Q=Q*U(0*x{1,...,T—1}). Because @ contains states from Q* and states
induced by the transitions in ©*, we introduce the following unifying notation:
for 6 = (q1,w,q2) € ©* and k € {0,...,T}, we let g(0,k) = q1 if k = 0,
qg0,k) = (0,k)if 1 <k <T-1, and q(0,k) = g2 if Kk = T, and for each
ke{0,...,T —1}, we let w(0,k) = ix+1, where w = (i1,...,éir). Then, we
define the set of transitions of Aut by © = {(¢(0,k),w(0,k),q(0,k+ 1)) : 6 €
O, 0<k<T- 1}. By construction, it is clear that Aut = (Q, X, ©) accepts
every o € S.

It remains to show that that SwS is p-dominant with Aut, some set of rates

{76}eco € R and some set of matrices {P;}4eq € Sp*™. The set of rates
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and the set of symmetric matrices are built as follows. Fix 6 > 0. For each
transition 6 = (q1,w,q2) € O in Aut®, we let Py ) = Py and Py 1) = Py,
and for k =T —1,T — 2,...,1, we define the matrices Py 1) recursively as

follows:
Pyory = (75)_2/TA;(e,k)Pc?(MH)Aw(@,k) +0I.

By construction, we have that for all § € ©* and k € {1,...,T — 1},
Abo.ryPaorrn Aaor — (%)*/" Pyo.xy < 0. (A.18)

Observe that Ay, 0 P0,1)Ag9.0) = (v)2A YD AT Py my A, +A where A, =
Ago,7-1) - Ap(o,0), and A € R™"*" satisfies [|Al| € O(0). Hence, by definition
of ~j, it follows that (A.18) is also satisfied for k¥ = 0, provided ¢ is small
enough.

Summarizing, we have shown that the automaton Aut, together with the
rates {7s }gco defined by vp = (7;)V/7 if 0 = (q(6*, k), w(6*, k), q(0*, k+1)) for
some 6* € ©* and k € {0,...,T — 1}, and with the matrices {P,},eq defined
as above, satisfy the dissipation inequalities (2.4). Hence, to show that SwS is
p-dominant, it remains to show that {P;},eq € Sp*™. By using (A.18) (which
holds for all k € {0,...,T — 1}) and Theorem A.40, we get that for every
0 € OF,

p=v(Pyo.1) > vo(Pyor—1)) > v(Pgor—1)) = .- >
vo(Pye,1)) = v(Pge,1)) = vo(Pg6,0)) = D5

whence for all k € {0,..., T}, v(Pgo,k)) = vo(Pgo,k)) = p, concluding the proof
that 2 = 1. O

A.2.5 Proof of Theorem 2.15
Part 1: 1 =2

Assume that SwS satisfies Item 1. Then, the first assertion in Item 2 follows
directly from Theorem 2.11. The second assertion in Item 2 follows from (A.16)
and the fact that since Aut is cycle-stable with respect to {vp}oco there is
M > 1 such that vg, ---7p, < M for every path (6;);2, in Aut and every
to,t1 € N, t; > to. Hence, it suffices to take p = \/w and D = Ve 1K M. O

Part 2: 2=1

The proof is very similar to the proof of 2 = 1 in Theorem 2.11. We just need

to make the following modifications:
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e Welet T € N be such that Cu? < i and DpT < % The second constraint
will imply that there is v € (0,1) satisfying (A.17).

o Welet 0 = (q1,w,q2) € O if and only if A P, A, — (75)2P,, < 0 for
some 7 € (0,1), where A, = A -+ A;, and w = (iy,...,i7).

The rest of the proof is exactly the same as the proof of 2 = 1 in Theorem
2.11. Observe that since 75 < 1 for all § € ©, we have that v < 1 for all
6 € ©. Hence, the automaton Aut = (Q, 3, ©) is cycle-stable with respect to

{70 }6co- ]

A.2.6 Proof of Theorem 2.17

Consider an automaton Aut = (@, X, ©) satisfying Assumption 2.16. We say
that ¢ € @ is recurrent if there is a path (Gt)tT;()l C © with length T" € Ny
from ¢ to g, i.e., with s(6p) = t(0r_1) = q. Let ({F,},¢€) be a feasible solution
of (2.7b)—(2.7c) with € > 0.

We first show that for any recurrent state ¢ € @) the inertia of P, depends
only on the automaton, the set of rates {7s}gco and the matrices {4;}icx. To
show this, fix a recurrent state ¢ € @ and let (Gt)tT;Ol be a path from ¢ to itself.
For every t € {0,...,T — 1}, let A; = Aioy) - Aioyy and Ve = Yor_, - V0,
Then, from (2.7b) and using that P, = Pyg,) = Py6,_,), we get that

Ap_ PyAr_y < (3r-1)* AT o Pugr_nAr—2 < (r-2)° AT _3Pugr_)Ap_5 < .-
(A.19)
Hence, by Theorem A.42, we have that P, € SZ;” where kg is the number of
eigenvalues of Ap_; with modulus > 79. Because Ap_; and 7y depend only
on Aut, {Vs}oco, and {A;};cx, and not on a particular solution ({P,},€), and
by hypothesis of Theorem 2.17, it follows that {P;}seq € Sp*".
Now, let ¢ € @ be a non-recurrent state. By Assumption 2.16, there is
a recurrent state ¢~ and a path (Ht)th_Ol from ¢~ to ¢ (since any backward
infinite path from ¢ will eventually loop on itself). By the same argument as
above, it holds that ATP,A —~%P,- < 0, where A = Aiop_1) - Aigg) and 7 =
Yor_. -+ Y6,- Hence, by Theorem A.40, it follows that v(P;) > vy(P,-) = k.
By proceeding in a similar way (using a path from ¢ to a recurrent state), we
can show that vo(P,) < k. Hence, v(P,;) = vo(P,) = k, and thus P, € S}*",
concluding the proof of the theorem. O

A.2.7 Proof of Proposition 2.19

Let (Qt)tTgol, A and 7 be as in the proposition. By using the same argument
as in (A.19), we get that ATPA —42P < 0. Hence, by Theorem A.42, A has p

< (0)%P,.
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eigenvalues with modulus |A;| > 4 and n—p eigenvalues with modulus |A;| < 7.
This proves Item 1.

Now, to prove Item 2, let the columns of H € R"*P be a basis of the
eigenspace, denoted by F, associated to the p eigenvalues of A with modulus
|\i| > 7. Then, it holds that AH = H A,, for some A, € RP*P whose eigenvalues
are equal to the eigenvalues of A satisfying |\;| > 7. It follows from AH = H A,
that A;HTPHAP —#42H"PH < 0, and thus Theorem A.42 implies that H" PH
is negative definite. Hence, any x € F satisfies 2" Px < 0, so that F' C K(P).
A similar reasoning shows that any = in the eigenspace associated to the n —p
eigenvalues of A with modulus |\;| < 7 satisfies TPz > 0. This concludes the
proof of Item 2. O

A.2.8 Proof of Theorem 2.24

Let ({P;}qeq, {Eqtqeqs {04}qeq,n, €) be a feasible solution of (2.11b)—(2.11d).
We show that { P, }4c0 and e satisfy (2.9b)—(2.9¢). By assumption on {d,}4eq C
[0,1] and by the constraint (2.11d), it is clear that {P;},cq satisfies (2.9¢).
Hence, it remains to prove that {P tgeq and e satisfy (2.9b). Therefore, fix
6 € ©, and let A = Afy +3; ';” ajAhe)J + A where ai,...,an, € Rxo

satisfy > Mo . =1and A € ri)B. We show that {P,}eq and e satisfy
(2.9b) with this 6 and this A € A;. Indeed, from (2.11b), it follows that

ATPyg)A — % Fy9) = Aic(e)TPt(G)Af(e) + Zj O‘J‘(Aic(a)TPt(e)A 0. T A.(a) j G)A.(e))
+ 225 a5((Afp) + Aty ;) Py A + ATPyo) (Affp) + Altg) ;)
+ (Z; ain}EG)J)TPt(G)(E A.}Ee )+ ATPg)A — 7 P s(9)

(then, using dy(g) > || Pyl and n > 7".(9 de(0) + 2rico) | Pro) (Afg) + A.(e )

= AS )T Puoy Afg) + 205 i (A5 Puoy Allgy 5 + Ailey ;' Pro) Alpy)
+ <Z @ A(G) J)TPt(G)(Zj O‘in}Ze),j) +nl -3 VAT)

(then, using Eyg) = Py and Eyg) = 0)

= Ay Puo) Aic(e + 325 i (Afp) Poy Allg) ; + Allg) 5
+22; 054 0)7 " Ey 9)A (o) T = % Pao) X el

PtG)A 9))

where the last step follows from (2.11b). This concludes the proof of the
theorem. O
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A.2.9 Proof of Proposition 2.27
Part 1: 1 =2

Assume that Sys is p-dominant on A with Aut = (Q,%,0), {A;}icx and
{70 }oco satisfying 79 = 1 for all § € ©. Note that Aut is cycle-stable with
respect to {Vp}oco. Also note that, for any x € A and T € N, %(T, ) =
%(x(T —1,z))--- %(X(O,x)), and by definition of Aut and {A;};cx, for any
x € A, there is a path (6;)$2, in Aut, such that for all t € N, %(X(t, 7)) € Ajgg,)-
Hence, by exactly the same argument as in the proof of 1 = 2 in Theorem 2.15,
it follows that there is D; > 1 and p; € (0,1), and for each z € A, there is a
subspace E5(x) C R™ of dimension n — p such that for all v € E®(z) and t € N,
H%(t,x)v“ < |lv||D1ph. Since Sys is invertible, and A is invariant, we obtain,
with the same argument applied on the inverted system (R", f~1), that there
is Dy > 1 and py € (0,1), and for each x € A, there is a subspace E"(z) C R”
of dimension p such that for all v € E"(z) and ¢t € N, ||g—;‘(—t,x)v|| < ||v||D2ph.
To prove that A is hyperbolic for Sys, it remains to show that for all z € A,
t € Nand o € {s,u}, %(t,m)Eo(x) = E°(x(t,z)). We proceed by contra-
diction. Therefore, fix t € N and = € A, and assume that g%(t,x)Es(m) #
E3(x(t,x)), so that dim (g—;‘(t,x)Es(a:) + E5(x(t,x))) > n—p. Then, fixt' € N
and let v be a nonzero vector in g—;((t’, X(t,x))(%(t,x)Es(x) + E5(x(t,2))) N
E"(x(t + t,x)). On the one hand, it holds that H%(, "x(t+ )| <
|[v]| D2p} , and on the other hand, it holds that [[v]| < [|2X(~¢', x(t-+t', z))v| DD1pf ,
for some D > 1 is independent from ¢'. The two inequalities are not compatible
when t' is sufficiently large. Since t’ was arbitrary, we obtain a contradiction.
This shows that %(t,x)ES(x) = E5(x(t,x)). Using the exact same argument
in backward time, we obtain that g—;‘(t, z)E%(x) = E"(x(t,x)). Since x and ¢
were arbitrary, this proves the claim at the beginning of the paragraph, which

concludes the proof that A is hyperbolic for Sys. O

Part 2: 2=1

Assume that A is a bounded, connected, hyperbolic invariant set for Sys, and
let £°: A = R"™and E" : A = R" be as in Definition 1.31 for the hyperbolicity
of A. By Remark 1.5, it holds that there is p € {0,...,n} such that for all
x € A, dim E*(z) = n — p and dim E"(z) = p. The rest of the proof is exactly
the same as the proof of 2 = 1 in Theorem 2.11. We just want to make the

following observations regarding the adaptation of this proof:

e Lemma A.44 holds trivially since A is bounded and Sys is invertible, so
; aft .
that ;gf\ | 25— (@)|| < oo;
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¢ By the hypothesis of hyperbolicity, we can choose v9 = 1 for all § € O.

This concludes the proof that 2 = 1. O

A.2.10 Proof of Proposition 2.28
The proof of the upper bound relies on the following result.

Theorem A.46 (Matveev and Pogromsky, 2019, Theorem 11). Consider a
dynamical system Sys = (R™, f) and let A C R™ be a bounded forward invariant
set for Sys. Let hop(Sys, A) be the topological entropy of Sys restricted to A
with cost function (x1,x2) — ||x1 — m2||. It holds that

1 n
hiop(Sys, A) < limsup T (supweA Z¢:1 max {0, log, pi(g—;‘(T, ac))}),

T—o0

where p1(A), ..., pn(A) denote the singular values of A € R"*"™,

Assume that Sys is p-dominant on A with automaton Aut = (Q, %, ©) and
set of rates {7p }oco, and let Amax = max { (o, - - - Yo, )7 : (6:)14" is a cycle in Aut }.
We show that, for T € N sufficiently large, %(T ,x) has n — p singular values
smaller than (§max)?. Indeed, by the same argument as in the proof of 1 = 2
in Proposition 2.27, it follows that there is C > 1 and p € (0,1), and for
each © € A, there is a subspace E*(x) C R™ of dimension n — p such that
for all v € ES(z) and t € Zso, |2X(t,2)v]| < [|[v]|Dut (max)?. Hence, if we
take T € N such Dy < 1, it holds that for any 2 € A and v € E%(x),
H%(T, 2)v|| < ||v]|(Amax)* . Then, by Theorem A.41 applied on the symmetric
matrix %(T,x)Tg—’;(ﬂ 2) — (Amax)?T1, it follows that %(T,x)Tg—’af(T, x) has
n — p eigenvalues smaller than (Ymax)??, so that %(T, x) has n — p singular
values smaller than (Ymax)?, proving the claim at the beginning of the para-
graph.
Now, let py and ﬁﬁ,@x, for each k € {1,...,n}, be as in the proposition, and
let T € N be large enough. Then, it follows from the above that for any z € A
and k € {1,...,n}, %(T, x) has n — py singular values smaller than ('Ayr(fa)x)T.
Hence, for every x € A, the singular values of %(T, x) can be indexed in such
a way that for each k € {1,...,n}, the k'! singular value of %(T, x) is smaller
than (%(QX)T. Since T and z were arbitrary (provided T is sufficiently large),
we obtain the desired upper bound on hyp(Sys, A) by using Theorem A.46.
The proof of the lower bound is along the same lines, and thus omitted.

This concludes the proof of the theorem. O

A.3 Proofs of Chapter 3
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A.3.1 Proof of Lemma 3.6

Let A = Bsys r(a,ce), and let FF C A be a set with maximal cardinality such
that {x(-,2)|jo,r)nT}zer is (¢, T)-separated for Sys starting from A. We derive

an upper bound on the cardinality of F, as follows. Since {x (-, z)|j0,7)nT}eceF is

(e, T')-separated for Sys, it holds that for any distinct x1, 2 € F, Bsys 7(x1, €/2)N
Bsys,7(72,€/2) = 0. It follows that vol(U,c g Bsys,7 (2, €/2)) = |F|vol(Bsys 7(x, €/2)),
where “vol” stands for the Lebesgue measure (or “volume”); note that Bsys 7(b, )

is Lebesgue measurable for any b € R™ and r > 0, since it is the unit ball of a
norm and thus a convex set in R™ (see, e.g., Lang, 1986). On the other hand,
since F' C A, it holds that U, p Bsys,7(2,€/2)) C Bsys 7 (a, (c+1/2)¢). Putting
things together, we get that

vol(Bsys 7(a, (c +1/2)¢))

F| <
7l < vol(Bsys,1(0, €/2))

= (2c+ 1)™.

The latter comes from vol(Bsys (b, 7)) = r"vol(Bsys,7(0, 1)) # 0 for any b € R"
and r > 0, which follows from Bsys 7(b, ) = b + rBsys 7(0, 1), so that

vol(Bsys (b, 7)) = LBS oy D@ = [ Ao o (@) dA()

= Jp Beur0 (™ (w = b)) dA(2)

— [ T 00 @) @) = rvol(Bssr(0,1)) #0,

where X is the Lebesgue measure, 1 is the indicator function, and the penulti-
mate step follows from the change of variable formula for the Lebesgue integral
(see, e.g., Teschl, 2021, Theorem 2.17).

The proof is then complete by using Lemma 3.5, which implies that F' is
an (e, T)-cover of A. O

A.3.2 Proof of Lemma 3.7

We will need the following result.

Lemma A.47. Consider a LTV system Sys = (R™, A) and a set A C R™. Let
€>0and T € Tsg. Let E be a minimal (¢, T)-cover of A. Then, there exists
a subset F' C E, with cardinality |F| > 117 "|E|, such that for any distinct
x1,x2 € F, [|x1 — 22l[sys,m > 4e.

Proof of Lemma A.47. Fixxz € E, and let E; = Bsys 1(z,4¢)NE. We first show
that |E,| < 11". Indeed, it holds that ¢y Bsys7(2',€) C Bsys (, 5¢), and
we have seen in Lemma 3.6 that there exists an (e, T')-cover E* of Bsys v(x, 5¢)
with |E*| < 11™. Thus, from the minimality of E, it follows that |E,| < 11™.
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Now, using the above, we build the set I’ inductively as follows. Let Fyy = ()
and Gy = E. Then, for ¢ = 0,1,2,... and while G; # 0, pick z; € G; and let
Fiy1 = F;U{z;} and G;41 = G; \ E,,, where E, is defined as above. Let k be
the first integer such that Gy = 0 and define F' = F},. Because |E,,| < 11" for
each 0 <i <k — 1, we have that k > 117"|E|. This concludes the proof of the

lemma. O

We proceed with the proof of Lemma 3.7. Note that since F; is a minimal
(€, Ty)-cover of A, it holds that for all x € Ey, Bsys 7, (2, €)NA # ), which implies
that Bsys 1, (z,€) € A+ Bsys 1, (0, 2¢). Using Lemma A.47, let F; C Eq be such
that [F1| > 117" Ey| and for every distinct x1,20 € Fi, ||z1 — 22|sys,y >
4e. Then, for each € Fy, let E} C E, be an (e, T)-cover of Bsys 7, (2, ¢€)
and without loss of generality, assume that for all ' € E¥, Bsys 1, (z/,€) N
Bsys, 1, (z,€) # 0.

By hypothesis on F; and since 15 > T, it holds that for any x € R", the
ball Bsys 7, (x, €) cannot intersect simultaneously Bsys 7, (21, €) and Bsys 1, (22, €)
if 1,29 € Fy and x; # xo. Thus, the subsets {E*}.cr, defined above are
pairwise disjoint. This implies that ) . [E;| < |Ea, which in turn implies
that mingep |EX| < |Eo|/|F1| < 117|Es|/|E1|. Now, it is not difficult to see
that if E% is an (e, Ty)-cover of Bsys 1, (z,€), then EY — x is an (e, T»)-cover of

Bsys 7, (0,€). This concludes the proof of the lemma. O

A.3.3 Proof of Lemma 3.8

Let T, € (Ty,00) be such that ||Y(T",T)|| < c¢ = 2 for all T’ € [T, T.], where
X is the fundamental matrix solution of Sys. By definition of ¢, it holds that
for every x € R™, ||z|sys,7. < ¢||2||sys,7, SO that Bsys 7(0,€) C Bsys 1, (0, ce).
Thus, by Lemma 3.6, there is an (e, T )-cover E’ of Bsys 7(0, €) with cardinality
|E’| < (2¢+ 1)". Finally, let E be a minimal (¢, T)-cover of A, and define
E. = E+ E'. Clearly, E, is an (e, T)-cover of A and its cardinality satisfies

|E| < (2¢+1)"|E| = 4™ s¢ov(€, T; A). This concludes the proof of the lemma. OJ

A.3.4 Proof of Theorem 3.11

The proof of the upper bound relies on the following result.

Theorem A.48 (Vicinansa and Liberzon, 2019, Theorem 3.1). Consider a
LTV system Sys = (R", A). Let {v;}"_, C R" be a basis for R", and for each
1 € {1,...,n}, let \; be the Lyapunov exponent (in base 2) of v; with respect
to Sys, defined by \; = limsupy_, o 7 logy | X(T,0,v;)||. Then, it holds that
htop(Sys) < Y max{\;,0}.
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We proceed with the proof of the upper bound in Theorem 3.11. Since
the system is p-dominant, by Theorem 2.11, there is a dominated p-splitting
(E5, EY) associated to 0. Let {v;}7_; C R™ be a basis of R” satisfying v; € E*
forallie {1,...,p} and v; € ES for alli € {p+1,...,n}. By (A.16), it holds
that for all i € {p+1,...,n}, A; < limsupy_,o 710gy(78, V07, )- On the
other hand, there is C' > 0 such that, for any v € R® and T € N, it holds that
IX(T,0,0)]| < CTLexll AT |Jv]l. Tt follows that for each i € {1,...,n},
Ai <limsupy, o D ey pi(T) logy ||Asl|«. This proves the upper bound.

The proof of the lower bound is along the same lines, and thus omitted.

This concludes the proof of the theorem. O

A.3.5 Proof of Theorem 3.23
Part 1: hye top(SWS) < log,(e)d(SwS™)

In the following, we let B be the centered unit Euclidean ball in R™. We will
need the following lemma.

Lemma A.49. Consider a switched linear system SwS ~ (R™, {A;}iex) under
arbitrary switching, and let R > log,(e)9(SwS). There is T € Tso and for
every o € S, there is E C R™ such that (i) |E| < 28T and (i) for every x € B,
there is & € E satisfying |x(T,0,z,0) — || < 1.

Proof. The proof relies on the finite-points quantizer described in Figure 3.5
(in Subsection 3.3.3). Indeed, by Lemma 3.31, there is T € Ts( such that for
all 0 € S, the quantizer Q1 y(1,0,0) : R" — Z1 4(7,0,0) (see Definition 3.29)
satisfies that |2 ¢ (7,0,0)] < 2RT  Moreover, by Item 1 in Lemma 3.30, it holds
that for all 0 € S and T' € T, the set 1 y(7,0,») satisfies that for every x € B,
there is & € 2y y(1,0,0) such that ||x(7,0,2,0) — | < 1. This concludes the
proof of the lemma. O

To prove that hyetop(SWS) < logy(e)6(SWS™), let ¢ € S and X, C R™ be
a bounded set. We will show that hip(SWS; o, Xo) < log,(e)6(SwS™), where
hiop(SWS; 0, X) is the topological entropy of SwS with switching signal ¢ and
starting from Xo. Therefore, fix € > 0 and R > log,(e)4(SwS™). Using Lemma
A49, let T € T~y be such that for each k& € N, there is a set E, C R"
such that (i) |Ex| < 287 and (ii) for every = € B, there is & € E}, satisfying
Ix((k + 1)T,kT,x,0) — || < 1. For each k € N, let the elements of Ej be
indexed as follows: Ej = {@y ; };’2‘1, where my, < 277, Also, let o > 0 be such
that for all k € Nand ¢ € [KT,(k+ 1)T)NT, ||x(kT,0)|| < €/, and let
E_1 C R"™ be a finite set such that for every x € Xj, there is £ € F_; such
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that ||/« — Z|| <1 (which is always possible by boundedness of Xy). Let the

elements of E_; be indexed as follows: E_; = {&_; ;}; "

We will use the above defined sets {Ej}72 _; to construct spanning sets for
SwS with switching signal o and starting from X,. Therefore, fix ¥k € N and
define the following set of functions from [0, k7)) NT to R™:

&= {gj—l-,-“vjka }jz€{17~~-,mz}a46{—1»---7k—2}’

where for every (j_1,...,Jk—2) € {1,...,m_1} x---x{1,...,mg_2}, the func-
ins [0, KT)NT = R is defined by &; (1) = 522, arx(t, (£+
1)T, & ,,0), with the convention that for any to, ¢, € Tand x € R", x(t1,t0,2,0) =

tion €j717_

0 if t1 < tyo. We show that & is (€, kT')-spanning for SwS with switching signal

o and starting from Xj.

To do this this, let © € Xy, and define the indices j_1, ..., jr_2 inductively
as follows. For each £ = —1,...,k — 2, let j, € {1,...,m¢} be such that

[x((€+D)T,0,2,0) = S0 ax((C+ DT, (¢ + )T, 20 5,,0) — ade,| < a.

(A.20)
We show, by induction on ¢, that for each £ € {—1,...,k—2}, there is an index
je € {1,...,my} satisfying (A.20). Indeed, this is trivially true for ¢ = —1,
by definition of E_;. Now, assume that it holds for some ¢ € {—1,...,k — 3}.
Then, x((¢+ 1)7T,0,2,0) — Zﬁ,:_l ax((C+ 1T, (¢ +1)T,2p j,,0) € oB, so
that, by definition of Eyi1 there is jpiq1 € {1,...,mgy1} such that (A.20) is
satisfied with ¢ replaced by ¢ 4+ 1. This shows the induction step, concluding
the proof by induction that for each ¢ € {—1,...,k — 2}, there is an index
Je € {1,...,my} satisfying (A.20). Finally, we show that éj—17~»-~,jk—2 satisfies
that for all t € [0,kT) N'T, ||x(t,0,2,0) — &_, . i) < e Indeed, let
te{0,....,k—1} and t € [¢T,(£+ 1)T)NT. Then, by (A.20), it holds that
IX(UT,0,2,0) =&, i, ({T)|| < @, and thus, by definition of «, it holds that
Ix(t,0,2,0) —&_,._ji_,(t)|| < e Since £ and t were arbitrary, this holds for
all t € [0,kT)NT. Since z was arbitrary, this shows that £ is (e, kT')-spanning

for SwS with switching signal ¢ and starting from Xj.

The cardinality of € satisfies || < |E_1|2*=DET, Since k was arbitrary, it
follows that for every k € N, sqpan(€, KT; Xo) < |E,1|2(”3_1)R:’17 and thus for all
T € T, Sspan(€;, T"; Xo) < |E_1|27 R, Hence, lim supy_, 27 10gy Sspan (€, T"; Xo) <
R. Since ¢ was arbitrary, this holds for all € > 0. Thus, by definition of
hiop(SWS; 0, Xy), it follows that hyop(SWS; o, Xo) < R. Since o and R were ar-
bitrary, this shows that Ayetop(SWS) < log,(e)d(SwS™), concluding the proof
of Part 1. O
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Part 2: hye top(SWS) > log,(e)o(SwS™)

Let R < log,(e)9(SwS”). By Proposition 1.52 in Subsection 1.3.2, there is o €
S and T € T+ such that p(x (7,0, 0;SwS")) > 287 where p(x (T, 0, o; SWS"))
is the spectral radius of ¥(T,0,0;SwS"). Let A = x(T,0,; SwS). By Proposi-
tion 3.22, it holds that ¥(T,0,0;SwS") = A", so that p(A") > 28T Hence, by
Item 3 in Proposition 3.20, the eigenvalues A1 (A), ..., \,(A) of A satisfy that
IT-, max{|);(A)|,1} > 2T, Hence, by (3.5), the discrete-time LTI system
defined by A satisfies that hiop(A) = log, (H?Zl max{|\;(A)[,1}) > RT.
Now, let 0’ : T>g — X be the switching signal defined by o'(t) = o(t —
[t/T|T) for all t € Ty, i.e., 0’ is the repetition of ;g 7y With period T It
follows that for every k € N, x(kT,0,0’) = A*. Thus, the topological entropy
of SwS with switching signal o’ satisfies hop(SWS; 0") > hyop(A)/T > R. Since
o' € S8, it follows that Awetop(SWS) > R. Since R was arbitrary, this shows

that Ayetop(SWS) > log,(e)6(SwS™), concluding the proof of Part 2. O

A.3.6 Proof of Corollary 3.25

We prove the corollary for the discrete-time case, as the continuous-time case
is identical. From Item 1 in Proposition 3.20, it holds that for each i € 3, A}
is normal. Hence, by classical results on the joint spectral radius (see, e.g.,
Jungers, 2009, Proposition 2.2), 6(SwS") = max;ex log(p(A2)), where for each
i €%, p(A}) is the spectral radius of A2. Hence, we get the conclusion of the
corollary by using Item 3 in Proposition 3.20. The proof for switched linear
systems with upper-/lower-triangular matrices is identical (see also Jungers,
2009, Proposition 2.3). O

A.3.7 Counter-example for Remark 3.3

Consider the discrete-time switched linear system system SwS ~ (R?, {A4;}iex),
with $ = {1,2}, and A; = [!,] and A = [* 1/2]- Let s : N — Ny be defined
by s(r) = 2", and for each m € N, let I(m) = Z;n:_ol 2s(r). Define the switch-
ing signal 0 : N — ¥ as follows: forallt € N, o(t) = 1if I(m) <t < I(m)+s(m)
for some m € N, and o(t) = 2 if I(m) + s(m) <t < I(m+ 1) for some m € N.
We will show that fop(SWS; o) # limsupy_, o, = log, [|[X(T,0,0)"|.

Norm of the exterior powers: We claim that limsupy_, .. 7 log, || X(T,0,0)"|| =
1. To see this, we use that for any A € R™*" |A"|| = maxyeqo,.. oy [|A"F| (by
definition of A"). First, we consider the case K = 0. For all T' € N, it holds
that x(T,0,0)"% = 1 (see Definition 3.18), whence ||X(T,0,c)"°|| = 1. Hence,
it follows that limsupy_, .. 7 log, ||X(T,0,0)"°|| =0 < 1.
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Then, we consider the case k = 2. By Remark 3.1, it holds that for every T' €
N, ||x(T,0,0)"?|| = |det(x(T,0,0))|. Since det(A;) = det(As) = 2, it follows
that for every T € N, det(x(T,0,0)) = 27, so that limsupy_, ., 7 log, [|X(T,0,0)"?| =
1.

Finally, we consider the case kK = 1. Since A; and A, are diagonal, we may
analyze the two components separately since limsupy_, .. 7 log, || X(T,0,0)"|| =
max e (1,0} limsupy_, ., = log, a;(T), where for each T € N and j € {1,2},
a;(T) is the j** diagonal entry of ¥(7,0,0). Let us analyze a; first. It is
not difficult to see that T~ !log, a;(T) is maximal when T' = I(m) for some
m € N, and that the maximal value of T~!log, a;(T) is equal to 27! log, 4 = 1.
As for the analysis of ag, observe that for all T € N, ao(T) < 27, so that
T~ 'log, ax(T) < 1. This shows that limsupy_,., 7 log, |[X(T,0,0)"| = 1.
Putting things together, this proves that lim supy_, ., 7 log, [|[X(T,0,0)"|| = 1.

Lower bound on the entropy: We show that hyop(SwS; ) > 3/2. Therefore,
let X =[0,1]x[0,1] and fix € € (0,1). Let m € N and define T;,, = I(m+1)+1.
We build an (e, T,,, )-separated set F for SwS with switching signal ¢ and initial
set Xo, such that |[F| > 8%™) as follows: for each p € {0,...,45(™} and
q€{0,...,250M} let zp, = [pa—m g2+ | € X;, and let

]::{X('aowxpmo-)‘{(] ..... Tmfl}}pe{o ,,,,, 4s(m)} ge40,...,25(m) }-

We show that F is (e, T;,, )-separated for SwS with switching signal o. Therefore,
let (p1,q1) # (p2,q2) and we show show that there is t € {0, . — 1} such
that Hx(t O Tpigr) — X(t,0,Zp,q,)|] > €. First, assume that p, 7£ p2. Then,
|xp1q1 xmq | > 475 Hence, we have that

|X(1)(Tm_17vamql)_X(I)(Tm_LOaxpzqz)‘ = 41 (m+1) /2|x(1) —z(!) | > 4smlg=stm) >

pP1g1 p2qz

Now, assume g1 # ¢2. Then, |gcp1q1 — p2q2| > 275(m) Hence, we have that

‘X(Q)(Tm —s(m) — 1707331)1111) - X(z)(Tm —s(m) —1,0 xp2q2)| =

s(m 2 2 s(m)o—s(m
o, ol 2 2N >

This shows that F is (e, Ty, )-separated for SwS with switching signal o. Also,
it is clear that | F| > 8°(™). Since m was arbitrary, it follows that for all m € N,
Ssep(€, I(m + 1) + 1;SwS, 0, Xop) > 85™). Finally, by definition of I, it holds
that for all m € N, 2s(m) < I(m + 1) < 2s(m) + 2ms(m — 1). The definition
of s then implies that lim,, o (I(m + 1) + 1)/s(m) = 2. Hence, by injecting
n (3.2), it follows that A, (SwS; o) > 3 log, 8 = 3/2.

Thus, we have shown that hyop (SWS;0) > 3/2 > 1 = limsupy_, o 7 log, [|X(T,0,0)",
concluding the counter-example. O
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A.3.8 Proof of Rgtabmd(SWS) > hyctop(SWS®) in Theorem
3.28

Let R < hye-top(SWS®). Fix € > 0 and let B be the centered unit Euclidean
ball in R™. Assume that SwS is stabilizable with a mode-dependent coder—
decoder CoDec with data rate smaller than or equal to R. Then, there is
T, € T>o such that for allz € B, 0 € Sand t € T, t > T, it holds that
llx(t,0,z,0;SwS||CoDec)|| < €/2, where SwS||CoDec is the closed-loop system
obtained from the feedback composition of SwS and CoDec.

On the other hand, by definition of the worst-case topological entropy, there
is o € S such that hiop(SWS; 0°) > R. Hence, by Proposition 1.79 in Subsection
1.5.2, thereis T € T, T > T, and a set F C B such that |F| > 28T+ and for
any distinct @1, zo € F, there is t € [Ty, T) N T satisfying || x(¢,0, z1, 0; SWS®) —
x(t,0, 22,05 SWS®)|| > €.

By the assumption on its data rate, CoDec cannot output, for a fixed
switching signal, more than 28T+ different control inputs during the in-
terval [0,7) N'T. This implies that there are at least two distinct x1,z2 € F
for which the control input produced by CoDec will be the same for the tra-
jectories starting from z; and xo, and with switching signal . Denote this
control input by u. By definition of T, it follows that for all t € [Ty, T)NT and
Jje{L,2}, |Ix(¢,0,z,0,u; SWS)|| < €/2. Also, by the linearity of the system,
it holds that for all t € [0,7) N'T, x(¢,0,z1, 0, u; SWS) — x(¢,0, 2, 0, u; SWS) =
x(t,0,z1,0;SWS®) — x(¢,0,29,0; SWS®). Tt follows that ||x(¢,0,z1,0;SwS®) —
X(t,0,22,0;SwS%)|| < e. This is a contradiction with the definition of F,
which implies that ||x(¢,0,z1,0; SWS®) — x(t,0, x2, 0; SWS®)|| > €. Thus, there
cannot exist a mode-dependent coder—decoder, with data rate smaller than
or equal to R, that stabilizes SwS. Since R was arbitrary, this shows that
Restab-md (SWS) > Nye-top(SWS?), which concludes the proof. O

A.3.9 Proof of Lemma 3.31

First, we derive, for any A € R™*" an upper bound on 7, A) as a function
of A", Therefore, fix A € R"*” and let ¢ = n'/?/(2a). Note that for any
r € R, it holds that [r] <+ %. Hence, by Item 2 in Lemma 3.30, riu(c, A) <
[T, (2¢ + 2) max {p;, 1}, where p1,...,p, are the singular values of A. It
follows, by Item 4 in Proposition 3.20, that m (o, A) < (2¢+ 2)"|| AN

Now, using the above result, we prove the lemma. Therefore, let A € R
be such that §(SwS") < A < R/logy(e). Then, by the definition of the joint
spectral radius (see Definition 1.50 in Subsection 1.3.2), there is C' > 0 such
that for all o € S and T € Txo, ||X(T,0,0)"| < Ce*T. Thus, there is T € Tsg
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such that for all 0 € S and TV € T, 77 > T, it holds that (a, x(77,0,0)) <
(2¢ + 2)"|X(T",0,0)"|| < 2LBT") | which concludes the proof. O

A.3.10 Proof of the correctness of the coder—decoder in
Figure 3.7

Let CoDec be the coder—decoder described in Figure 3.7, with the parameters
defined in the paragraph “Parameters”. First, we show that R(CoDec) < R.
From the definition of the period T of CoDec, it holds that for every k& € N,
(o, Ay) < 2LET) Hence, for each k € N, g can be encoded as a symbol e(k)
of at most | RT'| bits. It follows, by the definition of R(CoDec) (see Definition
1.73 in Subsection 1.5.1), that R(CoDec) = | RT|/T < R bits per unit of time.

Now, we show that CoDec satisfies (3.6). Therefore, let (§,0) : T>o —
R™ x ¥ be a trajectory of the closed-loop system SwS||CoDec. First, we show
by induction on k that for every k € N, it holds that [|£(kT) — d| < oF.
Indeed, this holds trivially for £ = 0, since £(0) € B. Now, assume that it
is true for some k € N, and observe that, by definition of y,1 and Ay
and by the linearity of the system, yp 1 = Ap1(E(KT) — 21), and thus, by
the induction hypothesis, yx11 € oA 1B. Hence, by definition of §41, it
holds that ||§x41 — yrs1/a¥|| < a. By definition of @1, it then follows that
1€((k + 1)T) — 41| < aFt1 concluding the proof of the induction step.

Secondly, we show that Z; — 0 exponentially as k& — oo. Therefore, let
L = max;ex || A4, and note that for all k € N, ||Az| < X7 so that ||gx] <
eT + o (by definition of § and since y, € a*~'A,B). Thus, it holds that for
each k € N,

g1 = ||Tp+1| = llne x((K + V)T, kT, &k /nk, 0; SWS|| k) + akaHH
< |k x((k + DT, kT, & /nk, 03 SWS||5) || + o (e"" + a)

< ang + ak(eLT + a),

where the last inequality follows from the definition of 7. It follows that there
is C > 0 and 6 € (a, 1) such that for all k € N, n, < C#*, showing that & — 0
exponentially as k — oo.

Finally, using the above results, we show that £(¢) — 0 exponentially as ¢t —
0o. To see this, note that since « is a stabilizing controller, there is M > 0 such
that for all z € B, 0 € S and ¢ € T, it holds that ||x(¢,0, z, o; SWS||x)|| < M.
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Hence, it follows that for all k € Nand ¢t € [kT,(k+1)T)NT,

1@ = |l x (¢, KT, &1 /1, 03 SWS|| k) + X (¢, KT, o) (§(KT) — 24 )|
< Mnk, +eL(t—kT)ak < C’M@k + eLTak < %(CM—F eLT)ak—i—l < Cv/e—’yt7
(A.21)

where €’ = 4(CM + e*T) and v = — % log§ > 0.

To prove that CoDec satisfies (3.6), it remains to show that the closed-
loop system SwS|/CoDec is Lyapunov stable, meaning that there is a class-K
function h such that every trajectory (§,0) : T>g — R™ x X of SwS||CoDec
satisfies [|£(t)]] < h(]|£(0)|]) for all ¢ € T>g. The proof of this claim is along
the same lines as the proof of Liberzon and Hespanha (2005, Theorem 1), and
thus omitted here.!?

Finally, we combine the above Lyapunov stability property with the expo-
nential decay property (A.21), to show that the CoDec satisfies (3.6). Therefore,
let 11 € (0,7). Tt is readily seen that for all ¢ € Tsg, [|€(t)|| = [|E@)||*~#/T|E@)|#/7 <
h(|£(0)[)1=#/7(C"e=7t)/7. Hence, we get the desired property, by letting
g R=o — Rxg be defined by g(r) = h(r)!=#/7C""/" which is clearly a class-K
function. This concludes the proof that CoDec satisfies (3.6). O

A.3.11 Proof of Theorem 3.35

We present a sketch of proof with the help of an example. Indeed, a complete
proof of the theorem would require many technical and cumbersome develop-
ments, while we believe that the main ideas of the proof can be deduced from

the example.

Ezample A.9. Consider the switched linear system SwS ~ (R, {4;}icx) with
¥ ={1,2}, and A; = 0and Ay = 1. Let 7, > 0 and assume that S contains all
switching signals from R>¢ to ¥ with absolute dwell time 7,. Let Xy = [0, 1].
We will show that hiop(SWS, Xo) = oc.

Therefore, let R > 0 and let S C [1,2] be a finite set with cardinality
|S| > 23fi7a. Let € > 0 be such that for any distinct s;,s, € S, it holds that
leB=s1)Ta — e(3=s2)7a] > ¢ We show that for all k € N, sep(€,3k7a; Xo) >
93RkTs

To show this, fix k£ € N, and for each sequence v = (vj);‘f;é € Sk, let oy :
R>¢ — X be defined as follows: for every ¢ € Rx>q, 05(t) = 1if 357, <t < (3j+

9Tn fact, Liberzon and Hespanha (2005, Theorem 1) shows Lyapunov stability in terms
of the “c—§ definition”. The equivalence of the “c—§ definition” with the “class-XC function
definition” can be found, e.g., in Khalil (2002, Lemma 4.5), or Clarke et al. (1998, Lemma
2.5).
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v;)Ta for some j € {0,...,k — 1}, and o5(t) = 2 otherwise. It is clear that, for
each v € S¥, o has absolute dwell time 7,. Also, for any v = (vj)f;é eSSk ze
R and j € {0,...,k — 1}, it holds that x(3(j + 1)7a, 3j7a, 2, 05) = €3 Vi) Tag,
Let F = {¢s]0,3%7.) tsesk where for each v € S*, ¢y = (£5,05) : R>g = R x 2
is the trajectory of SwS with switching signal o3 and with £5(0) = 1. We show
that F is (e, 3kT,)-separated for SwS starting from Xj.

Therefore, let 71 = (v1,;)jen € S* and 2 = (v2;)jen € S* be such that
U1 # U9 and let j € {0,...,k — 1} be the smallest index such that vy ; # vo ;.
Then, it holds that &g, (t) = &p,(¢) for all ¢ € [0,357.]. However, &, (3(j +
Dra) = BTy (3j7a) # &0, (3 + )7a) = B7020)7&;,(3j7).  Since
for all t € Rxq, &, (t) > &, (0) = 1 and &, (¢) > &5, (0) = 1, it follows, by
definition of €, that |£5, (3(F + 1)7a) — &5, (3(7 + 1)7a)| > €, which implies that
F is (€, 3kT,)-separated for SwS starting from Xj.

Finally, the cardinality of F is equal to |S|*, so that sep(e€,3kTa; Xo) >
|S|F > 238k Since k was arbitrary, this shows that for every k € N,
Ssep (€, 3kTa; Xo) > |S|F > 238k7 Hence, by (3.8), it follows that hgop(SWS, Xo) >
R. Since R was arbitrary, this shows that hop(SWS, Xo) = oo, concluding the
example. O

A.3.12 Proof of the correctness of the coder—decoder in
Figure 3.11

Let CoDec be the coder—decoder described in Figure 3.11, with the parameters
defined in the paragraph “Parameters”. First, we show that R(CoDec) satisfies
(3.12). For each k € N, it holds that (Ji,vr) € Eq % {0,...,p}. Hence, for
each k € N, (§x, v) can be encoded with [log,(|Z4|(p+1))] bits, which implies
that (%[logQ( Ea|(p + 1))]] bits per symbol e(kp + j), j € {0,...,p — 1}, is
sufficient to encode (i, vr). On the other hand, for each j € N, o((kp + 5)T)
can be encoded with [log,(|X|)] bits. Hence, the coder needs to send at most
[+ [10g2(|Zal(p+1))17 + [logy (2])] bits at each time t = (kp+ )T, k € N and
j€{0,...,p—1}. This shows that R(CoDec) satisfies (3.12).

Now, we show that CoDec satisfies (3.10). Therefore, let (£,0) : T>o —
R™ x ¥ be a trajectory of the closed-loop system SwS||CoDec. First, we show
by induction on k that for all k£ € N, it holds that ||£(kpT)|| < 7k, ||kl < &
and ||£(kpT) — k|| < sg. Indeed, this holds trivially true for k¥ = 0. Now,
assume that it it true for some k € N. Then, by Eq. (11) in Berger and Jungers
(2020b) and by definition of b, Zp+1 and vy, it follows that

[€((k + 1)pT) — T4l < e’y + B(Uk)m. (A.22)
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Also, by assumption on k and by definition of a and v, it holds that
[Zrrall < alvr) 122 < a(or)r. (A.23)

Putting things together and by definition of 741, this shows that ||€((k +
1)pT)|| < r+1. Furthermore, by definition of y; and g, it holds that ||(kpT')—
Zx — skUk|| < asg. Then, by a reasoning similar as above, it follows that
€k +1)pT) = &ra|| < €T asy, +b(vg)re = spp1 and [[Er41]] < alog)|| 2] <
rk+1, concluding the proof of the induction step.

Now, we show that £(kpT) — 0 exponentially as k — oco. By the above
result, it suffices to show that r, — 0 exponentially as k — oco. Therefore, for
each k € N, let wy, = max {ry, 2s;}. Then, by definition of 7, and s, it holds
that for all k € N, wiy1 < Srwi, where

Br = a(vgs1) + (1 + 2)b(vppr) + e a.

Thus, forall k € N, wi, < wp Hf;é Bj. We show that lim supkﬁoo(]_[f;é Bk <
0 < 1. Therefore, fix k € N, and note that

k-1 /k LY, - "
( 11 ﬁj) < M'E Zujmo Vi1 H De #2PT (141" Ty, (\ TD(Ag+ApL)+e"PTa) .
From the arithmetic—geometric mean inequality, it follows that

k—1 /k k1 =
< H @) < eME 250 vt Z Z (De_”sz—i—(l—i—é)e”pTUjJrlTD(AA—i—ABL)—I—e”pTa),

, =
and since for all j € N, vj41 < N, ((j + 1)T, jT), we get that

1/k )

< H ﬂj> < et wNo (KT,0) (Def“QpT—F(l—Fé)e”pT%Na(kT, O)TD(AA+ABL)+e”pTa),

Since k was arbitrary, the above holds for every ¢t € N. Now, by assumption on
o having average dwell time 7, and definition of T, « and p satisfying (3.11),
it follows that lim supkﬁoo(]_[f;é B;)Y/* < 6. Thus, there is C > 0 such that
for all k € N, r, < C0*, showing that &(kpT) — 0 exponentially as k — oco.
Finally, from the above, it follows that £(¢t) — 0 exponentially as ¢t — oc.
Indeed, by using an argument similar to the one used in (A.22)—(A.23) (or
simply by using the continuity of the trajectories of switched systems, but this
was not proved formally), it follows that there is M > 0 such that for all k € N
and t € [kpT, (E+1)pT), |€()] < M||€(kpT)||. Hence, for all ¢ € R>y, it holds
that
€D < %MCG’“H <Clet, (A.24)
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where ¢’ = M C and vy = —piTlogG > 0.

To prove that CoDec satisfies (3.10), it remains to show that the closed-
loop system SwS|CoDec is Lyapunov stable, meaning that there is a class-K
function h such that every trajectory (§,0) : Tsg — R™ x X of SwS||CoDec
satisfies [|£(¢)|| < h(]|£(0)])) for all t € T>¢. The proof of this claim is along
the same lines as the proof of Liberzon and Hespanha (2005, Theorem 1), and
thus omitted here.?°

Finally, we combine the above Lyapunov stability property with the expo-
nential decay property (A.24), to show that the CoDec satisfies (3.10). There-
fore, let p € (0,7). In other words, u can be real satisfying

1
0 —— log¥. A.25
Sp< oo (A.25)
It is readily seen that for all t € Tso, [E(8)]| = [|€@)| /€)Y <

h(|€0) N/ (Cle)#/7. Hence, we get the desired property, by letting
g R=o — R be defined by g(r) = h(r)!=#/7C""/" which is clearly a class-K
function. This concludes the proof that CoDec satisfies (3.10). O

201n fact, Liberzon and Hespanha (2005, Theorem 1) shows Lyapunov stability in terms
of the “c—§ definition”. The equivalence of the “c—§ definition” with the “class-XC function
definition” can be found, e.g., in Khalil (2002, Lemma 4.5), or Clarke et al. (1998, Lemma
2.5).
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